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I.   On  the  Indices  of  Refraction  of  the  Metals. 
By  A.  KuNDT*. 

THE  simplest,  and  at  the  same  time  the  most  reHable, 
method  of  determining  indices  of  refraction,  i.  e.  the 
relative  velocities  of  light  in  transparent  bodies,  is  that  of 
prismatic  deviation.  This  method  has  proved  available  even 
for  strongly  absorbent  intensely-coloiu'ed  snbstances  which 
show  considerable  irregnlarity  of  dispersion  in  particular 
parts  of  the  spectrum,  if  prisms  of  suitable  form  are  employed. 
No  attempt  has,  however,  yet  been  made  to  determine  the 
prismatic  de\'iation  of  hgbt  in  metals,  since  the  metals,  even 
in  very  thin  films,  are  completely  opaque.  Attempts  have, 
therefore,  been  made  in  other  ways  to  draw  conclusions  as  to 
the  velocity  of  light  in  the  metals.  In  particular  the  index 
of  refraction  for  silver  has  been  calculated  by  Quincke 
from  various  interference  phenomena,  and  by  Wernicke 
from  the  absorption  of  light.  The  indices  found  by  Quincke 
by  various  methods  are  partly  smaller  than  unity,  partly  very 
large  ;  Wernicke  finds  for  silver  values  between  3  and  5. 
On  the  other  hand,  Voigt  calculates  from  Wernicke's  obser- 
vations the  refractive  index  of  silver  at  about  0'25t. 

Further,  from  observations  on  the  reflexion  of  metals  Beer  J 
has  deduced  the  velocity  of  light  in  metals  according  to 
Cauchy's  theory,  and  Voigtf  according  to  his  own  theory.  On 
both  theories  the  law  of  refraction  of  SneUius  is  certainly  not 

*  Translated  from  the  Sitzungsberichte  der  kon.  Preuss,  Akad.  der 
Wissenschaften,  Feb.  16,  1888. 

t  Compare  Voigt  on  the  observations  of  Quincke  and  Wernicke,  Wied. 
Ann.  vol.  xxiii.  pp.  104-147,  and  vol.  xxv.  pp.  95-114. 

X  Pogg.  Ann.  vol.  xcii.  pp.  402-419. 
Phil.  Mag.  S.  5.  Vol.  26.  No.  158.  July  1888.  B 
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triu^  i'or  incitiils.  But  tlio  tonii  "  index  of  n^t'raction  ^'  is  to 
be  used  hero  also  to  denote  the  ratio  of  the  velocity  of  linht 
in  vacuo  to  its  velocity  in  tlie  metal.  The  values  calculated 
by  Beer  and  Voigt  agree  in  general.  Both  find  the  indices 
for  gold  and  silver  to  be  less  than  unity,  for  copper  about  equal 
to  unity,  and  for  the  other  metals  values  greater  than  unity. 

A  continued  occupation  with  the  optical  pro])erties  of  very 
thin  nietaUic  films  induced  me  to  investigate  whether  it  would 
not  be  possible  to  prepare  metallic  prisms  of  very  small  angle 
and  sufficiently  transparent  to  permit  of  determining  the 
prismatic  deviation  produced,  and  so  arrive  at  a  knowledge  of 
the  velocity  of  light  in  the  most  direct  way  possible. 

I  have,  in  fact,  succeeded  in  preparing  such  metallic  prisms, 
and  ha  v(;  determined  for  seven  metals  not  only  the  mean  refrac- 
tive index,  but  for  six  of  them  the  direction  and  approximate 
value  of  the  dispersion.  I  believe  that  measurements  wdth 
better  optical  instruments  than  those  at  my  disposal,  and  with 
the  necessary  perseverance,  might  be  carried  out  wnth  much 
gi'eater  accuracy  than  I  have  yet  attained.  If,  nevertheless, 
1  conclude  my  experiments  in  the  present  preliminary  stage, 
my  excuse  may  be  found  in  the  fact  that  the  work  has  already 
occupied  two  years,  that  the  small  number  of  usable  prisms 
as  recounted  in  the  following  pages  had  to  be  chosen  out  of 
more  than  2000  made,  and  that,  lastly,  at  least  2000  attempts 
were  made  before  I  learnt  how  to  prepare  the  platinized  glass 
u])on  which  the  prisms  were  electrolytically  deposited  in  such 
[)erfection  as  was  necessary  for  the  purpose. 

In  the  following  pages  I  give,  first  of  all,  a  short  description 
of  the  method  of  preparing  the  prisms,  then  the  method  of 
observation  and  the  results,  together  with  a  short  discussion 
of  them.  Then  follow  some  determinations  of  the  index  of 
refraction  of  metallic  oxides;  and,  lastly,  a  comparison  of  my 
results  wdth  the  values  calculated  by  Beer  and  Voigt.  In 
conclusion,  some  observations  to  which  my  results  naturally 
invite.  It  appears  that  the  velocity  of  light  in  the  metals 
stands  in  close  relationship  to  their  power  of  conducting  elec->. 
tricity  and  heat ;  for  in  respect  to  the  velocity  of  light  the 
metals  range  themselves  in  the  same  order  as  in  respect  of 
th(nr  conductivity  for  electricity  and  heat.  In  order  to  es- 
tablish a  reliable  and  final  relationshij)  neither  the  extent  nor 
the  accuracy  of  my  observations  is  sufficient.  If,  notwith- 
standing, I  venture  to  draw  wide-reaching  conclusions  from 
this  general  relationship,  my  object  is  chiefly  to  open  the  way 
to  further  investigations. 

Preparation  of  the  Prisms. 
Most  of  the   prisms  were   electrolytically  deposited  upon 
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platinized  ;i"l:^ss.  At  the  conimenccinont  of  my  invostifjations 
I  had  two  kinds  of  such  glass  at  my  dis[)Osal,  viz.  some  pieces 
of  French  jilatinized  glass  taken  from  an  apparatus  made  by 
Ktinig-  of  Paris,  and  some  pieces  which  Dr.  Lohmann  of 
Berlin  had  platinized  for  me.  Only  a  very  small  portion  of 
them  possessed  a  sufficiently  plane  surface.  Further,  though 
the  layer  of  platinum  on  these  glasses  is  no  doubt  coherent, 
yet,  as  the  microscope  shows,  it  is  far  from  uniform.  This 
latter  circumstance  is  of  no  consequence  when  it  is  desired  to 
deposit  another  metal  in  considerable  thickness  upon  the 
jdatinum;  but  for  the  preparation  of  the  prisms  it  is  very 
prejudicial.  As  the  stock  of  platinized  glass  was  soon  ex- 
hausted, and  more  was  not  to  be  obtained,  either  from  Dr. 
Lohmann  or  from  Paris,  nothing  remained  but  to  prepare 
the  platinized  glass  myself.  After  much  trouble  I  succeeded 
in  finding  the  composition  of  a  platinizing  solution  which 
permitted  the  buruing-in  of  the  platinum  at  a  low^  red  heat, 
so  that  the  plates  remained  perfectly  even.  Further,  the 
film  of  metal  was  so  perfectly  uniform  that  even  with  high 
powers  no  want  of  homogeneity  could  be  detected  under  the 
microscope.  The  plate-glass  emj)loyed  was  about  6  millim. 
thick.  The  film  of  platinum  wasburnt-in  in  a  small  muffle-oven. 
It  is  unnecessary  here  to  en^-er  particularly  into  the  details  of 
the  method,  which  will  be  described  in  another  place.  The 
metallic  prisms  were  formed  upon  the  platinized  glass  in  the 
following  manner : — Upon  a  strip  of  glass  about  3  centim. 
broad,  placed  horizontally,  a  vertical  electrode  of  the  metal  to 
be  deposited,  of  equal  breadth,  was  placed  so  that  it  did  not 
touch  the  platinum.  In  the  angle  between  the  glass  and 
metal  a  capillary  layer  of  the  electrolytic  fluid  was  placed  and 
decomposed  by  a  current  of  suitable  strength.  A  double 
wedge  of  metal  was  deposited  whose  greatest  thickness  lay 
directly  against  the  metallic  electrode.  Whether  the  surfaces 
of  the  double  wedge  were  in  any  degree  plane,  or  whether 
they  were  strongly  convex  or  concave,  depended  upon  so 
many  variable  circumstances  that  the  result  was  purely  a 
matter  of  chance.  Only  those  double  wedges  were  of  any 
use  in  which  the  surfaces  were  so  far  plane  that  they  sharply 
reflected  a  fine  wire  cross  when  seen  through  a  telescope  pro- 
vided with  a  Gauss's  eyepiece.  Often  .50,  and  not  unfre- 
quently  many  more,  prisms  had  to  be  made  before  one  at  all 
usable  was  ol)tained. 

At  first,  when  I  used  the  thin  (1*5  to  2  millim,  thick)  Paris 
and  Berlin  glass,  they  were,  for  the  most  part,  not  double 
prisms  but  single,  which  were  obtained  by  plunging  the 
metallic  electrode  vertically  into  the  electrolytic  bath,  and 
bringing  the  platinized  glass  horizontally  against  it.     There 
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is  then  (lopositod  from  the  capillary  layer  of  liquid,  between 
the  metal  and  the  glass,  a  wedge  of  metal  upon  the  glass  and 
lying  close  to  its  edge.  With  silver  the  prisms  were  pre- 
par(!d,  not  only  (^lectrolytically,  but  by  the  chemical  method 
of  reduction.  Prof.  Quincke  first  showed  how  to  obtain 
wedg(vshaped  films  of  silver  from  a  solution  of  silver  by 
pLuiing  the  glass  plate  to  be  silvered  upon  a  glass  tube  of 
suitable  diameter.  It  was  shown  later  that  the  films  so  ob- 
tained did  not  always  increase  steadily  in  thickness  from  the 
centre,  but  that  the  thickness  increased  periodically.  From 
very  many  wedges  ])repared  according  to  Quincke's  method, 
it  is,  however,  possible  occasionally  to  find  one  in  which  the 
thickness  increases  continuously  for  a  short  distance,  and 
where  the  boundary  surface  is  nearly  plane.  The  reflexion  of 
a  fine  wire  cross  was  again  employed  to  test  whether  the  sur- 
face was  plane.  Since,  as  is  well  known,  no  good  deposit 
can  be  obtained  with  platinum  electrolytically,  it  was  neces- 
sary to  find  some  other  method.  It  is  known  that  a  platinum 
wire  intensely  heated  l)y  a  current  passed  through  it  is  disinte- 
grated, and  if  a  glass  plate  is  brought  near  it  the  metallic  dust 
is  deposited  upon  it.  In  order  to  prepare  prisms  by  this  method 
a  piece  of  platinum  foil  0'015  millim.  thick,  6  millim.  wide, 
and  about  45  millim.  long,  was  stretched  out,  its  sides  vertical, 
directly  above  a  glass  plate  placed  horizontally.  If  the  foil 
is  then  heated  nearly  to  white  heat,  it  becomes  strongly  dis- 
integrated, and  a  double  prism  is  formed  upon  the  glass,  which 
consists  of  a  mixture  of  platinum  and  platinum  oxide.  The 
intensely  hot  particles  of  platinum  scattered  from  the  foil 
appear,  partially  at  least,  to  become  oxydized  by  the  atmo- 
sphere. The  platinum  oxide  is  easily  converted  into  metallic 
platinum  l)y  gently  heating.  The  double  prisms,  consisting 
of  platinum  and  oxide,  are  therefore  easily  converted  into 
pure  platinum  by  heating. 

Lastly,  it  was  attempted  to  prepare  double  prisms  of  metal 
by  volatilizing  a  metallic  kathode  in  vacuo.  A  glass  plat§ 
was  brought  as  near  as  possible  to,  and  parallel  with,  a  metallic 
wire,  which  served  as  a  kathode,  and  was  intensely  heated  in 
vacuo  by  a  powerful  induction-current.  As  with  the  galvani- 
cally  heated  platinum  coil,  so  here,  a  (loul)le  wedge  of  disin- 
tegrated metal  was  formed.  For  the  final  experiments,  re- 
lated further  on,  such  prisms  are,  however,  not  suitable.  I  give 
only  in  passing  some  of  the  numbers  obtained  with  them. 

Methods  of  Observation  and  Resxdts. 

The  indices  of  refraction  are  determined  for  the  metallic 
prisms  obtained  in  the  manner  described,  assuming  the  truth 


n  = 


^    _  -.      siir  I 
sin 
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of  the  law  of  refraction  of  Snellius,  by  measuring  the  angle 
of  the  prism  ami  the  deflection. 

The  question  whether  the  values  thus  obtained  are  really 
the  reciprocals  of  the  velocities  of  light  in  the  metals  is  dis- 
cussed further  on. 

If  i  denote  the  angle  of  incidence  of  a  ray  of  light  upon  a 
transparent  prism  whose  index  of  refraction  is  n,  and  for 
which  the  law  of  Snellius  holds  good,  8  the  angle  of  the 
prism,  and  a  the  angle  of  deflection  which  the  emergent  ray 
makes  with  its  original  direction,  then 

_sin  (a  +  S — i)  +  cos  8  sini 

If  a  and  S  are  very  small,  as  was  always  the  case  with  the 
prisms  used,  and  if,  fm'ther,  i  is  so  small  that  cos^  i  may  be 
put  equal  to  unity,  then 

u  +  B 

With  prisms  of  very  small  refracting  angle,  therefore,  the 
deflection  of  the  rays  is  independent  of  the  angle  of  incidence 
for  small  angles. 

If,  as  in  most  of  the  following  experiments,  we  have  a 
double  prism — of  which,  in  consequence  of  the  mode  of  pre- 
paration, both  of  the  prisms  have  ahvays  nearly  the  same  very 
small  angle — the  above  formula,  as  is  easily  seen,  holds  if  by 
a  and  S  we  understand  the  sums  of  the  deflections  and  of  the 
refracting  angles.  The  deflection  is  reckoned  positive  in  the 
above  formula  if  the  pencil  of  light  that  has  passed  through 
the  prism  is  deflected  towards  the  thicker  part  of  the  prism, 
and  consequently  negative  if  the  bending  takes  place  towards 
the  edge  of  the  prism. 

According  to  the  formula  given,  it  is  not  necessary  to  know 
the  angles  and  deflections  in  absolute  measure,  e.  g.  in  minutes 
and  seconds;  it  is  sulflcient  to  determine  them  in  any  arbitrary 
measure.  For  these  determinations  a  large  Meyerstein^s  spec- 
trometer was  used.  The  instrument  is  provided  with  reading- 
microscopes;  one  division  of  the  tangent-screw  of  these  mi- 
croscopes is  equivalent  to  1"*946.  Since  the  angles  to  be 
measured  are  very  small,  it  is  not  necessary  to  take  readings 
upon  the  graduated  arc  itself,  but  the  readings  of  the  micro- 
meter suffice.  The  values  for  a  and  8  are,  therefore,  given  in 
the  following  Tables  only  in  divisions  of  the  micrometer — i.  e. 
nearly  in  double  seconds. 

The  glass  plate  su[)porting  the  small  metallic  prisms  was 
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suitably  cemented  upon  the  plate  of  the  spectrometer  for 
the  observations.  An  arranoement  of  screens  was  placed  in 
front  of  it  which,  in  the  case  of  simple  ])risms,  left  frec^  either  the 
prism  or  a  neighbouring  portion  of  the  glass,  and  in  the  case 
of  double  prisms  the  one  prism  and  the  other  in  succession. 
The  angles  of  refraction,  and  in  the  case  of  double  prisms  the 
sum  of  the  two  angles,  were  determined  in  the  usual  manner 
by  reflexion  of  cross-wires  in  a  Gauss'  eye-piece  ;  the  de- 
flections by  adjusting  a  fine  cross  of  wires  on  the  image  of  a 
slit.  In  both  determinations  the  plate  with  the  prisms  re- 
mained fixed,  and  the  divided  circle  with  the  observing  tele- 
scope was  turned.  The  side  faces  of  the  glass  plate  must  be 
plane;  l)ut,  as  is  easily  seen,  it  is  a  matter  of  no  consequence  if 
these  faces  have  a  slight  inclination  to  each  other. 

According  to  the  above  formula  it  is  sufficient  to  adjust  the 
glass  plate  with  the  prisms  at  right  angles  to  the  incident 
rays  by  eye,  although  generally  this  adjustment  was  controlled 
by  reflexion.  ISinco  the  surfaces  of  the  prisms  are  very 
small — 2-3  millim.  broad  and  about  10  millim.  high — the 
pencil  of  rays  received  by  the  objective  was  very  small ;  hence 
the  adjustment  of  the  eyepiece  of  the  observing  telescope  in 
the  right  focal  plane  is  more  difficult,  and  the  image  of  the 
sht,  after  passage  through  the  thin  prism,  is  never  sharp,  but 
has  indistinct  edges  produced  by  reflexion.  In  order  to 
avoid  the  dangerous  errors  resulting  from  insufficient  adjust- 
ment of  the  observing  telescope,  observations  by  way  of 
control  were  made  each  time,  by  the  aid  of  which  the  tele- 
scope could  be  correctly  adjusted.  Into  the  details  of  this 
process  it  is  not  necessary  to  enter. 

The  deflection  was  always  determined  for  white  light — lamp, 
sun,  or  electric  lamp.  Notwithstanding  that  with  some  of 
the  metals,  as  will  be  seen  below,  the  dispersion  is  very  large, 
yet  with  the  small  angle  of  the  prisms  used  the  deflection  for 
white  light  could  be  determined  exactly.  The  value  observed 
applies  to  the  mean  rays  of  the  spectrum.  Then  the  deflec- 
tion was  determined  for  red  and  for  blue  light,  for  which 
purpose  either  the  sun  or  the  electric  light  was  always 
em})loyed. 

For  observations  in  the  red  the  rays  passed  through  from 
one  to  four  red  glasses,  according  to  the  brightness  of  the 
source  of  light  and  the  transparency  of  the  prism  ;  for  the 
observations  in  the  blue,  through  a  blue  glass,  and  a  vessel 
with  more  or  less  concentrated  solution  of  copper  oxide 
in  ammonia.  Since  it  was  not  always  possible  to  employ  the 
same  number  of  glasses  and  the  same  concentration  of  solu- 
tion, the  mean  wave-length  of  the  red  and  blue  light  used  is 
not  the  same  in  all  the  experiments,  so  that  the  observations 
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on  dispersion  are  not  strictly  comparable  amongst  themselves 
for  all  the  prisms. 

In  most  of  the  experiments,  however,  the  maximum  of  the 
red  light  corresponds  nearly  to  the  line  C,  and  that  of  the 
blue  to  the  line  G  of  the  sohir  spectrum.  The  measurements 
of  angle  and  deflection  for  the  separate  prisms,  given  in  the 
following  experiments,  are  in  each  case  the  mean  of  a  large 
number  of  observations.  In  each  case  ten  observations  were 
made,  and  the  mean  taken  as  the  value  of  the  angle  or  de- 
flection. For  most  of  the  prisms  a  number  of  such  det(>rmi- 
nations  was  made;  and  the  Tables  give  the  final  mean  of  alL 
Th(^  Hmits  of  error  may  be  sufficiently  seen  from  the  differences 
wliich  the  several  prisms  show  for  n ;  it  does  not  appear 
necessary  to  discuss  the  errors  further.  It  may  be  remarked, 
however,  that  the  main  error  results  from  the  fact  that  tlie 
surfaces  of  the  prisms  were  seldom  perfectly  plane.  I  have 
myself  made  all  the  adjustments ;  the  readings  of  the  micro- 
scope were  made  and  noted  by  an  assistant  without  reading 
out  the  several  deflections. 

I  must  not  omit  to  express  my  thanks  to  the  gentlemen 
who  have  assisted  me  in  this  work,  Dr.  L.  Arons,  Dr.  (J. 
Schmidt,  and  Dr.  0.  Wiener,  the  last  of  whom  also  assisted 
me  in  the  manufacture  of  the  prisms,  and  undertook  certain 
measurements  of  angles  made  by  way  of  control. 


Silver. 

No. 

S. 

a. 

11. 

Remarks. 

Red. 

White. 

Blue. 

Red. 

White. 

Blue. 

1 
2 
3 
4 
5 
6 
7 
8 

5-58 
9-()8 
11-59 
12-(>S 
14-38 
11-32 
15-44 
21  •4<-. 

-  4-37 

-  7-71 

-  8-29 

-  8-lU 
-10-18 

-  8-41 
-10-53 
-16-77 

0-22 
0-20 
0-28 
0-36 
0-29 
0-26 
0-32 
0-22 

Electroly  tically  deposited 
)■     fi  cm   a  buth  of  silver 
1      potassium  cyanide. 

V 

\  Chemically  reduced. 

Mean... 

... 

0-27 

The  dispersion  in  silver  i.s 
80  small  that  it  could  not 
be  measured. 

Gold. 

1 

2 

9-65 
13-87 

-  5-60 

-  9-33 

-  '.5-82 

-  1-34 
+  1-96 

0-42      ... 
0-33     0-58 

0-86 
114 

ElectrolyticaUy  deposited. 

Meaa . . . 

1  0-38 

0-58 

1-00 
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Table  (continued^. 


Copper. 

No. 

S. 

a. 

n. 

Eeraarks. 

Red. 

White. 

Elue. 

Eed. 

White. 

Blue. 

1 

2 

3 

8-55 
12-31 
11-75 

-  4-70 

-  6-74 

-  3-05 

-  4-23 

-  4- 10 

+  0-50 
-  2-01 

0-45 
0-45 

0-64 
0-66 
0-65 

1-06 
0-84 

Electrolytically  deposited 
from  the  Roseleur  bath 
of  copper  potassium  cya- 
nide. A  copper  prism 
from  copper  sulphate  also 
gave  strong  normal  dis- 
persion, but  the  angle 
could  not  be  accurately 
determined. 

Mean  . . . 

0-45 

0-65 

0-95 

Platinum. 

1 

2 

3 

12-57 
14-21 
14-52 

-f  9-50 
+  9-23 
4-12-65 

4-  8-27 
4-  8-50 
4-  9-61 

+  4-06 
+  0-08 
+  8-31 

1-76 
1-65 

1-87 

1-66 
1-60 
1-66 

1-32 
1-43 
1-57 

The  prisms  were  obtained 
by  disintegration  of  pla- 
tinum foil  intensely 
heated  in  air  by  the  elec- 
tric current,  and  subse- 
quent reduction  by  heat- 
ing. 

Mean  . . . 

1-76 

1-64 

1-44 

Iron. 

1 
2 
3 
4 
5 
0 

13-97 
25-44 
6-01 
9-93 
13-70 
19|i92 

4-10-21 
4-22-51; 

4-  9-66 
-f  17-83 
4-  4-94 
4-  6-29 
+  9-22 
4-17-61 

+  6-12 
+15-13 

1-73 
1-89 

1-81 

1-69 
1-70 

1-82 
1-63 
1-67 
1-88 

1-44 
1-59 

Electrolytically  deposited 
according  to  Vai'ren- 
trapp's  method. 

Meau... 

1-73 

1-52 

Nickel. 

1 
■) 

3 

9-12 

9-5G 
9-50 

-Hi  1-90 
-\-  9-93 

4-  9-16 
4-  8-09 
+  11-18 

+  8-26 
+  7-41 

2-30 
2-04 

2-00 
1-85 
2-18 

1-91 

1-78 

Electrolytically  deposited 
from  nickel  ammonium 
sulphate. 

Mean... 

2-17 

2-01 

1-85 

Bismuth. 

1 
2 
3 

12-87 
14-20 
23-79 

4-20-19 
+  21-56 
4-41-28 

+  15-31 
+  19-73 
+28-71 

+  1409 
+  17-96 
+24-48 

2-57 
1  2-52 
'  2-74 

2-19 
2-39 
2-21 

2-10 
2-26 
2-03 

Electrolytically  deposited 
from  a  tartaric  acid  bath 
of  bismuth. 

Mean . . . 

2-G1 

2-26 

2-13 
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Discussion  and  Control-experiments. 

I  must  refrain  from  discussing  here  at  length  all  the  pos- 
sible sources  of  error  of  the  methods  of  observation  ;  I  only 
mention  some  objections  which  might  be  made.  It  may  be 
asked  whether  the  refracting  angle  can  be  as  correctly  deter- 
mined by  observations  on  reflexion  in  our  small  and  very 
thin  prisms  as  with  thicker  prisms  with  larger  faces. 

It  is  known  that  if  the  thickness  of  a  metallic  film  on  glass 
increases  continuously  from  zero,  the  change  of  phase  upon 
reflexion  at  first  changes  with  increasing  thickness  of  metal, 
and  only  becomes  constant  after  a  certain  thickness  has  been 
attained"^. 

If  the  prisms  used  were  so  thin  near  the  edge  that  reflexion 
at  different  parts  of  the  ])rism  would  be  accompanied  by  dif- 
ferent change  of  phase,  then  the  whole  plane  wave  reflected 
from  the  entire  face  of  the  prism  might  thus  assume  a  direction 
differing  from  that  required  by  the  ordinary  law  of  reflexion. 
In  reply  to  this  it  is  to  be  remarked  that  all  the  prisms  used 
were  so  thick  that  the  change  of  phase  was  the  same  at  all 
parts.  I  have,  however,  employed  two  other  methods  of 
proving  that  the  refracting  angles  were  'measured  correctly. 
Dr.  Wiener  has,  in  fact,  determined  the  angle  of  one  of  the 
prisms  used  above  by  his  method  f. 

The  double  prism  of  silver  No.  5,  which  unfortunately 
was  one  of  those  with  faces  not  perfectly  plane,  gave  by  ob- 
servations on  reflexion  a  sum  of  angles  of  a  mean  value  of 
]4"38  divisions,  corresponding  to  27'I)8  seconds  of  arc.  Dr. 
Wiener  determined  the  sum  of  angles  of  the  j)rism  by  his 
method  at  about  30''.  Converted  into  iodide  of  silver — the 
angle  was  determined  by  reflexion  to  be  67'59  divisions, 
or  13l"*80.  Wiener's  measurement  by  the  method  of  in- 
terference gave  128".  The  differences  lie  well  within  the 
limits  of  errors  of  observation.  A  film  of  silver  increases 
upon  conversion  into  iodide  to  about  four  times  its  thickness ; 
consequently  the  angle  of  the  siher-iodide  prism  must  be  four 
times  that  of  the  original  silver  prism. 

From  the  value  67*5y  divisions  the  angle  of  the  silver  was 
calculated  to  be  16*89,  whereas  14*38  was  observed  directly. 
The  difference  is  indeed  somewhat  large,  but  if  it  is  remem- 
bered that  this  prism  had  faces  not  perfectly  plane,  the  dif- 
ference still  hes  within  the  limits  of  error. 

\,  Compare  Wiener. 

f  Wied.  Aim.  Bd.  xxxi.  pp.  029-G72. 
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The  silver  douhlo  prism  No.  2  of  the  above  Table  gave  for 
the  sum  of  the  angles  of  the  prism  in  three  observations  the 
values: — 

8-45) 
10- 2()  VMean  9-G8  divisions. 


10;}2  j 


The  same  converted  into  iodide  of  silver  rave  the  angles 

45-42 
46' 


^;^^]  Mean  45-86, 


which  corresponds  to  an  angle  of  11-47  for  the  silver. 

So  also  a  bismuth  prism  and  a  nickel  prism,  converted  into 
oxides,  gave  angles  from  which  the  angles  of  the  metallic 
prisms  could  be  calculated  with  a  sufficient  agreement  with 
the  angles  dircictly  measured. 

If  the  refracting  angles  are  correctly  measured  by  reflex- 
ion, the  observations  of  deviation  can  hardly  be  falsified  by 
variable  change  of  phase.  Nevertheless  it  might  be  supposed 
that  the  difiraction  of  light  might  influence  the  observations 
of  deflection.  The  small  a|)erture  of  the  prism  itself  of  course 
produces  a  marked  difiraction;  and  even  with  the  best  prisms 
the  image  of  the  slit  is  not  given  with  perfectly  sharp  edges. 
Moreover  the  absorption  of  light  by  the  prism  increases 
towards  the  base.  I  believe,  therefore,  that  I  have  established, 
by  numerous  experiments,  that  refraction  produces  no  con- 
stant error  in  the  determinations  of  deflection. 

Further,  the  circumstance  that  prisms  of  very  different 
aperture,  very  different  angles,  and  different  thicknesses,  in 
which,  consequently,  the  decrease  in  the  intensity  of  light  at 
increasing  distance  from  the  edge  of  the  prism  was  very  dif- 
ferent, gave  values  of  a  not  affected  by  any  regular  change, 
shows  that  diffraction  could  introduce  into  the  observation  no 
error  which  would  be  greater  than  the  general  errors. 

Finally,  we  have  the  im])ortant  question,  What  meaning  is 
to  be  given  to  the  values  of  n  calculated  from  the  observa- 
tions ?  We  see  from  the  numbers  given  that  w  is  a  constant 
for  each  metal  and  a  given  kind  of  light  in  the  neighbour- 
hood of  the  angle  of  prism  employed,  and  does  not  depend  in 
any  definite  way  on  the  value  of  these  angles,  which  varied 
in  the  case  of  iron  and  silver  from  one  to  four,  n  is  of  course 
a  magnitude  characteristic  of  the  optical  behaviour  of  the 
metal.  If  7i,  as  in  the  phenomena  of  transparent  media,  is 
the  ratio  of  the  velocity  of  light  in  the  surrounding  medium 
(in  our  experiments,  air)  to  its  velocity  in  the  metal,  then,  if 
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the  metal  prisms  aro  brmifijht  into  another  medium,  the  de- 
flection of  the  rays  would  aher — in  correspondence  with  the 
refractive  index  of  the  new  medium.  In  order  to  try  this, 
experiments  of  the  followin<T  kind  were  made.  Upon  the 
glass  plate  carrying  the  prism  a  second  glass  plate  was 
cemented  at  a  short  distance  from  it,  and  the  space  between 
■was  filled  with  a  fluid,  and  the  deflection  was  determined 
again.  If  af  be  the  new  deflection  and  n'  the  index  of  re- 
fraction of  the  fluid  with  reference  to  air,  and  if  a.  and  8  have 
the  same  meaning  as  before,  then,  remembering  that  the 
angle  is  small,  we  have 


and 


a'  =  8(?i  —  7i'), 


Wo  can  thus  calculate  the  deflection  u'  from  the  value  of  n' 
determined  in  some  other  wa}^,  and  from  the  difl'erence 
between  a'  and  a  the  value  of  n' . 

The  following  small  table  contains  the  results  of  three  ex- 
periments. White  light  was  used  ;  the  value  of  n'  being- 
determined  by  means  of  a  spectrometer  for  sodium  light : — 


Metal  prisms  in  Fluid. 

Observed. 

Calcu 

lated. 

5. 

a. 

a,'. 

n'. 

a,'. 

n'. 

25-44 

\                   1 
Iron  prism  in  oil  of  lave 
+  17-83  1  +7U8    1      1-44 

nder. 
1  +8-64 

1-42 

8-55 

Copper  prism  in  bone-oil. 
-3-05  1  -7-26    1      1-47     ij  -7-01 

1-49 

14-52 

Platinum  prism  in  water. 
+9-61  1  +4-36    1      1-33    ||  +4-78 

1-36 

The  observed  and  calculated  values  agree  very  well 
together. 

This  appears  to  me  to  furnish  the  proof,  so  far  as  a  purely 
experimental  proof  is  possible,  that  the  above  calculated  values 
of  n  really  give  the  velocities  of  light  in  the  metals. 
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Comparison   of  these  Results  with    those  calculated  from  the 
Indices  of  Refraction  calctdated  hy  Beer  and  Voic/t. 

In  the  followin"-  table  I  have  brought  tooether  the  mean 
of  the  measurements  given  above: — 


Comparison  of  Mean  Values  of  n. 


Red. 

White. 

Blue. 

Silver 

Gold  

0-38 
0-45 

i-7a 

1-81 
217 
2-Gl 

0-27 
0-58 
0-{)5 
104 
1-73 
201 
2-2() 

1-00 
0-95 
1-44 
1-52 

l-8.'i 
2-13 

Platiuum    

Iron    

Nickel    

Bismuth 

The  velocity  of  light  in  silver  is  nearly  four  times  as  great 
as  in  vacuo,  but  the  dispersion  in  silver  is  not  very  great. 
Also  in  gold  and  copper  thc^  velocity  is  greater  than  in  vacuo 
but  the  dispersion  normal;  in  all  the  other  metals  examined 
the  dispersion  is  greatly  abnormal.  The  values  calculated  by 
Beer  and  Voigt  agree  with  these  essentially,  one  may  say  in 
a  surprising  manner. 

Beer  has  calculated  the  indices  of  refraction,  i.  e.  the  ratio 
of  velocities  in  metal  and  in  vacuo  according  to  Cauchy's 
theory  from  Jamin^s  observations  on  reflexion.  He  finds 
for  silver  no  marked  disj)ersion  and  a  mean  refractive  index 
0'25.  Copper  gave  strong  normal  dispersion,  and  for  the 
red  rays  r?<l;    iron  gave  anomalous  dispersion,  ?2red  =  2*54, 

?iviolet=l*47"^. 

Yoigt  has  elsewhere  calculated  the  value  of  n  according 
to  his  theory  of  the  optical  properties  of  the  metals,  from  the 
observations  upon  reflexion  made  by  Jamin,  Haughtou,  and 
Quincke. 

The  values  of  n  obtained  for  one  and  the  same  metal  are 
somewhat  different;  the  reason  of  this  may  be  that  the  dif- 
ferent observers  have  not  used  for  their  experiments  metals 
of  equal  chemical  purity  and  similar  physical  condition. 

The  values  calculated  are,  however,  less  than  unity  for 
silver  and  gold  antl  for  the  red  rays  in  copper.  So  also  Voigt 
finds  normal  dispersion  for  copper,  but  anomalous  dispersion 

*  Pogg.  A7in.  xcii.  p.  417,  1864. 
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for  iron,  nicki'l,  platinum,  and  bismuth.  There  is  a  consider- 
able ditterence  between  the  absohite  value  of  n  as  calculated 
from  inv  observations  and  from  those  of  Voigt.  This  pro- 
bablv  also  arises  from  ditferences  in  the  materials  used. 

Voigt  has  further  shown,  in  a  sei)arate  treatise*,  that 
according  to  his  theory  the  refractive  index  of  strongly  ab- 
sorbent media  can  be  correctly  determined  in  the  ordinary 
way  b3'  prismatic  deflection,  if  only  the  refracting  angle  of 

2A.2 

the  prism   is  sufficiently  small.     The  quantity  —-r-  sin  ^S,  in 

which  n  denotes  the  index  of  refraction,  k  the  coefficient  of 
absorption,  and  S  the  angle  of  the  prism,  may  be  neglected. 
This  is  always  the  case  with  our  prisms  ;  and  thus,  according 
to  Voigt,  also  our  assumption  made  above  is  justified  that  the 
values  obtained  for  n  are  the  reciprocals  of  the  velocity  of 
light. 

It  is  not  possible  to  enter  upon  a  discussion  of  the  measure- 
ments made  by  Herr  Dessau  f  of  the  dark  rings  seen  in  coni- 
cal metallic  layers,  with  the  values  of  refractive  index  here 
found,  since  he  was  not  able  to  measure  the  rings  with  normal 
incidence.  I  will  onl}^  remark  that  the  anomalous  dispersion 
in  platinum,  iron,  and  nickel  does  not  necessarily  require 
an  anomalous  order  of  the  rings  in  the  red  and  l)lue,  snice, 
according  to  the  above  values  for  n  in  the  metals  named,  the 
wave-lengths  for  red  always  remain  greater  than  for  blue. 

Indices  of  Refraction  of  Oxides. 

In  the  course  of  this  investigation  opportunity  occurred  of 
determining  the  indices  of  refraction  of  some  compounds  of 
the  metals — and  in  particular  of  the  oxides — chiefly  in  order 
to  check  the  method  of  observation  in  difterent  ways.  Since 
for  many  of  the  substances  examined  the  index  of  refraction 
has  not  hitherto  been  determined,  I  give  some  of  the  num- 
bers obtained.  I  add  some  determinations  on  metals  which 
were  impure  by  reason  of  the  presence  of  oxides. 

*  Wied.  Ami.  xxiv.  pp.  144-156. 
t  Wied,  Ann.  xxix.  pp.  353-370. 
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Silver  Iodide. 

No. 

1 
2 
3 

S. 

16-64 

45-86 
67-51) 

». 

n. 

Eemarks. 

Eed. 

White. 

Blue. 

Eed. 

White.  Blue. 

+21-71 

+53-07 
+98-50 

2-30 

2-16 
2-46 

The  prism  was  obtained  by 
iodizing  a  silver  prism. 

Iron  Oxide. 

1 
2 

V2-0'J 
25-71 

+9-38 

+  13-41 
+28-66 

+16-40 

1-78 

2-11 
2-12 

2-36 

The  oxide  prisms  were  ob- 
tained by  heating  the 
iron  prisms  to  faint 
redness. 

1 

Nickel  Oxide. 

24-27 

+28-57 

+29-88 

+  33-66 

2-18 

2-23 

2-39 

Obtained  by  heating  a 
nickel  prism  to  bright 
redness. 

Bismuth  Oxide. 

1 

20-82 

+  18-94 

1-91 

Obtained  by  heating  a  bis- 
niulli  prism  to  redness. 
The  dispersion  was  small, 
so  that  it  could  not  be 
determined  witli  certainty. 

Copper  Oxide. 

1 

12-72 

+20-75 

+23-44 

+27-71 

2-63 

2-84 

3-18 

Obtained  by  beating  a  cop- 
per prism  to  faint  redness. 

Platinum  mi.ced  loith  Platinum  Oxide. 

The  i)risms  obtained  by  disintegration  of  platinum  foil 
boated  to  redness  by  a  galvanic  current  are  a  mixture  of 
metallic  platinum  and  oxides  of  platinum,  which,  as  mentioned 
above,  are  only  converted  into  pure  platinum  by  heating. 
Since  the  composition  is  no  doubt  different  in  different  prisms, 
there  is  little  interest  in  determining  the  refraction  of  these 
mixtures.  I  give  only  a  few  values,  as  the  indices  are  un- 
usually large. 
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No. 

S. 

m. 

». 

Eed. 

White.  1    Blue. 

Eed. 

1  White. 

Blue. 

I 
2 

40-56 
12-35 

+93-71 
+49-26 

+93-02    +76-80 
+47-23  -  +4204 

3-31 
4-99 

i     3-29 

4-82 

2-90 
4-40 

The  difFerenoes  in  the  values  of  n  in  these  two  prisms  far 
exceed  the  errors  of  observation;  no  doubt  the  percenta<>o  of 
oxide  is  greater  in  the  second  prism  than  in  the  first.  It  is 
worthy  of  remark  that  there  is  here  a  tolerably  strong  ano- 
malous dispersion;  but  whether  this  depends  upon  the  ad- 
mixture of  platinum  or  belongs  to  the  platinum  oxide  cannot 
be  determined. 

The  oxides  of  iron,  nickel,  copper,  and  bismuth  show  normal 
dispersion  according  to  the  above  observations. 

Gold  tcith  Gold  Oxide. 

I  may  remark  that  I  had  considerable  trouble  in  preparing 
prisms  of  pure  metallic  gold.  Those  obtained  by  disintegra- 
tion of  a  gold  kathode  almost  all  gave  larger  indices  of 
refraction  than  those  put  down  in  the  table  on  p.  7  ;  this 
appears  to  result  from  the  presence  of  traces  of  oxides  of  gold. 
So  also  with  the  prisms  electrolytically  deposited  from  solution 
of  gold  potassium  cyanide^  some  of  them  gave  larger  indices 
of  refraction. 

It  is  possible  that  with  the  intensity  of  current  employed 
small  quantities  of  compounds  of  gold  of  different  kinds  might 
be  deposited  with  the  metallic  gold. 

The  prisms  which  gave  exceptional  results  were  not  green 
1)3'  transmitted  light  like  those  used  above  for  measurement, 
but  more  or  less  violet,  and  occasionally  even  an  intense 
reddish- violet.     I  give  the  following  examples: — 


No. 


Eed.       White. 


Blue. 


Eed. 


White. 


Blue. 


Electrolytically  deposited.     Greenish  violet  by  transmitted  light. 
9-98     I    +0-83  I       ...       I  +2-47  1|      1-04    |       ...       |      125 

Obtained  by  disintegration  of  a  kathode  in  vacuo. 
7-70     I  -0-82    |"-0-07    ;  +2-55  jl      0-89    |     0-99    |      1-33 

Prepared  by  disintegration  of  a  kathode  in  air  at  low  pressure, 
liright  red,  with  small  metallic  lustre.     Contains  only  little 
metallic  gold. 
36-47    I      ...      1  +37-77  |      ...      ||       ...       |    203    | 
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Connexion  between  the  Indices  of  Refraction  of  the  Metals  and 
their  Power  of  Conducting  Light  and  Electricity. 

If  \v(^  <^lance  at  the  values  of  n  (compared  on  p.  12),  the 
coniu^xion  between  the  indices  of  refraction  and  the  con- 
ducting power  of  the  metals  for  light  and  electricity  at  once 
strikes  the  eye.  Those  which  have  the  smallest  indices,  and 
for  which  consequently  the  velocity  of  light  is  the  greatest, 
arc:  also  the  best  conductors  of  heat  and  electricity. 

The  galvanic  specific  conductivity  and  the  coefficient  of 
conduction  for  heat  of  a  substance  are  perfectly  definite  values 
for  a  given  temperature  ;  the  velocity  of  light  in  a  body  at  a 
given  temperature  is  not,  for  it  varies  with  the  wave-length. 
If  therefore  we  wish  to  further  investigate  and  formulate  the 
above  suggested  universal  connexion,  we  shall  have  to  settle 
what  is  to  be  understood  by  the  velocity  of  light.  The  for- 
muhc  of  dispersion  for  transparent  bodies  lead  always  to  a 
definite  limiting  value  of  index  of  refraction  with  increasing 
wave-length.  That  such  a  liniit  exists  also  for  the  metals 
cannot  indeed  be  proved,  but  is  probable.  For  our  determi- 
nations those  values  are  probably  the  nearest  which  were 
obtained  for  red  light. 

If  we  take  the  velocity  of  red  light  in  silver  as  100,  then, 
according  to  the  table  on  p.  12,  we  obtain  the  following 
numbers  for  the  other  metals  : — 

Silver 100 

Gold        71 

Copper 60 

Platinum 15'3 

Iron 14-9 

Nickel 12-4 

Bismuth 10-3 

A  glance  at  the  above  table  shows  that  with  one  exception, 
viz.  bismuth,  the  values  of  v  fall  within  the  limits  of  thc^  num- 
bers for  the  electric  conductivity,  obtained  by  the  different 
observers,  when  that  of  silver  is  taken  as  100*.  The  number 
60  for  copper  appears  somewhat  too  small.  It  is,  however,  to 
be  observed  that  the  electrolytic  copper  of  our  double  prism 
might  possibly  contain  some  cuprous  oxide,  which  would  make 
the  index  of  refraction  too  great,  and  the  velocity  of  light  too 
small.  The  conductivity  of  bismuth  is  given  by  all  observers 
considerably  less  than  10.  The  bismuth  with  which  the  de- 
terminations of  conductivity  were  made  was,  however,  always 

*  Wiedemann,  Lehre  von  dcr  Eledricitai,  3rd  edit.  vol.  i.  p.  503. 
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crystallized.  The  tliin  films  of  metal  constituting  the  bismuth 
j)risms,  however,  showed  under  the  microscope  no  trace  of 
crystalHne  structure  ;  therefore  the  conductivity  of  the  thin 
uncrystallized  tihn  of  bismuth  used  miglit  very  well  be  a  quite 
ditferent  one,  and  better  than  that  of  a  crystallized  rod.  The 
ratio  of  the  conductivities  for  heat  and  electricity  has  also  been 
found  to  be  very  ditferent  by  ditferent  observers. 

We  may  therefore,  on  the  basis  of  the  above  numbers,  come 
to  the  conclusion  that  the  electric  conductivity  in  metals  is 
really  proportional  to  the  velocity  of  propagation  of  light- 
waves of  long  period.  In  order  to  test  this  supposition,  it 
would  be  necessary  to  determine  the  index  of  refraction  of 
very  long  waves  and  the  specific  conductivity  for  the  same 
piece  of  metal,  or  at  least  for  metal  electrolytically  deposited 
in  the  same  way.  Whether  such  determinations  could  be 
carried  out  at  all  accurately  must  remain  for  future  discussion. 

If  we  conclude  that  the  above  proportionality  has  been 
proved,  at  least  approximately,  by  our  experiments,  there  must 
exist  a  very  intimate  connexion  between  the  velocity  of  light 
and  the  conductivity  for  heat  in  the  metals  ;  for  however 
great  the  ditferences  between  individual  observations  may  be, 
it  at  least  follows,  from  a  comparison  of  the  whole  of  the  de- 
terminations at  our  disposal,  that  the  conducting  powers  for 
electricity  and  heat  in  the  metals  are  jiroportional  to  one 
another. 

There  thus  exists  at  least  a  near  proportionality  between 
the  velocity  of  light,  electric  conductivity,  and  coefficient  of 
conduction  of  heat  in  the  metals.  This  remarkable  relation- 
ship indicates  a  connexion  between  the  motion  of  light  in  the 
metals,  the  motion  of  electricity  in  the  galvanic  current,  and 
of  heat  in  a  current  of  heat. 

I  have  endeavoured  to  find  an  explanation  of  this  by  the 
assumption  that  the  conduction  of  heat  in  a  metal  depends 
essentially  upon  radiation  from  one  layer  to  the  neighbouring 
one,  in  which  the  radiation  takes  place  with  the  velocity  of 
light  in  the  metal  in  question  ;  and  that,  on  the  other  hand, 
what  we  call  electricity  moves  in  a  metallic  conductor  tra- 
versed by  a  galvanic  current  with  the  velocity  which  light 
has  in  the  metal.  How  far  this  view  is  tenable  must  be  de- 
cided by  more  extended  experiments  than  I  have  as  yet  been 
able  to  carry  out. 

In  conclusion  I  would  further  remark  that,  if  the  approxi- 
mate proportionahty  shown  in  our  experiments  between 
velocity  of  light  and  galvanic  conductivity  really  exists, 
certain  consequences  would  follow  which  are  capable  of  being 
tested  by  experiment.      I  will  only  here  mention  two  of  them. 
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The  conductivity  of  metals  decreases  with  rising  tempera- 
ture ;  consequently  the  velocity  of  light  must  also  decrease 
with  rising  temperature,  and  the  index  of  refraction  must 
increase.  It  is  true  that  Sissingh  was  not  able  to  observe  a 
change  in  the  reflexion-constant  of  iron  with  change  of  tem- 
perature*, but  the  experinK^its  cannot  bo  considered  decisive  ; 
the  indices  of  refraction  nnist  be  determined  directly  by 
measuring  the  prismatic  deviation  at  different  temperatures. 
I  do  not  consider  the  experimental  difficulties  of  such  an 
investigation  to  be  insurmountable.  It  is  known  also  that  the 
electric  resistance  of  metals  varies  differently  in  a  magnetic 
field.  Hence  the  index  of  refraction  of  a  metal  should  be 
affected  by  magnetization.  Should  this  change  prove  too 
small  to  be  measured,  yet  under  suitable  conditions  the  asolo- 
tropism,  which  the  metals  suffer  upon  magnetization  in  respect 
of  their  conductivity,  might  be  rendered  evident  by  optical 
means  by  the  double  refraction  of  light  produced. 


II.  A  Theory  concerning  the  Sudden  Loss  of  the  Magnetic 
Properties  of  L'on  and  JVickel  at  certain  Temperatures. 
By  Herbert  Tomlinson,  B.A.\ 

THAT  very  high  temperatures  destroy  both  the  magnetic 
susceptibility  of  iron  and  its  power  of  retaining  mag- 
netism has  been  known  since  the  days  of  Queen  Elizabeth. 
Thus  Grilbert  found  that  a  loadstone  and  a  piece  of  iron  equally 
lost  their  power  of  affecting  the  magnetic  needle  when  very 
hot ;  he  also  noticed  that  whilst  the  magnetic  property  re- 
turned to  the  iron  after  it  had  cooled  a  little,  the  magnetic 
virtue  of  the  loadstone  was  altogether  destroyed.  Similar 
I'esults  were  obtained  by  Brugmans,  Boyle,  Cavallo,  Barlow 
and  Bonnycastle,  Christie,  Ritchie,  Erman,  Scoresby,  See- 
beck,  and  others  |.  Faraday  found  that  a  steel  magnet  lost 
its  permanent  magnetism  rather  suddenly  at  a  temperature  a 
little  under  the  boiling-point  of  almond  oil  (the  best  bitter- 
almond  oil  boils  at  1^0°  C.)  ;  it  behaved  like  soft  iron  till  it 
Avas  raised  to  an  orange-red  heat,  and  then  lost  its  magnetic 
susceptibility  and  became  indifferent.  The  temperature  at 
which  the  retentive  power  for  permanent  magnetism  was  lost 
appeared  to  vary  in  steel  with  the  hardness  and  structure  ;  in 
fragments  of  loadstone  it  was  very  high  ;  they  retained  their 

*  Sissingh,   "Mesures   de  la  polarisation  elliptique  de  la  lumiere," 
Archives  Ncerlandaises,  t.  xx. 

t  Commiuiicated  by  the  Phj'sical  Society :  read  April  28,  1888. 
J  See  Professor  Chrystal's  Article  on  Magiietisru,  Euc.  Brit. 
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pormanont  magnetism  until  just  below  visible  ignition  in  the 
dark  (this  \Yould  be  somewhere  about  500°  C),  but  lost  their 
susceptibility  at  a  much  lower  temperature  than  the  steel. 
Nickel  was  found  to  lose  its  susceptibility  about  330°  C  to 
340°  C.  (according  to  Becquerel  about  400°  C.  ;  according  to 
Pouillet  350°  C.) .  Gore  has  published  accounts  of  experiments 
relating  to  the  sudden  loss  of  magnetic  properties  of  both 
iron  and  nickel  at  certain  temperatures^.  Chrystalf,  in  the 
course  of  some  experiments  on  the  magnetic  sounds  in  iron, 
nickel,  and  cobalt  when  traversed  by  an  interrupted  current  of 
electricity,  found  evidence  of  sudden  changes  in  the  magnetic 
susceptibility  of  iron  and  nickel  at  certain  temperatures,  and 
gives  some  curves  which  enable  us  to  trace  the  connexion 
between  these  changes  and  the  equally  curious  changes  of 
thermoelectrical  power  observed  by  Tait  in  iron  and  nickel  at 
certain  temperatures  J.  Baur  §  and  Wassmuth  ||  have  also 
taken  up  the  matter.  According  to  the  former,  for  small 
magnetizing  forces  the  susceptibility  of  iron  at  first  increases 
rapidly  as  the  temperature  increases,  reaches  a  maximum  at 
red- heat,  and  then  falls  suddenly  to  zero.  For  large  forces 
the  susceptibility  decreases  gradually  up  to  red-heat,  and  then 
falls  suddenly  to  a  very  small  value.  According  to  him,  if  a 
bar  be  cooled  from  a  white  heat  the  first  traces  of  susceptibility 
are  observed  at  a  very  bright  red,  the  brighter  the  greater  the 
magnetizing  force.  Berson^f  has  published  a  curve  showing 
the  relation  between  the  magnetic  induction  of  nickel  and  the 
temperature  right  up  to  the  point  at  which  the  susceptibility 
practically  vanishes,  namely,  336°  C.  The  author**  has  also 
quite  recently  published  similar  curves  for  nickel,  and  finds 
that  the  susceptibility  practically  vanishes  at  temperatures 
ranging  from  333°  C.  to  412°  C.  according  to  the  strength  of 
the  magnetizing  force,  the  greater  the  force  the  higher  the 
temperature.  The  author,  like  Berson,  finds  the  temperature 
at  which  the  nickel  begins  to  rapidly  lose  its  temporary  sus- 
ceptibility to  be  300°  0.  Ledeboer  ft  has  published  similar 
curves  for  iron.     He  makes  the  susceptibility  of  iron  to  vanish 

*  Proc.  R.  Soc.  vol.  xvii.  p.  2G1  (1868-1869) ;  Phil  Mag.  vol.  xxxviii. 
p.   60   (18G9);   Phil.   Mag.   vol.  xl.  p.  175  (1870).    For  extracts  see 
'  Electrician,'  vol.  xx.  Nos.  -OOo,  50G. 
t  '  Nature,'  vol.  xxii.  (1880). 
X  Heat,  pp.  170-178;  Trans.  R.S.E.  (1873). 
§  Wied.  Aiin.  xi.  (1880). 
II    Wien.  Be,:  (1880,  1881,  1882). 
"(l  Ann,  de  Phys.  et  de  Chim.  vol.  vii.  (1886). 
**  Phil.  Mag.  vol.  XXV.  No.  loG  (1^88). 
tt  La  Lumi'ere  Electrique,  tome  xxvii.  no.  2. 
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at  temperatures  ranging  from  750°  0.  to  770°  C,  the  higher 
the  greater  the  magnetizing  force.  The  temperature  at 
which  the  iron  begins  to  suddenly  lose  its  temporary  magnetic 
susceptibility  is  about  680°  C. 

The  author*,  in  a  paper  on  the  recalescence  of  iron, 
was  led  by  his  experiments  to  express  a  strong  conviction 
that  with  iron  there  are  two  critical  temperatures  at  which 
profound  changes  take  place  in  the  molecular  architecture 
of  the  metal  and  at  which  heat  becomes  latent.  The  lower 
of  these  critical  temperatures  he  fixes  at  550°  C.  and  the 
higher  at  1000°  C.  Previously  to  this,  but  unknown  to  the 
author,  Pionchonf,  by  most  earefally  conducted  calorime- 
tric  researches,  had  also  found  in  iron  two  critical  tempera- 
tures at  which  heat  becomes  latent,  namely,  660°C.-720°C. 
and  1000°  0.-1050°  C.  He  fixes  the  value  of  the  latent  heat 
at  the  lower  temperature  at  5*3  (about  j'^th  of  the  latent  heat 
of  ice),  and  that  at  the  higher  temperature  at  6'0.  Pionchon 
also  expresses  the  specific  heat  of  iron  by  the  following 
formulEe,  in  which  7  is  the  specific  heat  at  the  temperature 
t°Q. 

0°C.    to660°C.  7  =0-11012 +  0-00005066 ^+0-000000164 ^2, 
660°   to  720°      y  =0-57803-0-002872  i+ 0-000003585^2. 
720°   to  1000°    7  =0-218 
1050°  to  1200°    7=0-19887. 

The  author  now  believes  that  the  lower  of  the  two  critical 
temperatures  quoted  by  him  previously,  and  deduced  from  his 
own  experiments  on  the  internal  friction  of  iron,  may  be  a 
third  critical  temperature^,  and  not,  as  he  at  first  supposed,  the 
temperature  at  which  iron  begins  to  suddenly  lose  its  mag- 
netic properties,  which  last  seems  beyond  a  doubt  to  be 
Pionchon^s  first  critical  temperature. 

In  the  researches  of  Moissan  §  on  the  allotropic  modifica- 
tions of  iron  oxide  two  temperatures  are  very  conspicuous, 
namely,  700°  C.  and  1000°  0. 

The  following  table,  compiled  from  the  various  researches 
mentioned  above,  will  show  at  a  glance  the  different  critical 
temperatures  of  nickel  and  iron  which  the  author  believes 
may  exist  ||  : — 

*  Phil.  Mag.  Feb.  1888. 

t  Ann.  de  Pki/s.  et  de  Ckim,  t.  xi.  (1887). 

X  If  this  be  so,  there  is  probably  another  sudden  change  in  the  internal 
friction  at  680°  C. 

§  Ann.  de  Phys.  ct  de  Chim.  t.  xxi. 

II  The  changes  taking  place  at  A  may,  however,  be  due  to  approach  of 
the  critical  temperature  B. 
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mcM. 

200°  C.  Specific  heat  of  electricity  changes  sign. 

A.  ^  200^.     For  low  magnetizing  forces  the  magnetic  sus- 
ceptibility begins  to  rapidly  increase. 

'300^    Magnetic  susceptibility  begins  to  very  rapidly 

B.  -l      decrease. 
320°.  Specific  heat  of  electricity  again  changes  sign. 


1^ 

{; 


Iron. 

{550°  C.  Specific  heat  of  electricity  changes  sign. 
550°.  Internal   friction   of  iron  begins   to  rapidly   in- 
crease. 

680°.  Specific  heat  of  electricity  again  changes  sign. 
r>     )  680°.  Magnetic  susceptibihty  begins    to  very  rapidly 
decrease. 
660°-720°.  Heat  becomes  latent. 

'1000°.  Very  rapid  increase  of  internal  friction. 
1000°-1050°.  Heat  becomes  latent. 
About  1000°*.  Remarkably  sudden  permanent  yielding 
p    J       -svhen  under  stress,  and  equally  remarkable  temporary 
'^       changes  Avhen  under  stress  or  strain.     Also  at  this 
temperature  hot  iron,  which  at  any  temperature  is 
thermoelectrically  negative    to    cold    iron,    becomes 
suddenly  much  more  negative. 

In  the  above  table  the  author  has  not  included  certain 
remarkable  changes  which  take  place  in  the  electrical  con- 
ductivity of  nickel  and  iron  f,  because  these  do  not  appear  to 
be  sufficiently  near  any  of  the  above  critical  points.  Thus 
Smith  and  MacGregor  make  the  electrical  conductivity  of 
pure  nickel  foil  to  change  suddenly  at  149°  C,  a  temperature 
considerably  below  200""  C, 

Neither  has  the  author  included  certain  remarkable  changes 
which  have  been  observed  to  occur  in  the  thermal  expansion 
of  steel  at  high  temperatures  |,  because  in  the  first  place  there 
are  no  such  remarkable  changes  in  iruii^,  and  in  the  second 
the  critical  temperature  in  the  thermal  expansion  of  steel 
varies  very  considerably  with  different  specimens  ;  thus  in 
three  specimens  we  have  abrupt  changes  at  the  temperatures 

*  At  least  as  judged  by  the  coloui". 

t  Macfarlane,  Proc.  R.  S.  E.  1875 ;  C.  M.  Smith  and  J.  G.  MacGregor, 
Proc.  K.  S.  E.  1875,  187G. 

X  Nouel,  Genie  civil,  April  1887. 

§  In  the  curve  showing  the  relation  between  the  thermal  expansion  of 
iron  and  the  temperature  there  is  a  very  slight  inflection  at  400°  C. 
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660°  C,  680°  C,  and  725°  C.  The  author  has  himself  ex- 
amined the  thermal  expansion  of  iron  at  different  tempera- 
tures right  up  to  and  a  little  beyond  that  at  which  the  metal 
showed  very  conspicuously  sudden  loss  of  magnetic  properties 
Avithout  at  the  same  time  detecting  anything  like  a  sudden 
change  in  its  thermal  ex])ansibility. 

Evidently  the  critical  points  A  and  B,  though  occurring 
at  a  much  lower  temperature  in  nickel  than  in  iron,  correspond 
to  similar  molecular  changes  in  the  two  metals,  but  the  third 
critical  point  C  in  iron  has  apparently  no  corresponding  point 
in  nickel.  There  are  at  any  rate  no  such  sudden  changes  in 
nickel  when  under  stress  and  strain  as  occur  in  iron. 

It  is,  however,  the  critical  point  B  in  nickel  and  in  iron- 
which  concerns  the  present  inquiry.  Why  does  the  temporary 
magnetic  susceptibility  of  both  these  metals  diminish  so 
rapidly  that,  if  an  iron  or  nickel  wire  be  surrounded  by  a 
magnetizing  solenoid  always  kept  in  action,  and  this  again 
be  concentric  with  a  secondary  solenoid  connected  with  a 
galvanometer,  a  very  sensible  induced  current  can  be  observed 
at  the  critical  temperature  both  on  heating  and  cooling'^? 
This  question  is  a  very  important  one,  and  if  we  can  answer  it 
correctly  much  light  will  doubtless  be  thrown  upon  the  nature 
of  magnetism. 

According  to  the  author's  view  of  the  matter  each  molecule 
of  iron,  say,  contains  within  itself  several  magnetic  molecules 
(it  may  contain  several  hundreds  or  thousands) . 

Let  the  circle  in  fig.  1  represent  a  molecule  of  iron,  and 

Fi-.  1. 


let 


and 


be  the  centres   of  the   axes  of   three 


magnetic  molecules.     Each  of  these  magnetic  molecules,  like 

*  Even  -wlion  the  wire  is  only  under  the  influence  of  the  vertical  com- 
ponent of  the  earth's  nuigiietic  ftu-ce,  the  currents  induced  when  the 
magnetic  properties  are  lost  or  restored  are  quite  sensihle. 
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the  molecule  of  iron  itself,  is  cjipablo  of  motion  of  roiation  and 
of  motion  of  translation.  At  onlinary  temperatures  the  mag- 
netic molecules  have  their  centres  jUi,  m^,  m^  so  close  together 
that  though  they  are  entleavouring  to  form  a  closed  magnetic 
circuit  they  are  unable  to  do  so.  If  now  we  apply  a  magnetiz- 
ing force  in  any  direction,  each  magnetic  molecule  will  be 
rotated  about  its  axis,  and  the  whole  iron  molecule  will  be 
magnetized  and  rotated  about  its  axis.  When  the  magnetizing 
force  is  removed  both  the  magnetic  molecules  and  the  iron 
molecules  will  return  more  or  less  completely  to  their  original 
positions.  On  raising  the  temperature  the  centres  of  both  the 
iron  molecules  and  the  magnetic  molecules  will  increase  their 
distances  from  each  other  until  a  certain  temperature  is  reached, 
when  the  opposite  poles  of  adjacent  magnetic  molecules  will 
come  into  such  close  proximity  that  they  will  be  able  to  rush 
together  so  that  the  system  of  magnetic  molecules  forms  a 
close  magnetic  circuit,  as  in  fig.   2.      When  the  magnetic 

Fig.  2. 


molecules  are  in  this  position  a  small  magnetizing  force  in 
any  direction  -svill  have  no  appreciable  effect  ;  but  by  employ- 
ins  larger  and  larger  magnetizing  force  we  may  obtain 
sensible  evidence  of  magnetization,  as  indeed  Faraday,  Laur, 
and  the  author  have  found.  The  suddenness  of  the  loss 
of  magnetic  properties  is  easily  comprehended  when  we 
remember  the  rapidity  with  which  magnetic  attractions 
increase  as  the  distance  between  magnetic  poles  diminishes. 
We  can  also  understand  that  heat  at  this  point  should  become 
latent,  for  it  is  evident  that  the  sudden  bringing  together  of 
N  and  S  poles,  which  takes  place  on  heating,  will  cause  a 
sudden  expansion  of  lUi,  ?%,  and  iiiz.  Since  the  action  goes 
on  inside  the  iron  molecule  there  may  be  no  sensible  sudden 
increase  of  distance  between  the  centre  of  one  iron  molecule 
and  another,  and  no  sensible  change  in  the  molar  dimen- 
sions of  the  iron.     This   agree>  with  the  fact  ascertained  by 
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M.  Nouel  and  the  author  that,  at  any  rate  in  the  case  of 
annealed  iron,  there  is  no  sudden  change  in  the  thermal  ex- 
pansibility at  this  critical  temperature. 

When  the  temperature,  after  it  has  been  raised  to  the 
critical  point,  is  aoain  lowered,  the  centres  ?np  W2,  ^"3,  will 
creep  closer  together  again  and  t\w  magnetic  properties  will 
n^ippear  as  suddenly^  as  they  were  lost. 

According  to  the  theory,  it  would  seem  that  if  we  could  make 
the  magnetic  molecules  assuir.e  a  sufficiently  closed  magnetic 
circuit,  iron'and  nickel  might  be  converted  into  diamagnetics. 
Indeed  we  can  understand  that  diamagnetics  may  be  such  in 
consequence  either  of  a  paucity  of  magnetic  molecules  in 
each  molecule  of  the  substance,  or  from  having  their  magnetic 
molecules  forming  nearly  closed  circuits. 

Again,  if  the  temperature  be  raised  high  enough  it  wonld. 
seem  possible  to  partly  restore  the  lost  magnetic  susceptibility; 
for  then,  by  the  further  expansion  of  in^,  m^,  and  ???3,  the  N 
and  S  poles  would  l)egin  to  be  separated.  If,  therefore,  such 
metals  as  bismuth  are  diamagnetic  at  ordinary  temperatures, 
partly  because  their  magnetic  molecules  form  closed  circuits, 
rise  of  temperature  should  make  them  more  magnetic  or  less 
diamagnetic.  This  seems  to  be  the  case,  for  the  experiments 
of  Pliicker  and  Mattencci  led  them  to  conclude  that  the 
susceptibility  of  diamagnetics  diminishes  with  increase  of 
temperature  ;  in  the  case  of  bismuth  the  decrease  between 
ordinary  temperatures  and  its  melting-point  is  said  to  be 
about  one  sixth  or  more  f. 

The  following  experiments  were  made  with  the  apparatus 
which  has  already  been  described  |.  The  wire  to  be  examined 
was  suspended  vertically  in  the  axis  of  a  glass  tube,  being 
clamped  at  its  upper  extremity  into  a  brass  block  resting  on 
a  wooden  support  fitting  on  to  the  top  of  the  tube,  and  ])ro- 
vided  w'ith  a  terminal  screw  for  makinof  connexion  with  one 
pole  of  a  battery  of  thirty  Grovels  cells.  The  current  from 
this  battery  was  employed  to  heat  the  w'ire  and  passed  in  or 
out  of  the  latter  through  the  intermediation  of  a  mercury- 
cup,  into  which  dipped  a  stout  copper  wire  attached  to  a  brass 
block  clamped  to  the  lower  extremity  of  the  wire. 

Experiment  I. 
A  piece  of  very  soft  and  well-annealed  iron  wire,  30  cm. 
long  and    1   mm.  in  diameter,  was  suspended   in   the  glass 

*  The  suddeuness  of  both  loss  and  gain  of  magnetic  susceptibility  may 
hIso  be  conditioned  by  internal  friction. 
t  C'lirvt^tal,  Enc.  Bvit.,  Art.  Magnetism. 
i   I'hii.  Mag.  vol.  xxiv.  p.  2.^8. 
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tube,  so  that  it  could  freely  .swing  torsionally.  The  glass 
tube  was  placed  inside  a  magnetizing  solenoid,  which  was 
in  turn  coaxial  with  a  sccontlary  solenoid  connected  with 
a  Thomson's  reflecting-galvanometer.  The  magnetizing  sole- 
noid was  actuated  by  2  Grove's  cells,  which  were  kept  in 
action  throughout  the  experiment.  As  soon  as  the  cur- 
rent from  the  30  Grove's  cells  had  heated  the  wire  to  a 
dull  red,  there  was  a  slight  deflection  of  the  Thomson's 
galvanometer,  indicating  that  the  iron  had  suddenly  lost  part 
of  its  magnetic  susceptibility  ;  then,  after  a  pause  of  three  or 
four  seconds,  there  was  a  much  greater  deflection  of  the 
galvanometer  in  the  same  direction.  Again,  when  the  wire 
was  allowed  to  cool,  there  was  first  a  slight  deflection  of  the 
galvanometer,  indicating  partial  restoration  of  magnetic  sus- 
ceptibility followed  immediately  by  a  much  larger  deflection*. 
It  seems  likel^^  that  the  interval  between  one  deflection  and 
the  next,  when  the  wire  is  being  heated  or  is  cooling,  is  the 
first  of  the  two  periods  during  which,  according  to  Pionchon, 
heat  is  becoming  latent.  There  is  a  similar  pause,  though 
not  quite  so  marked,  in  the  sudden  jerk  which  occurs  in  an 
iron  wire  which  has  been  permanently  strained  when  the 
ciytical  temperature  C  has  been  reached  f,  and  when,  according 
to  Pionchon,  heat  a  second  time  becomes  latent. 

Experiment  II. 

In  this  experiment  an  attempt  was  made  to  abolish  the 
deflections  of  the  Thomson^'s  galvanometer,  due  to  the  sudden 
loss  or  restoration  of  the  magnetic  susceptibility,  by  torsionally 
oscillating  the  wire  during  the  whole  period  of  heating  or 
cooling.  But  no  amount  of  torsional  oscillation  availed  any- 
thing. 

Experiment  III. 

The  experiments  of  Faraday  and  others,  quoted  previously, 
show  that  there  is  a  temperature  at  which  permanent  mag- 
netization in  steel  begins  to  be  rather  suddenly  lost,  and  that 
this  temperature  is  considerably  lower  than  the  temperature 
at  which  the  temporary  magnetic  susceptibility  begins  to 
rapidly  diminish.  The  author  has  also  found  that  when  a 
permanently  twisted  wire  is  heated  it  begins  at  a  certain 
temperature  to  rapidly  %  lose  its  permanent  strain.     It  seemed, 

*  This  pause  between  one  deflection  and  another  has  ah'eady  been 
noticed  by  Mr.  Newall  (Phil.  Mag,  vol.  xxiv.  p.  435). 

t  Phil.  Ma?,  vol.  xxiv.,  1887. 

I  Tills  sudden  loss  of  permanent  strain  must  not  be  confounded  witli 
the  sudden  jerk  which  takes  place  at  the  critical  temperature  C. 
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therefore,  desirable  to  ascertain  if  this  sudden  loss  of  per- 
manent molecular  strain  would,  like  permanent  magnetization, 
take  place  at  a  lower  temperature  than  the  loss  of  temporary 
susceptibility.  The  iron  wire  in  the  last  experiment  was, 
therefore,  permanently  twisted  through  twenty  revolutions 
and  then  released  from  torsional  stress.  When,  on  heating,  a 
certain  tem])orature  had  been  reached  there  was  a  sudden 
untwisting  of  the  wire,  foUoiced  after  cm  interval  of  several 
seconds  by  the  usual  deflection  of  the  Thomson\s  galvanometer, 
which  showed  that  the  temporary  magnetic  susceptibility  was 
beginning  to  disappear.  This  experiment  was  repeated  at 
least  six  times  with  different  pieces  of  the  same  kind  of  wire, 
and,  invariably,  with  the  same  result — the  permanent  torsion, 
like  the  permanent  magnetism,  began  to  disappear  suddenly  at 
a  temperature  considerably  below  the  temperature  at  which 
the  temporary  magnetic  susceptibility  began  to  disappear. 

The  contrary,  however,  was  the  case  with  a  specimen  of 
annealed  nickel  wire*  of  the  same  length  as  the  iron  but  of 
rather  less  diameter.  When  this  wire  had  received  a  few 
turns  of  permanent  torsion  f,  and  was  afterwards  heated,  the 
loss  of  temporary  magnetic  susceptibility  occurred  at  a  much 
lower  temperature  than  the  rapid  loss  of  permanent  torsion  ; 
whilst  Berson  has  shown  that  the  permanent  magnetization 
of  nickel  resembles  the  permanent  magnetization  of  iron  in 
disappearing  before  the  temporary  susceptibility. 

This  experiment,  therefore,  shows  that  the  temperature  at 
which  permanent  magnetism  begins  to  suddenly  disappear  is 
not  the  temperature  at  which  permanent  torsion  begins  to 
suddenly  disappear. 


III.   On  a  JDifusion  Photometer.     By  J.  Joly,  M.A.B.E.X 

A  PECULIAR  api>earance  presented  by  a  translucent 
sul)stance,  when  rendered  discontinuous  by  a  crack  or 
break,  is  jirobably  a  matter  of  common  observation.  When 
such  an  object — it  may  be  the  familiar  one  of  a  cracked 
paraffin  caudle — is  placed  in  an  unequally  illuminated  field, 
the  presence  of  the  discontinuit}^  shows  out,  in  general,  boldly, 
as  a  plane  of  separation  between  a  bright  and  a  dark  portion 
of  the  substance.  The  light,  in  fact,  diffused  through  the 
substance,  passes  only  in  a  feeble  degree  across  the  crack,  so 
that  that  part   of  the  body  near  the  source  of  light  appears 

*  Containing  nearly  98  per  cent,  of  nickel 

t  Only  two  or  three  tnrns  can  be  given  before  the  wire  breaks. 

\  Communicated  by  the  Author. 
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filled  with  diffused  light,  that  part  furthest  removed  dark 
aud  obscured.  The  crack  may  be  very  minute,  the  effect  is 
the  same.  Only  when  the  edf];e  of  the  crack  is  so  turned  that 
the  source  of  light  shines  equally  on  either  side  of  it,  or  if  two 
sources  of  light  of  similar  colour  illuminate  separately  and 
with  equal  intensities  the  material  at  either  side  of  the  crack, 
does  the  discontinuous  appearance  vanish.  On  this  effect  the 
photometer  to  be  described  is  based. 

If,  in  fact,  two  parallelepijieds  of  paraffin  be  cut,  of  equal 
dimensions,  and  planed  smooth  so  that  they  can  be  laid 
accurately  together  on  similar  faces,  it  will  be  found  that  a 
very  sensitive  apparatus  is  obtained,  so  that  an  appearance 
of  homogeneity  is  only  secured  by  nice  adjustment  to  a  plane 
of  equal  illumination.  To  compare  two  sources  of  light  it  is 
sufficient  to  place  the  compounil  parallelepiped  with  its  plane 
of  discontinuity  at  right  angles  to  the  line  joining  the  sources 
of  hght  and  cut  by  this  line.  Then,  shifting  the  parallelepiped 
between  the  lights,  and  regarding  the  fine  line  of  division  on 
its  surface,  to  find  the  point  at  which  this  line  is  no  longer, 
or  only  with  difficulty,  descernible.  The  distances  are  now 
measured  in  the  usual  "svay,  and  the  relative  intensities  of  the 
light  reckoned  as  inversely  as  the  squares  of  their  distances 
from  the  plane  of  juncture  of  the  parallelepiped. 

In  the  case,  however,  of  lights  of  dissimilar  colour,  the 
appearance  of  the  photometer  is  no  longer  uniform,  but  that 
of  two  softly  glowing  substances  having  different  shades  of 
colour.  The  difficulty  now  of  judging  when  equilibrium  is 
obtained  is  one  which  must  arise  with  all  photometers  which 
are  true  to  colour.  So  far,  however,  as  my  experience  goes, 
comparing  the  gas-flame  with  the  candle,  the  comparison  of 
intensity  is  not  possessed  of  any  uncertainty,  the  line  showing 
with  a  minimum  of  distinctness  when  the  brightness  at  each 
side  is  the  same,  and  the  position  of  equilibrium  being  reformed 
with  great  accuracy  on  repeated  observation.  In  extreme  cases 
tinted  glasses  interposed  in  front  of  the  flame  might  be  used. 

The  explanation  of  the  sensitiveness  of  this  photometer  is 
not  far  to  seek.  The  surfaces  being  compared  are  in  juxta- 
position and  simultaneously  in  the  field  of  vision.  If,  now, 
we  concentrate  all  our  attention  close  to  the  line  of  junction, 
the  least  disturbance  in  the  equality  of  the  illumination  will 
be  most  favourably  displayed  to  the  perception.  The  light 
entering  the  eye,  too,  is  soft  and  perfectly  uniform  over  the 
surfaces  regarded.  Photometers  in  which  a  kind  of  visual 
memory  has  to  be  exerted  in  the  comparison  of  two  images 
removed  some  8  or  10  centimetres  from  one  another  do  not 
possess  the  same  sensibility.     There  is,  also,  a  notable  absence 
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of  the  fatigue  attending  the  use  of  apparatus  which  constrain 
us  to  shift  our  attention  from  one  image  to  another. 

Recently  I  have  changed  the  nature  of  the  material  to  the 
more  durable  one  of  glass,  of  very  similar  translucency.  It 
may  be  said  that  the  nearer  the  glass  approaches  the  uniform 
soft  translucency  of  paraffin  the  better  it  is  for  the  purpose. 
The  durability  secured  in  the  use  of  this  material  and  the 
accuracy  of  surface  it  permits  in  grinding  and  polishing  are 
great  advantages.  I  have  also  heightened  the  effect  of  the 
plane  of  separation  by  interposing  between  the  parallelepipeds 
a  film  of  silver  leaf.  This  is  caused  to  adhere  by  means  of 
Canada  balsam,  by  which  too  they  are  finally  cemented 
together.  Thus  prepared,  their  behaviour  to  light  is  very 
strikino-.  In  a  plane  of  luminous  ecpiilibrium  they  appear  as  a 
single  body  lit  up  internally  and  emitting  a  soft  light.  The  least 
flicker  in  one  of  the  sources  of  light  destroys  the  illusion  of 
uniformity,  and  a  screen  interposed  at  one  side  seemingly 
reduces  the  parallelepiped  to  half  its  size. 

The  dimensions  I  find  most  suitable  are  20x  50x  11  mm. 
for  each  parallelepiped.  They  are  laid  together  on  two  of  the 
larger  faces,  the  parallel  external  faces  being  ground  smooth, 
but  left  unpohshed.  The  surface  under  observation  during 
experiment  is  ground  smooth  and  polished  after  the  joining 
of  the  parallelepipeds.  The  most  important  points  to  be 
attended  to  in  their  construction  are  fineness  of  divisional  line 
and  uniformity  in  thickness.  Should  there  be  any  difference 
in  the  translucency  of  the  parallelepipeds  a  check  observation 
might  be  made  by  turning  over  the  photometer  so  that  the 
halves  change  places  relatively  to  the  lights,  taking  a  mean  of 
the  results.  This  has  not  been  necessary  with  such  prisms  as 
have  come  under  my  notice. 

In  judging  of  the  final  position  of  equilibrium  I  am 
accustomed  to  magnify  the  line  with  a  lens,  but  I  find  many 
observers  prefer  the  absence  of  the  lens.  To  shelter  the 
photometer  from  disturbing  effects  of  reflexions,  &c.,  I  use  a 
blackened  box,  somewhat  similar  in  form  to  that  used  with 
the  Bunscn  photometer,  but  smaller  in  size.  The  usual  pre- 
caution of  protecting  the  eyes  of  the  observer  from  the 
direct  rays  of  the  lights  should,  of  course,  be  observed. 

The  effect  upon  which  this  photometer  is  based  will  be 
extensivelv  observed  in  natural  objects,  as  translucent  minerals, 
where  any  discontinuity  of  substance,  as  a  cleavage  crack, 
occurs. 

A  note  on  the  above  appeared  in  the  Proc.  Roy.  Dublin  Soc. 
(vol.  iv.  p.  345,  Dec.  1884),  and  the  photometer  was  exhibited 
before  the  Berlin  Physical  Society  by  Dr.  Kouig  ('  Nature,' 
xxxiv.  p.  48). 
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IV.  On  a  Method  of  Determining  the  Specific  Graviti/  of 
Small  Quantities  of  Dense  or  Porous  Bodies.  By  J.  JoLY, 
M.A.B.E.,  Trinity  College,  Dublin*. 

IT  may  happen  to  be  of  importance  to  the  mineralogist  or 
to  the  chemist  to  determine  the  specific  gravity  of  a  very 
minute  quantity  of  a  soHd.  A  method  of  effecting  this, 
whatever  the  density  of  the  solid  or  whatever  its  state  of 
aggregation,  is  described  in  the  following  note.  It,  moreover, 
calls  for  the  use  of  no  special  appHance.  The  method  now  in 
general  use  for  the  micro-determination  of  the  specific 
gravities  of  silicates,  &c.,  of  low  density,  is  by  balancing  in  a 
liquid  of  a  specific  gravity  adjustable  to  that  of  the  specimen, 
and  subsequently  determining  the  density  of  the  solution 
employed. 

This  method  fails  altogether, 

(1)  when  the  substance  has  a  specific  gravity  over  four  ; 

(2)  when  the  substance  is  of  a  porous  nature. 

In  the  first  case  the  method  fails  for  want  of  a  liquid  of 
sufficient  densit}^  to  equilibrate  the  solid.  Be  it  observed 
that  about  DO  per  cent,  of  the  unsilicated  mineral  species  range 
in  density  above  4*5. 

In  the  second  case  — the  case  of  porous  bodies — the  im- 
possibility of  freeing  the  body  entirely  from  contained  air, 
when  immersed  in  liquids  of  the  nature  of  those  to  which  we 
are  restricted,  renders  the  method  fallacious.  There  is 
another  source  of  error.  The  particle  in  the  first  instance 
soaks  in  a  certain  quantity  of  liquid  at  such  a  density,  subse- 
quently the  density  of  the  liquid  surrounding  it  is  brought  to 
another  density.  Is  it  assured  that  the  density  of  the  liquid 
lodged  in  the  interstices  of  the  substance  in  the  first  instance 
assumes  the  density  subsequently  conferred  on  the  surround- 
ing liquid  ?  It  might  need  a  considerable  time  for  the  desired 
equalization  of  density  to  occur. 

Briefly,  the  theory  of  the  present  method  is  as  follows  : — 
The  mineral  by  itself  will  not  float  in  any  known  solution, 
suppose.  If,  however,  we  mix  it  with  another  substance  of 
much  lower  specific  gravity,  there  is  easily  found  such  a  pro- 
portion for  the  constituents  as  will  enable  the  mixed  bodies 
to  be  equilibrated  by  dilution  of  the  specific  gravity  liquid. 
We  may,  in  short,  adjust  the  specific  gravity  of  the  mixed 
substances  to  be  as  close  to  that  of  either  of  them  as  we 
please. 

We  require  to  know — 

•  Communicated  by  the  Author. 
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W  the  weight  of  the  mineral, 
ft)      ,,         „         ,,       huoyant  substance, 
(7      5,    sp.  gr.       „       buoyant  substance, 
s       „         „         „       mixed  substances, 
in  order  to  determine  S,  the  specific  gravity  required. 
Then,  as  ^  _  weight 
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By  this  means,  then,  we  can  deal  with  bodies  of  any  specific 
gravity  ;  and,  further,  if  for  the  buoyant  substance  we  chose 
one  which,  when  brought  to  the  liquid  state,  will  creep  into 
and  surround  the  substance,  we  may  evidently  be  independent 
of  conditions  of  aggregation,  and  all  trouble  with  contained  air, 
or  bubbles  adhering  to  the  surface  of  a  roush  frao;ment,  avoided. 

The  method  is  practically  carried  out  in  the  following 
manner  : — 

The  specific  gravity  of  a  piece  of  translucent,  homogeneous 
paraffin,  free  from  bubbles,  is  taken  by  any  of  the  ordinary 
methods — weighing  in  water  with  a  sinker,  or  balancing  in  a 
mixture  of  alcohol  and  water,  and  then  determining  the 
density  of  the  solution.  The  value  found  is  what  is  called  a 
above,  the  specific  gravity  of  the  buoyant  substance.  There 
is  no  better  parafiin  for  our  purpose  than  that  sold  in  the  form 
of  candles.     It  fulfils  all  requirements. 

From  this  piece  of  paraffin  a  little  disk-shaped  piece — about 
3  or  4  mm.  in  diameter,  and  1'5  mm.  thick — is  cut  with  a 
sharp  knife,  cleanly  paired  and  smoothed  on  the  edges  by 
gently  rubbing  between  the  fingers.  The  disk  is  larger  or 
smaller  according  to  the  quantity  of  mineral  at  our  disposal, 
and  if  great  accuracy  be  desired  we  determine  its  specific 
gravity,  thus  avoiding  any  assumption  as  to  the  homogeneous- 
ness  of  the  piece  from  which  it  is  cut.  There  will  be  in 
general,  however,  no  need  for  so  doing:  thus,  compare  the  two 
following  specific  gravities  obtained — (1)  on  a  piece  of  paraffin 
weighing  over  11  grms.;  (2)  on  a  little  disk  removed  from 
this,  and  weighing  about  "04  gram.  (2)  was  determined  by 
balancing  in  dilute  alcohol : — 

(1)  0-9204 

(2)  0-9208 

— an  inappreciable  difference  of  specific  gravity.     The  large 
piece  may  be  preserved  for  future  determinations. 
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The  disk  removed  is  next  weighed  in  a  dehcate  balance.  If 
as  small  as  described  above,  the  balance  should  read  definitely 
to  0*2  mgr.  Its  weight  is  o)  in  the  equation.  It  is  in  all 
cases  manipulated  by  use  of  a  clean  ivory  forceps.  If  very 
minute  it  is  weighed  on  a  tared  watch-glass,  and  so  need  not 
be  manipulated  at  all  after  preparation.  Removed  from  the 
balance,  the  small  fragment  (or  fragments)  of  mineral  is  placed 
upon  the  surface  of  the  disk.  The  extremity  of  a  slip  of 
copper,  about  5  mm.  wide,  is  now  heated  in  a  smokeless 
flame — it  is  better  to  use  a  little  copper  ball,  drilled  and  fitted 
on  to  a  fine  steel  knitting-needle — and  held  above  the  frag- 
ment of  mineral,  care  being  taken  not  to  approach  it  so  closely 
as  to  endanger  the  paraffin  being  volatilized  or  of  its  being 
melted  so  far  as  to  risk  loss  by  running  over.  Preferably 
the  disk  of  paraffin  should  rest  on  a  piece  of  clean  copper ; 
this  will  keep  the  lower  surface  cool.  In  point  of  fact,  the 
mineral  in  general  absorl^ing  heat  more  freely  than  the  paraffin, 
melts  the  paraffin  beneath  it  by  conductivity,  and  there  is  little 
risk  of  loss.  The  heating  is  continued  till  the  mineral  is 
seen  to  bo  completely  soaked  with  the  paraffin — every  crack 
and  cranny  is  then  filled,  the  paraffin  welling  up  and  swallow'- 
ing  the  specimen  and  expelling  all  trace  of  air. 

When  cold  it  is  placed  in  the  balance  and  weighed.  By 
subtracting  to  from  the  weight  found,  we  have  W,  the  weight 
of  the  mineral. 

There  is  probably  no  loss  of  paraffin  in  this  process.  Thus 
it  will  be  found  that  if  such  a  pellet  lie  very  carefully  balanced 
in  a  solution,  reinoved,  dried,  and  melted  on  the  hitherto  un- 
altered face  of  the  disk,  and  then  replaced  in  the  solution, 
there  is,  if  anything,  a  slight  decrease  of  density ;  on  complete 
cooling  this  decrease  is  inappreciable. 

The  pellet  is  now  dropped  into  a  specific  gravity  solution. 
A  saturated  solution  of  common  salt  and  Avater  (sp.  gr.  about 
1*2)  will  in  many  cases  be  found  sufficient  to  float  it.  If  so, 
we  have  merely  to  adjust  by  adding  water.  Otherwise  we 
resort  to  Thoulet's  solution  {Mineralogie  Micrograplivpie, 
Fouque  et  Levy,  ]).  118).  I  have  prepared  no  p)ellets  ap- 
proaching this  density  (2"77),  but  I  prefer  the  use  of  this 
solution  in  all  cases ;  it  seems  to  concentrate  less  rapidly  by 
evaporation,  and  is  more  "creepy." 

In  this  operation  of  balancing  it  is  ad\'isable  to  use  a 
cameFs-hair  brush  for  stirring,  and  also  for  conveying  small 
quantities  of  liquid  when  finally  adjusting — a  process  of 
much  deficacy.  The  brush  is  also  used  for  removing  bubbles 
from  the  pellet,  which,  however,  will  be  found  to  give  little 
trouble   if  the  solutions  be  previously  boiled  to  expel  air. 
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If  the  mixed  solutions  containing  the  pellet  be  left  standing 
for  some  hours  before  finally  adjusting,  it  will  be  found  on 
examination  with  a  lens  that  bubbles  will  no  longer  gather 
on  the  jiaraffin. 

The  last  operation  is  finding  the  specific  gravity  of  this 
solution,  which  gives  us  s  in  the  formula.  This  is  most 
accurately  done  in  a  Sprengel  tube,  holding  about  2  cc.  ; 
th(!  bottle  may  also  be  used. 

The  table  oi^posite  contains  the  results  of  some  determina- 
tions made  by  the  method. 

Of  experiments  4  and  5  it  is  interesting,  perhaps,  to  note 
that  4  was  undertaken  with  the  notion  that  the  mineral 
being  dealt  with  was  barite.  Its  weight,  as  a  hand  specimen, 
was  dece])tive,  it  being  penetrated  by  sphalerite.  On  getting 
the  result  (2"78)  it  was  concluded  that  an  oversight  had  been 
made  somewhere  in  the  measurements,  and  experiment  5  was 
undertaken  ;  this  giving  2*77,  the  specimen  was  appealed 
to.  Tests  then  showed  it  to  be  calcite.  The  determinations 
numbered  11  and  12  were  effected  on  minute,  greenish 
crystals,  hexagonal  in  shape,  removed  from  the  Wicklow 
granite.  The  crystals  alone  sank  rapidly  in  Thoulet's  solution 
(sp.  gr.  2*77).  The  foregoing  method  was  resorted  to,  and 
the  specific  gravity  of  apatite  being  obtained,  the  substance 
was  tested  in  the  usual  way.  The  tests  being  confirmatorj^, 
it  was  concluded  that  the  mineral  was  apatite,  a  rare  substance 
in  this  granite. 

I  have  thought  well  to  include  in  the  table  some  of  the 
quantities  obtained  in  working  the  formula,  as  bearing  on  the 
scale  on  which  the  experiments  have  been  made.  It  is 
evident  that  the  method  can  be  applied  on  a  smaller  scale 
still  ;  weighing  to  tenths  of  milligrams,  10  milligrams  could 
be  dealt  Avith.  The  method^  it  is  seen,  involves  two  weighings 
and  one  determination  of  specific  gravity  by  balancing  in  a 
solution  ;  that  is,  if  a  piece  of  paraffin  of  known  specific 
gravity  be  at  hand. 

Recently  it  has  come  to  my  notice  that  a  method  based  on 
a  similar  principle  is  described  in  Rosenbusch^s  Mikro- 
skopische  Physiograpliie  der  MineraUen  und  Gestcine.  In 
detail,  however,  the  methods  differ  essentially.  Thus  in 
Rosenbusch's  method  the  mineral  is  caused  to  adhere  to  a 
piece  of  wax  by  pressure,  and  is  subsequently  taken  oflf  and 
weighed  after  their  joint  specific  graA-ity  is  determined.  Here 
the  difficulty  of  freeing  the  substance  from  contained  or 
adhering  air  remains.  A  porous  substance  cannot  be  dealt 
with.  They  difter,  too,  in  other  respects,  so  that  I  am  induced 
to  think  the  foregoing  may  still,  independently,  be  of  use. 
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V.   On  Magnetic  Lag. 
By  Thomas  H.  Blakesley,  M.A* 

IN  bringing  my  views  on  Transformers  before  the  Physical 
Society  it  is  my  desire  to  emphasize  : — 

(1)  How  the  magnetic  lag,  if  it  exist,  may  be  measured  by 
employing  dynamometers  of  low  resistance. 

(2)  That  the  magnetic  lag  has  a  real  existence. 

(3)  That  the  magnetic  lag  necessarily  accompanies  an 
absorption  of  work  involved  in  the  reversal  of  polarity  in  the 
iron,  and  how  this  may  be  measured. 

(4)  The  points  in  the  general  argument  where  scientific 
facts  are  wanting,  and  the  direction  which  investigation  should 
tak(^  to  meet  tins  want. 

The  possibility  of  the  existence  of  a  magnetic  lag  renders 
the  problem  a  different  one  from  that  of  two  coils  acting  and 
reacting  upon  themselves  by  means  of  mutual  and  self- 
induction,  whose  coefficients,  being  geometrical,  are  con- 
stant. 

For  the  latter  problem  I  gave  in  the  year  1885  a  complete 
solution,  but  I  pointed  out  that  the  completeness  of  the  result 
rested  upon  the  absence  of  anything  in  the  nature  of  hysteresis 
(a  word  not  then  in  use)  or  work  done  in  the  field. 

The  following  year  Mr.  George  Forbes,  F.R.S.,  gave  what 
should  have  been  (but  for  the  very  poor  reporting  of  the 
Society  of  Arts'  Journal)  a  solution  of  the  "  secondary  gene- 
rator" problem,  treating  it  as  a  case  of  two  coils,  assuming 
that  "  the  magnetism  of  the  core  varies  as  the  sum  of  the  cur- 
rents in  the  two  coils;"  and  the  same  gentleman  has  treated  the 
subject  again  in  a  recent  paper  before  the  Society  of  Telegraph- 
Engineers  and  Electricians,  in  which  he  makes  the  same 
assumption,  and  says,  referring  to  the  harmonic  functions 
which  he  attributes  to  the  electrical  and  magnetic  quantities 
involved,  that  the  existence  of  magnetic  hysteresis  would 
cause  departure  from  the  harmonic  character,  but  that,  being 
insignificant  so  long  as  the  magnetic  induction  in  the  iron  is 
not  high,  its  consideration  may  be  omitted  ;  statements  which 
seem  rather  to  evade  than  to  overcome  the  difficulty. 

Mr.  Gisbert  Kapp,  who  has  done  so  much  good  work  in  the 
practical  development  of  transformers,  also,  in  my  opinion, 
makes  the  same  assumption,  that  the  state  of  magnetization  in 
the  core  coincides  with  the  magnetic  stress  resulting  from 
compounding  the  stresses  derived  from  the  two  coils. 

*  Communicated  by  the  Thj^sical  Society :  read  May  12,  1888. 
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In  the  view  I  shall  put  forward  I  shall  assume  : — 

(1)  That  the  variations  are  harmonic. 

(2)  That  the  only  induction  in  the  secondary  coil  is  derived 
from  the  core,  and  is  therefore,  as  regards  phase,  in  quadrature 
with  the  magnetization.  As  the  current  in  the  secondary  coil 
will  be  considered  as  producing  one  of  the  components  of  the 
stress  producing  magnetization,  itself  reacting  upon  the  coil, 
the  necessity  of  introducing  a  special  E.M.F.  of  self-induction 
is  obnated. 

(o)  That  each  turn  in  either  coil  embraces  the  same  number 
of  magnetic  lines. 

1  shall  also  make  use  of  the  foUoAving  symbols  : — 

E,  the  maximum  electromotive  force  of  the  machine  ; 
Ii,  the  maximum  value  of  the  current  in  the  primary 

circuit  ; 
L,  the  maximum  value  of  the  current  in  the  secondary 

circuit ; 
TT—d,  the  angle  of  phase-difference  between  the  currents  ; 
m,  the  number  of  turns  of  wire  in  the  primary  coil  ; 
n,  „  ,,  „  secondary  coil  ; 

(f),  the  angle  of  magnetic  lag  ; 
7'i,  the  resistance  in  the  primary  circuit; 

„  „  secondary  circuit  ; 

are  the  readings  of  two  dynamometers  placed  respec- 
tively in  the  primary  and  secondary  circuits,  their 

J  2  J  2 

constants  being  A  and  B,  so  that  -^  =  A«i,  -J-  =  I3«2 ; 

a^  is  the  reading  of  a  dynamometer  one  of  whose  coils 
is  in  the  primary,  the  other  in  the  secondary 
circuit.     Its  constant  is  C. 

M  is  the  maximum  magnetization. 

The  magnetic  stress  produced  by  each  coil  is  proportional 
to  the  current  in  that  coil  multiplied  by  the  number  of  turns 
in  the  coil,  and  is  here  taken  to  be  that  product,  called  very 
often  the  ampere-turns.  Its  maxinnnn  value  in  the  primary 
coil  is  ?nlj  and  in  the  secondary  coil  it  is  n\2. 

Now  the  observations  on  the  dynamometers  A  and  B  furnish 
us  with  a  knowledge  of  Ii  and  Ig  in  any  case ;  and  m  and  n 
are  details  of  the  construction  of  the  transformer.  Thus  we 
are  in  possession  of  the  two  quantities  mlj  and  nig. 

But  the  three  dynamometer  observations  enable  us  to  de- 
termine the  angle  of  phase-difference  between  the  currents,  as 

D2 
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I  have  elsewhere  explained  : — 

cos  d=  —^- for  Ca3=  -^-^ 

We  arc  therefore  in  possession  of  the  two  components  of  the 
ma^-notic  stress  and  of  the  ano-le  between  them.  Hence  we 
arc  virtually  in  possession  of  the  whole  magnetic  stress,  and 
its  phase  relatively  to  its  components.  If  the  resultant  is  in 
quadrature  with  that  component  which  results  from  the  cur- 
rent in  the  secondary  coil,  it  is  in  the  same  phase  as  the 
magnetization,  which  is  in  quadrature  with  that  component ; 
but  not  unless  this  is  the  case. 


Let  the  line  A  B  represent  ?nli  or  the  magnetic  stress  in  the 
primary  circuit,  and  let  B  0  represent  the  magnetic  stress  in 
the  secondary,  and  let  A  B  C  be  the  angle  ^,  found  as  above. 
Then  A  C  is  the  resultant  magnetic  stress. 

But  the  magnetization  is  in  quadrature  with  B  C.  Draw 
A  D  at  right  angles  to  B  C.  Then  CAD  represents  the 
magnetic  lag,  which  is  seen  to  vanish  if  A  C  B  is  a  right  angle. 
The  condition  of  the  existence  of  lag  is  therefore  that 

CB<  ABcos6', 

which  in  terms  of  the  dynamometer  observations  is 

Ca, 


V  Aoti  ±5a2 


Ba2  <  —  ^<^Z' 
n 


The  observation  on  the  dynamometer  in  the  primary  is  seen 
to  be  eliminated.  Thus  this  question  can  be  tested  with  two 
dynamometers  only.  The  amount  of  lag  is  represented  by  the 
angle  (JAD.  We  can  easily  express  its  tangent  in  terms  of 
the  three  dynamometer  observations. 
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Vl-cos^^ 
'VAa;'la2  ~'"V    A^ 


x/= 


0^3 - 


Aa^Bfl 


11   T. 


VAai  B«2— C%^ 
Thus  the  angle  of  magnetic  lag,  if  it  exist,  can  be  detected 
with  two  dynamometers  and  measured  with  three. 

In  dealing  yet  further  with  the  results  furnished  by  the 
observations,  we  must  remember  that  the  waxing  magnetism 
has  the  same  inductive  effect  in  producing  E.M.-F.  in  each 
turn  of  the  coils  of  the  two  circuits.  But  we  can,  from  the 
observation  of  dynamometer  B,  say  what  that  E.M.F.  per  turn 
is.     The  whole  E.M.F.  in  the  secondar}-  coil  is  Is^g,  conse- 

quently  the  E.M.F.  per  turn  is  -=-^.    Therefore  in  the  primary 

the  total  E.M.F.  arising  from  magnetic  induction  is  m  ^-^. 

The  current  arising  from  the  same  source  is  — -  —  and  the 


magnetizing  stress  on  this  account  is 


l£2 


which  must  be 


looked  upon  as  one  of  the  components  of  the  whole  magneti- 
zing stress  due  to  the  primary  current ;  and  this  component 
is  in  the  same  phase  as  the  magnetizing  stress  in  the  secondary. 
Hence,  returning  to  the  figure,  if  we  produce  CB  to  F  so 

that  CB  —  -  -  -     ^^'  ^^'^ 
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FB  is  one  of  the  components  of  AB. 

The  other  component  (i.  e.  that  arisino-  from  the  machine's 

proper  electromotive  force)  is  AF.    Hence  AF  =  m— • 


It  follows  that  the  electromotive  force  E,  which  the  machine 
is  ex(M-ting,  may  ho  thus  determined  by  means  of  the  dynamo- 
meter observations. 

AF2  =  AB^  +  BF2  +  2 AB  BF  cos  ABC, 
— ~  =m^l,^  +i-o-^]  ?i^V  +  2^»Ii  -ir  —  nlo  cos  6, 

.-.  W=r^ni^-^Ti\i'^  +2?v'2 -Ills  cos  ^, 

=  r^s  2A«i  +  '~  T^  2B«2  +  4. v^  '^'  C«3, 

=  2 1  v^^  A«i  +  r/  '^  B«2  4-  2nr'2 '-  C^s }  • 

Another  interesting  magnitude  is  AC,  or  the  total  impressed 
magnetic  force. 

AC2=AB2  +  BC2-2ABBCcos6', 

=  wi^Ii'  +  jz^Ig^  — 2??mIil2Cos^, 
=  %n^Ka^  +  2n^Ba2—4:ninCoc3, 
=  2  { JirAui  +  u-Ba2  —  2mnCu^  } . 

By  means  of  this  we  may  calculate  what  current  should  be 
passed  through  the  primary  circuit,  the  secondary  being  open, 
to  produce  the  same  state  in  the  core. 

But  ])erhaps  the  most  interesting  point  to  men  of  science 
and  to  civil  engineers  is  the  question  of  power.  We  may 
ap])roach  it  thus  perhaps  in  the  simplest  way. 

By  dropping  a  perpendicular  from  F  upon  AB  produced 
w^e  easily  see  that 

AF  cos  BAF  =  BF  cos  ABC  +  AB. 

Multiplying  through  by  AB  we  have 

AFABcosBAF=ABBFcosABC  +  AB2. 
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Substituting  the  electric  quantities  for  the  geometrical, 


mil  cos  BAF  =  »iIi 


nlacos  U  +  m-i-i-  ; 


multiply  through  by  ^„ 


EIj  cos  BAF  ^     m  IJ.  cos  6       i^ 


'■r2 


But  the  term  on  the  left  is  the  expression  for  the  total  ]>ower, 
and  those  on   the  right  hand  may  be  expressed  in  terms  of 
the  dynamometer  observations. 
Thus  the  total  power 

=  ?-iAai  +  r2  — '-as- 
n 

The  first  term  here  is  obviously  the  power  at  work  heating 
the  primary  coil. 

r2^»2  is  as  obviously  the  power  heating  the  secondary  coil. 

If,  therefore,  we  write  the  total  power 

=  riAaj  +  roB«2  +  ^'2-!  —  Caj  — Ba^  j- , 
we  see  that  the  power  involved  with  the  magnetic  lag  is 


(:-c«3-B».}, 


the  form  showing  that  it  disappears  if  the  lag  does  so. 

Thus  we  are  led  to  the  conclusion  that  a  magnetic  lag 
involves  a  loss  of  power,  and  any  loss  of  power  due  to  mole- 
cular action  in  the  core  taking  place  in  the  course  of  the 
alternations  of  magnetization  must  necessarily  produce  lag. 

Now  if  the  changing  magnetization  does  work  it  must  do 
it  against  a  force,  and  this  force  must  be  of  the  character 
which  of  itself  would  produce  magnetization,  i.  e.  magnetic 
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force.  Just  as  when  a  body  moving  in  a  medium  does  work 
in  the  medium,  it  does  so  by  calling  into  being,  or  inducing, 
a  force,  viz.  friction;  force  being  that  sort  of  magnitude  which 
acting  upon  a  body  produces  motion. 

By  analogy  alone,  therefore,  we  may  infer  that  when 
changing  magnetization  is  a  continuous  source  of  absorbed 
work,  the  changing  magnetization  induces  what  would  itself 
produce  magnetization,  that  is  an  induced  stress  acting  in 
opposition  to  the  direction  of  the  change  in  the  magnetization. 

This  may  perhaps  be  allowed;  but  it  may  be  urged  that 
there  is  plenty  of  magnetic  stress  already,  impressed  by  the 
currents  ;  why  should  not  the  changing  magnetization  work 
on  this  ?  The  answer  to  this  objection  is  that  if  there  be  no 
other  stress  but  that  impressed  from  outside,  then  the  phase 
of  the  magnetization  will  be  in  the  same  phase,  and  tlierefore 
the  increase  of  magnetization  will  be  in  quadrature  with  the 
stress,  and  hence  no  work  will  be  continuously  absorbed.  For 
though  through  some  phases  work  may  be  done  in  such  a 
case,  this  is  always  recoverable  and  reco\ered  in  a  complete 
period;  a  proposition  which  I  have  stated  and  proved  in  my 
papers  upon  Alternating  Currents  in  1885. 

I  apprehend,  therefore,  that  besides  the  stresses  AB  BC 
we  have  another  induced  stress  in  quadrature  with  the  mag- 
netization, because  called  into  being  b}'  its  increase,  and 
therefore  in  the  same  phase  as  FB  or  BC. 

Let  BC,  therefore,  be  produced  until  it  meets  in  D  the 
line  AD  drawn  at  rifiht  anoies  to  BC. 


Then  AD  will  be  the  etfective  magnetic  stress,  i.  e.  that 
magnetic  stress  which,  maintained  with  a  steady  current,  will 
produce  the  actual  magnetization;  hence,  if  M  is  the  maximum 
magnetization, 

47rAD  _ 

where  p  is  called  the  magnetic  resistance.     Thus 

AD  =  M^. 

47r 
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If  2T  is  the  period  of  alternation,  -p^-  is  the  maxinmm 
rate  of  increase  of  M.     If 

N^  =  DC, 

N  may  be  called  the  coefficient  of  magnetic  self-induction. 

Under  the  exigencies  of  a  certain  temporary  nomenclature 
CD  might  be  called  the  Foucaiilt-Ampere  turns  existing  in 
the  core  itself. 

Substituting  for  M  in  terms  of  AD, 

^.,       Ntt  47rAD 


or  DC 

AD 


=  tan^:.{^}N. 


I  have  explained  above  how  tan  <^  may  be  obtained  from 
the  dynamometer  observations.  We  may  therefore  employ 
this  formula  for  the  determination  of  the  value  and  constancy 
of  N,  if  we  can  rely  npon  the  values  of  T  obtained  by  obser- 
vation at  the  time,  and  of  p  known  otherwise. 

The  constancy  of  p  obtains  so  long  as  magnetization  can 
keep  pace  with  magnetic  stress.  These  conditions  are  fairly 
well  understood,  and  AD  must  not  exceed  the  stress  repre- 
senting the  limiting  one.     Thus  it  will  be  well  to  know  AD 

AD  =  AB  sin  6  =m\^ I-  cos -^ 


=  mv/2A«jA/l-    "^ 


Aa,B«2' 


VBa-^ 

I  think,  therefore,  experiment  should  move  in  the  following 
direction.  The  constancy  or  the  reverse  of  N  under  varying 
speeds  should  be  first  determined  by  experiments  with  currents 
so  small  or  coils  so  few  that  the  magnetic  resistance  p  may 
be  safely  assumed  constant.  For  this  purpose  it  would  be 
necessary  to  employ  some  speed-indicator. 

Professor  Forbes,  F.R.S.,  in  his  paper  upon  transformers, 
already  quoted,  says  that  the  existence  of  hysteresis  would 
cause  a  departure  from  the  harmonic  character  of  the  motion, 
but  that  the  effects  are  small  and  negligible. 

If  N,  however  great,  remains  constant,  the  harmonic  cha- 
racter of   the  variation  is   niaintidned.      But  if  experience 
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showed  that  induced  stress  varies  as  the  square  or  higher 
power  of  the  rate  of  change  of  magnetization,  then  indeed 
a  serious  modification  would  take  place,  and  this  would  be 
likely  if  the  neighbourhood  of  saturation  were  reached. 


In  the  foregoing  investigation  I  have  represented  magnetic 
stress  as  of  the  order  Current,  and  the  formulae  I  have  intro- 
duced hitherto  will  bear  this  convenient  form  of  expression; 
but  strictly  speaking  it  is  of  the  order  Field,  and  when  we 
wish  to  settle  the  dimensions  of  N  we  must  take  this  into 
account.  The  M  of  the  work  is  really  of  the  order  Moment 
or  [/^^~'m-].  Now  the  rate  of  increase  of  Moment  multiplied 
into  N  is  equal  to  Field  or  [Z~-i~'??i-']  ; 

.-.  N-*= =  [l    ^t-hn^], 

.-.  N=  [i-'tr\. 

The  actual  experiments,  which  I  now  bring  to  the  notice  of 
the  Society,  were  carried  out  at  the  works  of  Messrs.  Nalder, 
Brothers  &  Co.,  of  Westminster,  and  I  am  greatly  indebted 
to  these  gentlemen  themselves,  and  to  Mr.  Crawley  and  Mr. 
Mott  for  their  assistance  in  making  them,  for  they  freely 
placed  their  steam-power,  their  electrical  power,  and  their 
intellectual  power  at  my  disposal. 

These  experiments  had  no  other  object  than  to  test  the 
question  of  the  existence  of  magnetic  lag  by  dynamometers, 
and  to  measure  the  angle  of  lag. 

The  macliine  employed  and  the  transformer  were  of  the 
Kapp  forms.  The  numbers  of  turns  of  wire  in  the  two  coils 
had  been  ascertained  for  me  by  Mr.  C-rawley.  They  were 
100  and  12  respectively. 

Considering  the  considerable  differences  in  the  relations  of 
the  currents,  the  constancy  of  the  angle  of  lag  appears  to  me 
to  point  to  a  simple  law  connecting  it  with  the  magnetization. 

There  was  no  very  accurate  speed -indicator  employed,  and 
the  speed  was  approximately  the  same  in  the  first  six  ex- 
periments. In  the  seventh  experiment  the  speed  was  pur- 
posely much  diminished,  by  about  one  third  of  that  in  the 
former  cases,  and  in  this  experiment  alone  does  the  lag  appear 
at  less  than  5°. 
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No.  of 

Experi- 

meut. 

2  * 

T  * 
2 

C.3- 

-     C«3. 

n 

0. 

0. 

Vab,  sin  0. 

1 

33-29 

52-65 

10-37 

86-46 

O        1 

75  40 

O        1 

5  43 

5-590 

2 

34-43 

59-74 

11-50 

95-83 

75  19 

5  38 

5-676 

3 

37-09 

92-14 

17-34 

144-50 

72  45 

6  25 

5-816 

4 

70-38 

86-06 

17-43 

145-22 

77    4 

5  21 

8176 

5 

81-17 

8100 

17-21 

143-42 

77  45 

5  24 

8-804 

6 

84-97 

29-03 

7-83 

65-26 

80  56 

5    4 

9-103 
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VI.    On  Electromotive  Forces  of  Contact. 
By  Charles  V.  Burton,  B.Sc* 

THE  principal  object  of  this  paper  is  to  discuss  the  seats 
of  the  electromotive  forces  developed  by  the  contact  of 
conductors,  and  by  considering  the  transformations  of  energy 
■which  occur  when  two  insulated  conductors  are  brought  into 
contact,  an  attempt  is  made  to  give  a  logical  demonstration 
of  some  of  the  views  put  forward.  In  the  latter  part  of  the 
paper  a  description  is  given  of  some  experiments  on  the 
nature  of  the  electrification  of  non-conductors  by  contact  or 
friction.  

When  two  conductors  are  brought  into  contact,  an  electro- 
motive  force  (E)    is    set  up    between    them,    which    drives 

*  Communicated  by  the  Physical  Society  :  read  April  28, 1888. 
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electricity  across  the  junction,  until  the  difference  of  their 
potentials*  has  an  E.M.F.  equal  and  opposite  to  E.  I  shall 
assume  that  E  is  always  the  same  so  long  as  we  keep  to  the 
same  substances  and  the  same  temperature  ;  and  also  that 
when  electric  equilibrium  has  been  established  each  con- 
ductor is  at  a  uniform  potential  throughout,  except  very  near 
the  junction,  and  that  there  the  potential  changes  in  general 
by  a  finite  amount  as  we  pass  through  a  layer  of  very  small 
but  finite  thickness,  which  includes  the  surface  of  separation. 
Let  the  two  conductors  A  and  13  (fig.  1)  be  in  contact  over 

Fi-.  1. 
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the  surface  CD,  and  let  the  difference  of  their  potentials  be 
finite.  The  potential  is  constant  throughout  the  extent  of  A, 
and  also  throughout  the  extent  of  B,  except  within  a  very 
thin  layer  including  the  surface  CD,  which  may  be  called  the 
IttJ/er  of  variable  potential,  and  where  the  potential  may  be 
supposed  to  change  continuously  from  that  of  A  to  that  of 
B  as  we  pass  from  one  side  of  the  layer  to  the  other.  Now, 
consider  the  distribution  of  electricity  on  the  system.  Elec- 
tric masses  will  be  distributed  on  the  external  surfaces  of  A 
and  B,  but  not  within  these  surfaces,  except  within  the  layer 
of  variable  potential.  Here  the  distribution  evidently  depends 
upon  the  thickness  of  the  layer,  the  law  of  variation  of 
potential  across  the  layer,  and  the  specific  inductive  capacity 
of  A  and  B.  This  last  quantity  is  evidently  the  true  or 
finite  specific  inductive  capacity,  and  not  the  apparent  or 
infinite  specific  inductive  capacity  which  conductors  appear 
to  have  in  ordinary  electrostatic  experiments  ;  for  in  the 
latter  case  the  electric  potential  energy  of  the  layer  CD 
would  be  infinite. 

It  is  usually  supposed  that  the  contact  E.M.F.  betw^een  two 
conductors  is  due  to  some  molecular  action  between  them, 

*  Wherever  the  potential  of  a  conductor  is  spoken  of,  the  potential  at 
any  point  throughout  its  volume  is  intended,  and  not  the  potential  at  a 
very  near  external  point.  I  must  apologise  for  this  unusual  use  of  the 
term. 
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And  my  lirst  point  is  to  show  that  this  action  is  confined  to 
molecules  within  the  layer  of  variable  potential. 

For  consider  a  particle  P  (fig.  1)  within  the  conductor  A, 
so  that  all  around  P  the  potential  is  constant.  Then  if  P 
takes  part  in  any  way  in  maintaining  a  ditierence  of  potentials 
between  A  and  B,  it  must  in  turn  be  reacted  on  by  the 
electric  forces  which  tend  to  equalize  the  potential  through- 
out the  system.  Now,  the  only  forces  tending  to  equalize 
the  potential  are  the  attractions  and  repulsions  inter  se  of  the 
electric  masses  distributed  on  the  conductors  ;  and  the  par- 
ticle P  being  situated  in  a  region  where  the  potential  is 
constant,  the  electric  force  at  P  is  zero. 

Therefore  P  suffers  no  reaction  from  the  electric  masses  of 
the  system  and  cannot,  therefore,  play  any  part  in  maintain- 
ing the  ditierence  of  potential. 

Hence  the  molecular  action  tvhich  gives  rise  to  a  contact 
E.M.F.  between  two  conductors  is  confined  to  the  immediate 
neighbourhood  of  tJie  junction. 

Now,  suppose  that  two  conductors  A  and  B  (fig.  2),  whose 

Fi-.  2. 


contact-difference  of  potentials  is  P,  are  originally  at  the 
same  potential,  and  are  then  brought  into  contact  at  C.  As 
soon  as  this  is  done  an  E.M.F.  E  (=  —  P)  will  act  between  A 
and  B,  and  will  drive  electricity  across  the  junction  at  0,  until 
the  difference  of  potentials  of  A  and  B  becomes  equal  to  P. 

At  the  beginning  of  the  operation,  when  contact  first 
occurs,  there  is  no  E.M.F.  opposed  to  E,  so  that  when  E 
drives  a  quantity  c/M  of  electricity  across  the  junction,  the 
work  done  is  Et/M.  As  there  is  no  opposing  E.M.F.  to  be 
overcome,  the  whole  of  this  work  is  spent  in  producing  heat, 
according  to  the  Joule  effect. 

At  a  later  stage,  when  the  difference  of  potentials  has  l^e- 
come  (say)  p,  the  total  E.M.F.  between  the  conductors 
=  E  +/» ;  p  being  of  course  of  the  opposite  sign  to  E.  Hence, 
when  the  quantity  (/M  crosses  the  junction,  the  work 
(E+/>)^M  is  spent  in  producing  the  Joule  effect  ;  while  the 
electric  potential  energy  of  the  system  increases  by  — yx/M  ; 
so  that  the  total  work  done  on  dK  by  the  E.M.F.  E  =  Ec/M. 
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Hence,  if  in  order  to  establish  the  difference  of  potentials 
P  between  A  and  B,  the  quantity  M  of  electricity  must  cross 
the  junction,  the  work  done  by  the  E.M.F.  E  during  the 
operation  is  E.M.,  half  this  work  being  spent  in  producing 
the  Joule  effect,  and  half  in  raising  the  electrostatic  potential 
energy  of  the  system. 

But  the  E.M.F.  E  is  duo  to  molecular  action  in  the 
immediate  neighbourhood  of  the  junction,  and,  therefore, 
when  the  E.M.F.  E  does  work  by  causing  a  displacement  of 
electricity,  a  corresponding  amount  of  molecular  energy  is 
absorbed  at  the  junction. 

Now,  E  being  finite,  suppose  that  the  surface  of  contact  at 
thojimction  C  (fig.  2)  is  very  small,  and  that  the  electro- 
static capacities  of  the  conductors  are  very  great.  Then  M 
will  be  very  great,  and  so  will  EM.  In  fact,  keeping  the 
junction  as  small  as  we  please,  we  may  increase  EM  in- 
definitely by  increasing  the  electrostatic  capacity  of  the 
system. 

But,  by  hypothesis,  the  E.M.F.  E  will  always  be  maintained 
so  long  as  we  keep  to  the  same  substances,  and  maintain 
them  at  the  same  constant  temperature. 

Hence,  when  the  E.M.F.  E  does  work,  the  molecular 
energy  absorbed  is  of  such  a  nature  that  it  can  be  supplied 
in  indefinite  amount  by  a  small  finite  junction  maintained  at 
a  constant  temperature. 

There  are  only  two  kinds  of  energy  which  fulfil  this  con- 
dition :  — (1)  Heat  ;    (2)  Chemical  action  at  the  junction. 

First,  suppose  that  the  conductors  A  and  B  (fig.  2)  are  in- 
capable of  acting  chemically  upon  one  another.  Then  for 
every  quantity  dM  of  electricity  which  crosses  the  junction  in 
the  direction  of  the  E.M.F.  E,  this  E.M.F.  does  work  Ec/M, 
and  an  equivalent  amount  of  heat  is  absorbed  at  the  junction. 
And,  conversely,  if  electricity  dM  cross  the  junction  in  the 
opposite  direction,  work  will  be  done  against  those  molecular 
agencies  at  the  junction  which  maintain  the  E.M.F.  E,  i.  e. 
the  work  done  on  the  E.M.F.  E  will  appear  in  the  form  of 
heat. 

Hence,  the  true  contact  E.M.F.  hetioeen  two  chemically 
inactive  conductors  is  equal  to  their  coefficient  of  the  Peltier 
effect  expressed  in  ahsolute  tneasure. 

An  argument  sometimes  advanced  against  this  proposition 
is  substantiallv  as  follows  (I  quote  from  Professor  Lodge's 
paper  in  the  Phil.  Mag.  for  April  1885,  p.  260)  :-"  When  Q 
units  of  electricity  are  transmitted  against  a  force  E,  work  EQ 
is  done  ;  also  when  they  are  transmitted  up  a  difference  of 
potential  V^— V,  work  Q  (V^— V)  is  done  ;  but   in  an  open 
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circuit  containing  an  electromotive  junction,  V— Vis  produced 
by  ami  is  ecjual  to  E.  Hence,  at  an  electromotive  junction 
no  work  need  be  done  by  a  current ;  in  other  words,  the 
existence  or  non-existence  of  a  Peltier  ett'ect  has  nothing  to 
do  Avith  the  existence  or  non-existence  of  a  local  E.M.F."* 

But  although  on  an  open  circuit,  there  are  two  equal  and 
opposite  E.M.F/s  at  the  junction,  and  consequently  there  is 
no  resistance  to  the  flow  of  electricity  in  either  direction, 
still  the  E.M.F.  which  acts  in  the  direction  of  the  flow  will 
do  tcork  upon  the  opposing  E.M.F. 

A  mechanical  example  may  make  this  clearer.  If  a  })article 
be  acted  u[)on  by  two  equal  and  opposite  forces,  each  of  one 
dvne,  the  smallest  possible  force  will  be  able  to  displace  the 
particle  in  any  direction  ;  but  if  the  particle  be  displaced  one 
centimetre  in  the  direction  of  one  of  the  dyne-forces,  this 
force  will  do  just  one  erg  of  work  upon  the  other  force. 

Now,  at  the  junction  between  two  chemically  inactive  con- 
ductors, the  two  E.M.F.'s  are  (1)  an  E.M.F.  E  due  to  a 
tendency  to  absorption  of  heat-energy  at  the  junction,  and 
transformation  of  the  absorbed  energy  into  electrical  energy 
by  displacement  of  electricit}^  across  the  junction,  and  (2)  an 
E.M.F,  P  (  =  — E)  due  to  difference  of  potentials  between 
the  conductors. 

Hence,  if  electricity  M  cross  the  junction  in  the  direction 
of  the  E.M.F.  E,  heat-energy  EM  is  absorbed  in  order  to 
drive  the  quantity  M  up  the  step  of  potential;  while  if 
electricity  M  cross  the  junction  in  the  opposite  direction, 
energy  EM  will  be  given  out  in  descending  the  step  of 
potential  and  will  appear  in  the  form  of  heat. 

Keturning  now  to  the  consideration  of  the  conductors  A 
and  B  (fig.  2),  suppose  that  they  are  capable  of  acting 
chemically  upon  one  another.  In  this  case  the  energy  re- 
quired to  establish  the  ditierence  of  potentials  between  A  and 
B  may  be  supplied  at  the  junction  either  in  the  form  of  heat 
absorbed  there  or  chemical  action  taking  place.  For  the  sake 
of  simplicity  let  the  Peltier  E.M.F.  be  zero,  so  that  we  have 
only  to  deal  with  a  chemical  E.M.F.  It  will  also  be  simplest 
to  consider  one  of  the  conductors  to  be  a  solid  and  the  other 
a  liquid,  so  that  any  chemical  action  which  may  take  place 
will  not  modify  the  nature  of  the  subtances  in  contact. 

For  every  quantity  M  of  electricity  which  crosses  the  junc- 
tion in  the  direction  of  the  E.M.F.  chemical  energy  EM  will 
be  absorbed,  i.  e.  an  amount  of  chemical  action  proportional  to 
M  will  take  place. 

This  is  in  accordance  with  Faraday's  Electrolytic  Law. 
*  Professor  Lodge  refutes  this  by  a  hydrostatic  analogy. 
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Professor  Lodge  considers  that  the  E.M.F.  between  chemi- 
cally active  substances  is  due  to  a  tendency  to  chemical  action. 
But  mere  tendency  to  chemical  action  at  a  finite  junction 
could  not  be  the  source  of  an  indefinite  amount  of  energy, 
and  could  not,  therefore,  account  for  the  phenomena  in  the 
case  discussed  above.  There  must  be  actual  chemical  action. 
It  appears  in  fact  (excluding  all  idea  of  a  Peltier  E.M.F.) 
that  when  two  chemically  active  conductors  are  brought  into 
contact,  electricity  in  general  crosses  the  junction,  and 
establishes  a  difference  of  potential  between  them,  and  the 
amount  of  chemical  action  lohich  fakes  place  is  precisely  the 
equivalent  of  the  electricity  lohich  crosses  the  junction  determined 
in  accordance  loith  I^araday's  Electrolytic  Law. 

Let  K  =  number  of  absolute  units  of  energy  evolved  when 
one  gram  of  (say)  the  substance  A  enters  into  the  kind 
of  combination  which  takes  place  in  the  case  considered. 

Let  /;  =  number  of  grams  of  A  which  enters  into  combina- 
tion per  unit  flow  of  electricity. 

Then  for  every  unit  of  electricity  which  crosses  the  junc- 
tion, E  units  of  chemical  energy  are  absorbed  ;  .'.  E/K  grams 
of  A  are  dissolved. 

.-.  E/K=k   or   E  =  /;K. 

That  is,  the  E.M.F.  is  equal  to  the  energy  of  combination  of  one 
electrochemical  equivalent. 

Of  course  this  is  only  the  case  where  all  the  energy  of  the 
chemical  action  is  converted  into  electrical  energy ;  as  in  the 
case  of  pui'e  zinc  dipped  in  dilute  sulphuric  acid.  From  this 
it  follows  that  in  the  case  of  the  typical  cell,  for  instance, 
where  pure  zinc  and  pure  copper  are  immersed  in  dilute 
sulphuric  acid,  the  principal  E.M.F  is  at  the  contact  of  the 
zinc  and  acid,  an  opposing  E.M.F.  being  set  up  at  the  con- 
tact of  acid  and  copper. 

If  we  construct  a  cell  consisting  of  zinc  and  carbon  dipping 
in  dilute  H2SO4,  there  will  be  no  power  of  chemical  action  at 
the  liquid-carbon  junction,  so  that  the  onlv  E.M.F.  there  is 
a  Peltier  E.M.F.  Neglecting  Peltier  E.M.F.'s  altogether, 
the  E.M.F.  of  such  a  cell  would  be  equal  to  that  of  the  zinc- 
liquid  junction. 

The  apparent  contact  E.M.F.'s  of  metals,  as  measured  in 
air,  must  be  due  chieflj''  to  the  air-metal  contacts,  since  a  metal- 
metal  contact  can  only  be  the  seat  of  a  Peltier  E.M.F.  It 
also  a})pears  that  if  the  apparent  E.M.F.  between  two 
metals  were  measured  inductively  in  some  chemically  inactive 
gas  (or  liquid),  the  result  would  be  the  sum  of  three  Peltier 
E.M.F.'s,  and  would  probably  be  small.  There  even  seems 
to  be  some  reason  for  supposing  it  to  be  zero. 
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For   consider   ;i  circuit  consisting   of  two  metals  A  and 
\j  (fig.  3)  and  an  inert  gas  C,  all  at  the  same  temperature. 

Fiff.  3. 


Suppose  that  there  is  on  the  whole  a  finite  E.M.F.  in  the 
circuit  ACBA,  /.  e.  that  the  potential  of  the  gas  C  varies  as 
■vve  pass  from  the  plate  A  to  the  plate  B.  Now,  it  is  evident 
that  if  the  gas  C  has  any  trace  of  conductivity,  or  any 
power  whatever  of  equalizing  potentials  by  convection,  a 
feeble  current  will  flow  continuously  around  the  circuit 
ACBA,  and  will  derive  its  energy  from  absorption  of  heat  at 
one  or  more  of  the  junctions,  which  would  be  a  violation  of 
the  Second  Law  of  Thermodynamics.  If  the  metal  A  were 
furnished  with  points  as  fine  as  possible,  and  if  these  points 
were  brought  within  an  extremely  small  distance  of  B,  the}"" 
would  greatly  favour  any  conductive  or  convective  tendency 
that  might  exist ;  and  if  by  such  an  arrangement  a  convective 
discharge  of  only  one  molecule  of  electricity  in  a  century 
were  established,  it  would  constitute  a  violation  of  the  Second 
Law  of  Thermodynamics. 

If  we  admit  that  in  an  inert  gas  C  the  difference  of  poten- 
tial between  the  layers  in  contact  with  A  and  B  is  finite,  we 
must  assume  that  the  gas  is  an  absolutely  perfect  insulator  for 
such  an  E.M.F.  Even  if  this  property  is  assumed  it  does 
not  follow  that  Volta's  Law  is  inapplicable  to  the  case  of 
gases  and  metals. 

I  have  endeavoured  to  show  how  a  Peltier  E.M.F.  depends 
on  a  tendency  to  absorb  heat-energy  and  convert  it  into 
electrical  energy.  Now  from  the  law  of  successive  contacts 
of  chemically  inactive  conductors,  it  is  evident  that,  the 
temperature  being  fixed,  we  can  connect  with  each  substance 
a  constant  (called  its  "  Peltier-constant ")  such  that  the 
E.M.F.  between  any  two  inactive  conductors  is  equal  to  the 
dift'erence  of  their  respective  constants;  which  is  only  another 
way  of  stating  Volta''s  Law, 

Now  it  seems  not  unhkely  that  the  Peltier  constant  of  a  given 
conducting  substance,  at  a  given  temperature,  depends  only 
on  the  sizi',  form,  &c.  of  its  molecules,  and  the  nature  of  their 
heat-motion  ;*and,  if  so,  each  non-conductor  should  also  have 
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its  Peltier  constant,  since  the  conditions  are  essentially  the 
sani(^  in  the  two  cases. 

Thus  the  law  of  successive  contacts  might  hold  for  chemi- 
cally inactive  non-conductors  as  well  as  for  conductors. 

It  mioht  even  be  that  the  law  is  universally  true  so  far  as 
Peltier  E.M.F.'s  only  are  concerned  ;  but  of  course  these  are 
only  s[)oculations. 

The  following  are  some  analogous  properties  of  Peltier 
E.M.F.'s  and  chemical  E.M.F/s  arranged  respectively  in 
parallel  columns  : — 


Peltier  E.M.F. 

la.  When  the  two  substances  origi- 
nally at  the  same  potential  are 
brought  into  contact  an  P^.M.F. 
E,  is  established  across  the  junc- 
tion ;  this  E.M.F.  continues  to 
displace  electricity  across  the 
junction  until  the  E.M.F.  due  to 
difference  of  potentials=  — Ej 

2a.  The  energy  required  to  establish 
the  difference  of  potentials  is 
supplied  by  heat  absorbed  at  the 
junction. 

3«.  For  every  quantity  M  of  elec- 
tricity which  crosses  the  junction 
in  the  direction  of  the  E.M.F.  Ej, 
a  quantity  of  heat-energy  EjM 
is  absorbed  at  the  junction. 

4a.  For  every  quantity  M  of  elec- 
tricity which  crosses  the  junction 
against  the  E.M.F.  E, ,  heat-energy 
EjM  is  given  out  at  the  junction. 


ba.   ine 

lion  uheat  absorbed  at  the  junc- 
tlie  e  uring  the  operation  (la)  is 
wliic  fiuivalent  of  the  electricity 
mm  li  crosses  the  junction,  deter- 
ia,\v  ed  in  accordance  with  the 
s  of  the  Peltier  effect. 


Chemical  E.M.F. 

U.  AVhen  the  two  substances  origi- 
nally at  the  same  potential  are 
brought  into  contact  an  E.IM.F. 
E^  is  established  across  the  junc- 
tion ;  this  E.M.F.  continues  to 
displace  electricity  across  the 
junction  until  the  E.M.F.  due  to 
dilierence  of  potentials  =  —  E.,. 

2b.  The  energy  required  to  establish 
the  difference  of  potentials  is  sup- 
plied by  chemical  action  taking 
place  at  the  junction. 

3^.  For  every  quantity  M  of  elec- 
tricitj'  which  crosses  the  junc- 
tion in  the  direction  of  the  E.M  .F, 
Ej,  a  quantity  of  chemical  energy 
EjMis  absorbed  at  the  junction. 

4i.  i  or  every  quantity  M  of  elec- 
tricity which  crosses  the  jimc- 
tion  against  the  E.M.F.  E^, 
energy  E„M  is  given  out  at  the 
junction,  and  appears  either  as 
chemical-energy  (electrolysis)  or 
as  heat. 

i)b.  The  chemical  action  at  the 
junction  during  the  operation 
(16)  is  the  equivalent  of  the  elec- 
tricity which  crosses  the  junc- 
tion, determined  in  accordance 
with  Faraday's  Electrolytic  Law. 


Sir  W.  Thomson  has  deduced  a  lower  limit  to  the  size  of 
atoms  by  a  method  which  is  well  known.  Professor  Lodge 
points  out  that  the  limit  cannot  be  assigned  with  certainty, 
until  the  true  contact-difference  of  potentials  of  the  substances 
concerned  is  known.  But  there  is  another  point  to  be  con- 
sidered. The  method  assumes  that  there  is  a  kind  of  affinity 
between  the  molecules  of  the  two  metals  concerned  ;  that  on 
contact  being  made,  this  affinity  gives  rise  to  an  E.M.F. 
which   establishes   a   difference   of  potential,  l^ie   necessary 
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enerory  hein^-  furnished  by  the  ])arti;il  satisfaction  of  the  said 
affinity.  The  method  further  assumes  that  when  the  metals 
are  fused  to^^ether  it  is  this  sameathnity  which,  being  satisiied 
as  completely  as  possible,  gives  rise  to  an  evolution  of  heat. 
But  if  (as  a])})ears  from  what  precedes)  the  energy  required 
to  produce  the  difference  of  jiotentials  is  supplied  by  absorp- 
tion of  heat  at  the  junction,  and  if  the  contact  E.i\[,F.  is  due 
to  a  tendency  to  convert  heat-energy  into  electrical  energy, 
then  the  heat  evolved  on  fusing  the  metals  together  can  have 
no  direct  connexion  with  E.M.F.'s  of  contact,  and  the  method 
would  not  apply  to  the  case  of  two  metals. 

It  would,  however,  obviously  apply  where  the  E.M.F.  was 
due  to  chemical  affinity,  as  in  the  case  of  zinc  and  oxygen 
proposed  by  Professor  Lodge  (Phil.  j\lag.  May  1885,  p.  oi)?j). 
In  all  these  investigations  the  electrostatic  capacities  are  cal- 
culated on  the  assumption  that  the  specific  inductive  capacity 
of  the  conductors  is  unity.  I  have  not  been  able  to  find  any 
experimental  justification  for  this  assumption. 

Electrification  of  Non-conductors. 

When  two  non-conductors  are  brought  into  contact,  there 
are  other  sources  of  energy  which  may  cause  electrification. 
For  if  the  bringing  of  two  free  surfaces  into  contact,  or  the 
striking  or  rubbing  of  the  bodies  together,  should  give  rise 
to  electrification,  the  charges  so  produced  would  remain 
separated,  owing  to  the  insulating  properties  of  the  substances. 
This  source  of  electrification  is  absent  in  conductors,  as  any 
electrification  produced  between  them  by  sudden  violence 
would  be  destroyed  by  conduction,  the  final  difference  of 
potentials  between  the  bodies  being  always  that  due  to  a 
definite  contact  E.M.F. 

The  difierence  between  the  two  cases  may  be  illustrated  by 
considering  the  case  of  a  spring.  If  a  force  be  applied  to  the 
spring  a  definite  compression  will  ensue,  supposing  that  there 
is  no  friction  ;  and  if  by  any  temporary  impulse  the  com- 
pression be  increased  or  diminished,  it  will  regain  its 
former  value  when  the  impulse  ceases  to  act.  The  inverse  of 
the  strength  of  the  spring  represents  the  capacity  of  the 
system,  the  force  compressing  the  spring  the  E.M.F.  of  con- 
tact, the  distance  througli  which  the  spring  is  compressed  the 
quantity  of  electricity  displaced,  and  the  potential  energy  of 
the  compressed  sjjring  the  electrostatic  potential  energy  of 
the  two  conductors. 

If  we  suppose  compression  or  extension  of  the  spring  to  be 
accompanied  by  friction,  a  compression  effected  by  a  sudden 
shock  will   be  maintained.      This    illustrates    what   perhaps 
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tak(^s  place  with  non-conductors.  In  order  to  test  which 
view  is  the  more  correct,  I  have  made  a  few  experiments  on 
the  electrification  of  glass  and  ehonite  when  di[)ped  into 
mercury.  This  method  of  experimenting  seemed  to  offer 
several  advantages.  The  mercury  being  permanently  con- 
nected to  earth  was  always  at  a  known  potential  (zero),  and 
it  was  only  necessary  to  measure  the  charge  of  th(!  ebonite 
or  glass.  Then,  again,  contact  was  obtained  over  the  whole 
surface  submerged,  with  very  little  mechanical  violence  when 
desired  ;  and  the  conditions  of  contact  could  be  considerably 
varied  by  using  more  or  less  suddenness  and  violence  and 
longer  or  shorter  duration  of  contact. 

Fig-.  4. 

D E 

F  \//////M///////,/////////////////m///m^^^^^ 


-F  \w//////////////////////////m^^^^^^^  Or 

D 


J  t; 


The  ebonite  or  glass  employed  consisted  of  a  small  circular 
slab  S  (fig.  4)  with  a  convex  surface  A,  which  was  attached 
to  one  end  of  a  rod  BC  of  the  same  material.  This  rod  was 
encased  in  a  brass  tube  DE,  inside  which  it  was  fastened  ])y 
means  of  packing  FG.  The  length  BF  of  ebonite  or  glass 
served  to  insulate  the  slab  A.  In  the  case  of  the  glass  the 
length  BF  M'as  varnished.  The  charge  on  A  Avas  measured 
by  means  of  the  conductor  L  connected  to  a  Thomson  elec- 
trometer. A  was  placed  near  to  L,  which  was  put  to  earth 
and  then  insulated.  On  withdrawing  A,  a  deflection  was 
produced  proportional  to  the  charge  on  A.  The  movement 
of  A  was  controlled  by  making  the  tube  DE  slide  in  metal 
bearings  between  fixed  stops.  The  tube  DE  being  of  metal, 
no  electrification  M'as  produced  by  friction  in  the  bearings. 
The  following  results  Avero  obtained  : — 


(a)  Ehonite  and  Mercury 

Dipped  once  and  quickly  Avithdrawn  .     . 
„  „        very  quickly  Avithdrawn 

„       for  10"     quickly  withdrawn  .     . 
1 ,5" 

60" 

30  rapid  splashes  in  the  mercury      .     . 

50  not  very  rapid  splashes  in  the  mercury 
100  rapid  „  „  „ 

*00     ,j  jj  jj  jj 


DEFLECTION. 

+  10  to +  12 

+  15 

+  7  to+15 
6  to +  10 
6  to +  13 
5  to+   9 


+ 
+ 
+ 


-  G 
+  7 
-11 
-10 
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(b)  Glass  and  ^[ercxiry.  defi.kction. 

Dipped  once  quietly +   6  to +  10 

20  rapid  splashes —   7 

50     „  „  -  1 

«>0     „  , -  6 

^0     „  „  +4 

100     „  „  -  3 

The  above  results,  it  will  be  seen,  are  very  irregular,  owing 
no  doubt  to  the  fact  that  all  the  circumstances  of  contact 
could  not  be  accurately  known.  These  irregularities,  and 
especially  the  variable  sign  of  the  electrification,  make  it  clear 
that  the  effects  are  not  due  to  a  true  and  definite  contact 
E,j\I.F.,  but  are  dependent  in  some  degree  on  the  manner  in 
which  tlie  surfaces  are  brought  together  and  separated.  The 
experiment  of  Canton  in  1753  (where  the  rough  and  polished 
parts  of  a  glass  tube  became  oppositely  electrified  -when 
rubbed  with  the  same  cloth)  seems  to  point  in  the  same 
direction. 

Professors  Ayrton,  Schuster,  S.  P.  Thompson,  and  J.  Perry 
discussed  the  points  raised,  and  it  was  considered  that  direct 
experiment  on  contact  electromotive  force  in  a  very  perfect 
vacuum  could  alone  decide  the  question. 

This  experiment  seems  almost  as  impracticable  as  a  direct 
measurement  of  the  size  of  a  molecule.  Yet  the  two  ques- 
tions may  be  equally  capable  of  solution  by  inductive  reason- 
ing. The  question  is  whether  the  reasoning  given  above  is  or 
is  not  conclusive. — C.  V.  B. 


VII.  On  Thermochemical  Constants.  By  Spencer  Umfre- 
viLLE  Pickering,  AI.A.  Oxon,  Professor  of  Chemistry  at 
Bedford  College*. 

HE  existence,  amongst  thermochemical  data,  of  certain 
quantities  which  are  constant,  or  nearly  constant,  cannot 
be  denied. 

We  have  in  the  first  instance  the  fact  that  the  heat  of 
neutralization  is  in  the  majority  of  cases  independent  of  the 
nature  of  the  acid  and  the  alkali  concerned  ;  and  a  simple 
explanation  of  this  may  be  found,  as  I  have  shown  (Chem. 
Soc.  Trans.  1887,  p.  593),  in  the  complete  saturation  of  the 

*  Communicated  by  the  Author,  having-  been  read  before  the  Chemical 
Society. 
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residual  affinity  of  ono  of  the  radicals  in  the  molecules  con- 
cerned by  the  excess  of  water  used  to  dissolve  them.  When, 
again,  mentals  are  acted  on  by  excess  of  water  (or  of  weak 
hydrochloric  acid),  the  heat  evolved,  ihouoli  not  an  absolutely 
constant  quantity,  is  approximately  so  in  many  cases,  esj)e- 
cially  when  the  cases  taken  refer  to  metals  belonging  to  the 
same  group.  The  chemical  reactions  involved  are  of  a  pre- 
cisely similar  nature  in  each  case ;  and  the  small  differences 
which  exist  are  easily  accounted  for  by  the  ditferences  in  the 
constitution  of  the  metallic  molecules  themselves. 

The  heat  of  formation  of  any  given  metallic  salt  in  solution 
is  calculated  from  the  heat  evolved  in  reacting  on  the  metal 
with  water,  the  heat  of  neutralization,  and  the  heat  of  forma- 
tion of  the  acid  and  water ;  thus 

Na,  Cl=  (Na,  aq.)  +  H,  CI,  aq.  +  NaOH  aq.,  HCl  aq.  ; 

all  of  which  quantities,  except  the  first  (Na,aq.),  are  identical, 
or  else  constants,  whatever  metal  be  taken.  Plence  there  is 
a  constant  and  comparatively  small  ditference  between  the 
heat  of  formation  of  solutions  of  similar  salts  of  ditferent 
metals  : — 

K,  CI,  aq.  -K,  NO3,  aq.  =Na,  CI,  aq.  -Na,  NO3,  aq. 

In  calculating  the  heat  of  formation  of  salts  in  tl;e  solid 
state  the  same  equations  hold  good,  exce})t  that  there  must  be 
subtracted  the  heat  of  dissolution  of  the  salt  in  question.  As 
the  heat  of  dissolution  of  similar  salts  of  difi'erent  metals  is 
often  identical  within  a  thousand  or  a  few  hundred  calories — a 
quantity  which,  though  large  in  proportion  to  the  heat  of  dis- 
solution itself,  is  but  insignificant  in  conn)arison  with  the  heat 
of  formation  of  the  salt — the  same  constant  difi'erences  will 
very  nearly  obtain  in  the  heat  of  formation  of  the  solid  salts. 

Again,  the  substitution  of  similar  radicals  in  gaseous  mem- 
bers of  an  homologous  series,  such  as  the  hydrocarbons  and 
their  derivatives^  gives  rise  to  the  same  heat-development. 

All  these  constants  or  semi-constants  present  no  difficulties 
whatever  to  our  minds ;  but  there  is  another  class  of  constants 
wher(^  the  case  is  very  different. 

Thomsen's  second  volume  of  Thermochemical  Researches, 
dealing  with  the  combinations  of  the  non-metals,  abounds 
with  instances  where  the  heat  evolved  in  two  somewhat 
similar  reactions  is  a  multiple  of  some  common  constant : 
thus, 

Iodic  acid.  .  .  .  Io,06,H2,aq.  =111,590  =  3x37,197, 

Periodic  acid  .  .  l]  Og,  Hgjaq.  =184,100  =  5  x  36,8«0. 
Hence  substitution  of  I  for  H3       =   72,810  =  2  x  36,405. 
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The  symliols  refer  to  molecnlnr  oxygen  and  hydrogen,  and 
solid  iodine. 

Now  wlien  we  come  to  consider  what  the  real  reactions 
taking  place  in  the  two  eases  are,  namely  : — 

(a)  2(I,03,H)  +  2(I03H,aq.)-l/l-3(0,0)-H,H- 

heat  of  fusion  of  254  grams  iodine  +  heat  of  lique- 
faction of  i)G  grams  oxygen  and  2  grams  hydrogen, 

(b)  1,0^,  H5  +  I06H„aci.-V(I,I)-3(0,0)-2i(H,H) 

—  heat  of  fusion  of  127  grams  +  heat  of  liquefaction 
of  96  grams  oxygen  and  5  grams  hydrogen, 

it  is  impossible  to  see  how  the  algebraic  sums  of  these  various 
chemical  and  physical  quantities  can  be  multiples  in  the  pro- 
portion of  3  :  5,  or  in  any  other  proportion,  of  any  common 
constant,  unless  it  be  by  mere  chance  ;  nor  can  the  case  be 
simplified  by  regarding  periodic  acid  as  formed  by  the  direct 
substitution  of  H3  for  I,  which  it  certainly  is  not. 

The  instances  brought  forward  by  Thomsen  of  numbers 
which  are  multiples  of  constants  may  be  classed  under  three 
heads  : — 

A.  The  heat  of  formation  of  compounds  from  their  consti- 
tuent elements,  either  in  the  presence  of  excess  of  water  or 
other^vise. 

(1)  Iodic  and  periodic  acids  quoted  above. 

(2)  2N0,  0,  aq.  =36,330=1  X  36,330, 
2^'0,03,aq.  =72,970  =  2x36,485. 

(3)  P,  O4,  H3^  =  300,080 =4  x  75,020, 
P,03,H3  =224,630  =  3x74,877. 

(4)  S,02  =  77,280=  6x12,880, 
S,03  =103,240=  8x12,905, 
S,  O4,  Hj=  192,920=  15  x  12,861. 

(5)  2S02aq.,  0  =  53,520, 
2So02'iq-;  0  =  53,490. 

(6)  2C0,0,aq.  =73,920, 
CO,0,aq.     =73,840. 

(7)  Sn,O2,H2O  =  133,500  =  2x  66,750, 
Sn,0,H20=   65,410  =  1x65,410. 

*  This  refers  to  the  heat  of  formation  of  the  molten  acids;  the  numbers 
obtained  with  solutions  of  the  acids  are  4x76,3i^0  and  3  x  75,8(10  respec- 
tively, but  thes^e  can  scarcely  be  regarded  as  forming  an  independf^nt 
instance.  The  heat  of  dissolution  of  the  two  molten  acids  are  naturally 
positive  quantities  not  ditfering  much  from  each  other,  and  both  very 
small  in  comparison  with  the  heat  of  formation  of  the  acids. 
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(8)  Fe,  CI2  =  82,050  =  3  x  27,350, 
Fe2,01«  =  102,080  =  7  x  27,440^ 
Fc^Cle,  aq.  -  2( FeCl2,  aq.)  =  27,560. 

(9)  Fe,0,H20      =   G8,280=  5x13,656, 
Fe2,  O3, 3H20  =  191,150=  14  x  13,654. 

B.  Differences  between  the  licat  of  formation  of  analogous 
compounds. 

(10)  H2,Cl2-H2,Brf'  =  19,480  =  3x6493, 
H2,  Brf  ^-H2,  If  «  =  25,698  =  4  X  6425. 

(11)  N,  H4,  CI -H,  CI,  aq.  =36,472, 
N,  H4,  Br-H,  Br,aq.  =36,972, 
N,H4,I    -H,I,aq.    =36,142. 

(12)  P2,  O5  =369,900  =  5  X  73,980, 
Aso,  05  =  219,380  =  3  x  73,130, 
Aso,  0,=  154,670  =  2  X  77,330. 

C.  Numerical  relations  between  similar  reactions,  and  be- 
tween the  differences  between  similar  reactions,  where  more 
than  one  product  is  formed. 

(13)     6K0H  aq.  +  6C1  =  3KC1  aq.  +  3K0C1  aq.  +  3H2O 

=  73,855  =  3x24,618. 

6K0H  aq.  +  6C1  =  5KC1  aq.  +  KO3CI  aq.  +  3H2O 

=  97,945=4x24,486. 

*"^     lHRo''S=~im'^'o  132,440  =  4x33,110, 

2HBrO3,10HBr=     101,520  cW 'V^O -  9  y '^•?  ai ^ 

2HIO3,10HI      =     166,870  oo'^nnlT     «;^«nn 

H5l06,7HI       =     133,570  od,o(JO-ix  66,6(J0. 

There  is  not  one  of  these  sets  of  quantities  (except  perhaps 
the  actions  of  chlorine  on  potash,  13,  and  the  formation  of  the 
haloid  acids,  10)  in  which  the  actions  compared  are  so  simple 
or  so  strictly  analogous,  that  we  might  reasonably  expect  the 
sum  total  to  be  made  up  of  the  same  constants. 

In  some  cases,  indeed,  it  is  apparent  that  Tbomsen  has  been 
led  astray  by  his  eagerness  to  discover  the  existence  of  simple 
relations.  Thus,  in  the  case  of  11,  what  possible  meaning  can 
be  attached  to  quantities  obtained  by  subtracting  the  heat  of 
formation  of  aqueous  solutions  of  the  haloid  acids  from  that  of 

*  In  this  and  the  following  case  Thomsen  inserts  two  other  quantities 
which  are  multiples  of  the  same  constants,  but  they  are  in  reality  (as  he 
shows)  tle])endent  on  those  given  here. 

I  have  not  inserted  the  case  of  marsh-gas  and  carbon  tetrachloride,  the 
heat  of  formation  of  which  is  nearly  the  same ;  this  is  a  constant  of  a 
difl'erent  character  and  presents  no  difliculties. 
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the  corresponding  solid  aninionium  salt  ?  This  same  case  is 
also  an  instance  of  an  entirely  fictitious  constant ;  from  the 
fiict  that,  in  calculating  the  value  of  N,  H4,  CI,  the  quantity 
H,  CI,  aq.  is  involved,  and  also  that  the  heat  of  neutralization 
of  anunonia  by  the  three  haloitl  acids  is  identical,  it  follows, 
as  Thoinscn  himself  clearly  shows,  that  each  of  the  differences 
N,  H4,  CI  — H,  CI,  aq.  is  made  up  of  x — A,  where  x  is  the  same 
quantity  in  each  case,  and  A  is  the  heat  of  dissolution  of  the 
ammonium  salt  concerned.  So  that  the  constancy  depends 
entirely  on  the  three  values  for  A  being  nearly  equal  (which 
we  might  well  expect  to  be  the  case) ;  these  values  are  3,880, 
4,380,  and  3,550  respectively,  showing  a  variation  of  as  much 
as  800  cal.,  which  amounts  to  '10  per  cent,  of  the  whole,  but, 
when  imported  into  the  large  quantity  of  36,000  cal.,  appears 
as  little  more  than  2  per  cent. 

There  are  other  points  which  must  raise  suspicion  as  to  the 
reality  of  these  constants.  Why,  for  instance,  amongst  the 
many  acids  containing  sulphur,  should  dithionic  and  tetra- 
thionic  acids  alone  show  numerical  relations?  Why  should 
P205,As205,  and  AsjOs  form  a  group  to  the  exclusion  of 
P2O3?  Then,  again,  there  may  be  found  other  quantities 
where  there  is  as  evident  a  numerical  relationship  as  in  many 
of  those  quoted  by  Thomsen,  but  in  which  this  relationship  is 
evidently  accidental ;  thus,  immediately  opposite  the  page  on 
which  No.  4  is  given,  we  find 

SOf«,aq.  =    7,700, 

SO^'i-,aq.  =   1,500, 

SO^'^aq.  =39,170; 

which  numbers  may  be  expressed  as 

5  X  1,540, 

1  X  1,500, 

26  X  1,507; 

although  the  difference  between  the  first  and  second  quan- 
tities is  due  to  purely  physical  causes,  and  the  other  differences 
to  chemical,  or  combined  physical  and  chemical  causes.  Again, 
it  may  be  observed  that  the  numerical  relations  are  in  many 
cases  scarcely  of  a  very  simple  character,  such  fractions  as  ^, 
-]^,  and  -j^-  occurring  ;  and,  moreover,  that  the  error  is  often 
of  very  considerable  magnitude.  Thus,  in  No.  12,  Pg?  0.3 
should  be  386,650  cal.,  if  the  constant  supposed  to  be  shown 
in  As2,  O3  is  correct ;  whereas,  if  the  constant  given  by  Pg,  O5 
be  correct,  then  As2,  O3  should  be  147,960  cal.,  an  error  of 
either   16,750   or  6,710  cal.  occurring  ;  certainly  out  of  all 


58  Prof.  S.  U.  Pickering  on 

])roportion  to  the  actucal  experimental  (^-rors  :  similar  errors, 
aniountino;  to  l^OOO  to  3,000  cal.,  could  be  mentioned  in  several 
of  the  other  cases. 

Theses  last  observations  give,  in  fact,  as  I  belicA'C,  the  clue 
to  an  explanation  of  these  supposed  constants.  By  taking  a 
sufficiently  high  fraction  and  allowing  a  sufficiently  wide 
margin  for  "  error,^'  it  is  obviously  possible  to  represent  any 
two  numbers  whatever  as  nndtiples  of  the  same  constant. 
The  whole  question,  therefore,  resolves  itself  into  one  of 
probabilities. 

Thus  in  No.  1  the  difference  between  the  two  quantities  is 
Gt),810  cal.,  and  the  error  which  the  first  of  them  shows  as 
compared  with  the  second  is  (11 1,590 -(3  x  36,880)  =  )  1,150 
cal.  ;  while  the  error  which  the  second  shows  as  compared 
with  the  first  is  (5  x  37,197-184,400= )  1,585  cal.,  or  a  total 
error  of  2^735  cal.  is  made  allowable.  Now^  it  is  obvious  that 
if  the  error  allowed  had  been  as  great  as  the  difference 
between  the  two  values  (184,400  and  111,590),  every  quantity 
between  these  two  numbers  would  have  been  regarded  as 
thus  related.  As  it  is,  however,  only  2,735  out  of  68,810,  or 
1  out  of  25,  numbers  between  these  limits  wall  show  the  rela- 
tion; or,  to  put  it  in  a  more  general  form,  of  the  numbers 
between  184,400  and  zero,  1  out  of  25  will  be,  within  the 
given  range  of  error,  some  submultiple  by  5  of  184,400. 
Now,  on  examining  the  table  (vol.  ii.  p.  401)  which  contains 
the  data  relating  to  the  iodine  compounds,  we  find  28  quan- 
tities less  than  184,400,  i.  e.  rather  more  than  sufficient  to 
give,  through  purely  mathematical  chances,  the  one  case 
discovered  by  Tliomsen. 

With  No.  2  there  should  be  74  numbers  less  than  72,970 
cal.  to  give  one  coincidence  within  the  limits  assigned;  there 
are,  as  a  matter  of  fact,  49  such  numbers  amongst  the  nitrogen 
compounds  (p.  406).  With  No.  3  there  should  be  28  num- 
bers less  than  300,080  amongst  the  phosphorus  compounds 
to  give  the  one  coincidence,  whereas  we  find  there  are  really 
24  such  numbers. 

With  No.  4  it  is  certainly  not  legitimate  to  consider  a 
quantity  such  as  192,920  to  be  a  simple  multiple  of  103,240, 
when  it  can  only  be  done  by  introducing  the  large  fraction 
of  j^5  and  a  margin  of  1,007  cal.  as  error.  Taking,  there- 
fore, the  numbers  for  S,0o  and  8,63  only,  w^e  find  that  there 
should  be  74  numbers  less  than  103,240  to  give  the  coinci- 
dence, whereas  there  are  35  such  quantities  amongst  the  data 
for  sulphur. 

Thus  in  these  four  cases  there  are  two  in  ^hich  the  data 
are  nearly  exactly  as  numerous  as  they  should  be  if  the  coin- 
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cidences  wore  a  matter  of  mere  chance,  whereas  in  the  other 
two  tliey  are  only  f  and  ^  as  numerous  as  they  should  be  ; 
but  it  must  be  rememl)ered  that  we  arc  only  takino- the  actual 
data  expressed  in  a  limited  number  of  ways,  such  as  Tliomscn 
happened  to  have  selected,  and  that  these  same  data  might 
be  expressed  in  numerous  other  ways,  giving  us  a  much 
longer  list  of  numbers. 

AV^ith  Nos.  5  and  6,  where  the  quantities  are  equal,  the 
fallacy  of  their  connexion  may  be  well  shown  thus  : — The 
two  quantities  in  No.  5  are  selected  from  the  two  pages  (403, 
404)  on  which  the  sulphur  data  exist  :  can  we  find  numerical 
equality  as  striking  by  taking  any  other  two  pages  of  data  ? 
Taking  p.  40:^,  which  contains  iodine  data,  and  p.  403,  which 
contains  sulphur  data,  we  find  : — 

K,  1,03  (crvst.  salt) =124,490, 

S,03,H20  "(liquid  acid)    ....  =124,560, 

S03,aq.  (heat  of  dissol.  of  solid  SO3)  =   21,320, 

I,  CI3  (heat  of  form,  of  solid)       .     .  =    21,490, 

lS02aq.,0  (solution) =    63,630, 

HI,  O3  (anhvdrous) =   64,000, 

So  0;  H2,  aq.-  (heat  of  dissol.)       .     .  =   54,320, 
H,  I,  O3,  aq.  (heat  of  form,  and  dissol.)  =   55,800. 

Four  instances  of  approximate  numerical  equality  between 
quantities  representing  reactions  which  are  altogether  dis- 
similar. 

Nos.  7,  8  and  9  refer  to  the  formation  of  metallic  com- 
pounds :  they  are  the  onl}-  ones  of  this  nature  quoted  by 
Thomson,  and  bear  but  a  very  small  proportion  indeed  to  the 
hundreds  of  values  for  metallic  compounds  given  in  vol.  iii.* 

Of  those  cases  which  deal  with  ditferences  between  the  heat 
of  formation  of  similar  comi)Ountls,  Nos.  11  and  12  have  already 
been  discussed,  and  it  is  only  necessary  to  point  out  further 
that  those  three  instances  form  but  a  minute  fraction  of  the 

*  The  heat  of  formation  of  the  oxidos  of  iron  is  partially  dependent 
on  that  of  the  chloiirles  and  on  the  heat  of  neutralization  of  the  respective 
oxides  by  hydrochloric  acid.  It  is  possible  that  there  is  an  en  or  of 
4,000  cal.  or  more  in  the  determination  of  I"e^,0;j-'iH^,0,  OHCl  (vol.  i.  p.  410); 
since  the  difference  between  this  quantity  and  the  heat  of  neutralization 
of  the  same  oxide  by  sulphuric  acid  is  smaller  by  this  amount  than  iu 
any  other  known  case.  It  is  more  probable,  lunvever,  that  the  error  is  in 
the  heat  of  neutralization  by  sulphuiic  acid,  for  the  indirect  determina- 
tions of  it  involved  in  the  precipitation  of  iron  sulphate  by  a  barium  salt 
(pp.  410,  417)  give  similarly  anomalous  numbers.  Some  receut  dtter- 
minations  of  these  latter  quantities  (Fay,  ('hem.  News,  Ivii.  p.  .'JO,  and 
Pickering,  ibid.  Ivii.  p.  70)  tend  to  show  that  this  anomaly  does  not  always 
exist  with  iron  sulphate.  It  may  have  been  due  to  the  presence  of 
colloidal  feme  oxide  iu  the  solution. 
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almost  infinite  number  of  groups  of  compounds  which  might 
he  constructed  out  of  the  300  (|u;intitie.s  given  in  Thomsen's 
2n(l  volume.  Similarly,  also,  the  luimhcr  of  com])aruhle  reac- 
tions (Class  C)  which  might  be  collected  in  the  same  field 
would  certainly  afford  sufficient  chances  for  the  existence  of 
the  two  coincidences  shown  in  Nos.  13  and  14. 

In  the  IJerichte,  v.  p.  170,  and  vi.  p.  239,  Thomsen  drew 
attention  to  the  (supposed)  existence  of  a  common  constant 
of  affinity,  of  which  the  following  are  considered  as  proofs : — 


s,o,     .    . 

SO2,  0,  aq.  . 
*S04H2,aq.  . 

SO2,  0,  HoO 
*S,  O3,  H26  . 
*S,03,aq.      . 


N2,0       .      . 

N2O2,  0,  aq. 

*No02,  O2,  aq. 

N2O2,  O3,  aq. 


Cu,  0,  SO3,  aq. 
Pb,  0,  SO3,  aq. 
Fe,0,S03,aq. 
Cd,0,S03,aq. 
Zn,  0,  SO3,  aq. 
Mg,0,S03.aq. 


Cu,  S,  O4,  aq. 
Pb,  S,  O4,  aq. 
Fe,  S,  O4,  aq. 
Cd,  S,  O4,  aq. 
Zn,  S,  O4,  aq. 
Mg,S,04,aq. 


Br2  aq.,  H9  . 
C]oaq.,H2"  . 
H202aq.,  Ho 


4x17,768 
4x17,837 
1x17,848 
3x17,834 
7x17,796 
8x17,803 


1x18,316 
1  X  18,300 
2x18,170 
3x18,214 
4  X  18,235 


:  3x18,070 
:  4x  18,888 
:  5x18,772 
:  3x18,994 
6x18,077 
:  10x18,092 


:llx  18,058 
12x18,163 
13x18,176 
11x17,882 
:14  k  17,920 
:18x  17,963 


3  X  18,551 

4  X  18,441 

5  X  18,335 


*  These  are  not  fuudamental  quautities,  but  depend  on  the  other 
accompanying  quantities. 
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2FeS04aq.,0,  SOsaq.       .     .     .    =    2x18,400 

2Cr03aq.,3S03aq =    2x18,442 

MnAaq.,  2S03aq =   4  x  18,1G2 

Mn207{iq-,5Ho02aq.,2S03aq.    .   =10x18,924 
MnaOT  aq.,  5HoOo  aq.,  2H2CI2  aq.    =  10  x  18,214 

The  "perfect  analocry"  of  these  various  reactions,  even 
when  we  confine  ourselves  to  the  members  of  each  separate 
group,  is  certainly  of  a  somewhat  questionable  character,  and, 
in  my  opinion,  cannot  be  reoarJed  as  existing  in  even  the 
most  superficial  sense  ;  and  where  an  analogy  does  exist,  as  in 
the  formation  of  the  six  sulphates,  we  might  expect  the  heat  to 
be  the  sa7ne  in  every  case,  but  can  attach  no  meaning  what- 
ever to  its  being  a  multiple  of  some  constant;  nor  can  we 
understand  why  certain  other  perfectly  analogous  reactions 
should  not  exhibit  a  similar  relationship  if  this  constant  had 
any  true  signification. 

The  variation,  also,  in  this  constant  is  somewhat  large, 
amounting  to  7  per  cent,  or  x  x  1,226,  where  the  value  of  a; 
may  be  as  high  as  18,  giving  a  maximum  error  of  22,068,  a 
quantity  larger  than  the  constant  itself. 

That  this  constant  is  of  an  entirely  fictitious  nature  may  be 
shown  most  palpably  by  taking  any  other  number  and  tabu- 
lating all  the  thermal  values  which  are  multiples  of  it.  The 
number  15,000  was  taken  in  this  way,  and  all  the  quantities 
which  are  multiples  up  to  10  of  it,  within  an  error  of  +  2*3 
per  cent,  only,  are  given  in  the  accompanying  table.  They 
were  selected  from  the  data  referring  to  the  non-metallic  and 
metallic  combinations  tabulated  by  Thomsen  in  vols.  ii.  and 
iii.,  and  though  they  amount  to  nearly  120,  they  could  no 
doubt  be  considerably  increased  by  a  more  thorough  and  ex- 
tended search.  Out  of  these  it  is  evident  that  we  could  form 
many  tables  of  "analogous  compounds,"  the  heat  of  forma- 
tion of  which  is  some  simple  multiple  of  our  "constant" 
15,000,  and  a  similar  investigation  would  show  that  any 
number  would  act  just  as  well  as  a  "  common  constant  of 
affinity.^' 

The  whole  question,  therefore,  of  these  constants  disappears, 
and  resolves  itself  into  the  chances  of  coincidences  occurring 
in  a  certain  number  of  numbers. 
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O.JT,„H2   14,940 

FeClj,  411^0 I5,ir)0 

ZnEr.„!iq 15.030 

Ni,  ll'Cl.,  aq ir),070 

Pd(OH),;41[Claq 14,!)3() 

Cu.A  2HClaq 14,(i()0 

CuC), -JllCliiq 15,270 

CnO,21INO,  aq 15,250 

Cii(01I).„2nClaq 14,010 

Cii(On)"„2HN03aq 14,890 

Cu,,l!r.„  i3r., 15,190 

N:iOiraq.,Jirn,0.,aq.    ...  15,l(i0 

KaOH  aq.,  ILCjiClp..  aq.  14,830 

C.,n„"H.,   '. ' .' '2x15,345 

C:0   ...: 2x14,(545 

rCly,  CI.,    2x14,845 

N„0„aq 2x14,910 

Cl.O,  Il.aq 2x14,9(15 

SeCl„aq 2x15,185 

SnClpaq 2xl4,()70 

Tl,  CI 2xl5,0(i0 

Ag,Cl    2x14,690 

Hg,0 2x15,335 

Pel,  0,„2H.,0    2x15,215 

llg.,0,"  2HCI  aq 2  X  15,035 

2NaOHaq.,  2PO.,H3  aq.  ...2x15,160 
2NaOHaq.,H2SeO^'aq.   ...2x15,195 

H2,0.„aq.  ..." "..  3x15,100 

I.„0/ 3x15,010 

NHg,  HBr 3x15,007 

C.1I.„H.,     3X14,9(;0 

Fo.,Cl,aq„Fe 3x14,803 

TC0,H.,0    3x15,157 

Tl'O,  O,,  3H.,0 3  X  14,700 

IIgO,2HCy' 3x15,303 

Pt,CU,2KCl 3x15,063 

Cn'h,3H2...! '..  4x14,990 

Na,S,H,aq 4x15,125 

Zn,I^,aq 4x15,137 

Pt,13rp  2KBr    4x14,815 

Ni,0,H.,0 4x15,210 

Cu.p.2HBr  4x15,160 

Tl.O.KO., 4x15,039 

P.Cl.,..* '. "..  .5x15,060 

P.„0',3H.,0    5x14,972 

Se,  O.,,  aq:  5  x  1 5,:i:!2 

N.HjCl 5x15,1.58 

N,0,  H.Cl 6x16,302 

CO.O,  aq 5x14,768 

2C0,0,  aq 5x14,784 

Na,1, 2H.,0   6x14,862 

K,  I.aq.  .■; 5x16,004 

Mn,  l.„aq 5x15,140 

Zn,Br',    5x16,186 

Cd.Br,   5x15,040 

Cd.Br.^aq 5x15,148 


CO.Cl,    5x16,296 

Ni.Cl.,: 6x14,906 

SnCl.,aq.,Cl., 6x15,206 

Pt„CI„2NaCl    6x14.744 

TI.,0,  SO,,    5x15,100 

Na,0,C6, 5x15,184 

N.„ir„0,  6x14,677 

H,0.,aq.,II,  6x15,236 

CC1,;4H,   .". 6x14,937 

S,  0„C1 6x14,963 

Bi,0,  Cr,  ir.,0    6xl4,()95 

K,  O,  CI,  aq 6x14,669 

Bi,  CI., 6x15,105 

Sb,Cl3 6x15,232 

Li,  Br,  aq 6x16,218 

Na,  Br,2H.,0 6x15,048 

K,Br,  aq.  ". 6x15,038 

Zn,Br„aq 6x15,160 

Cd,  O,  H.,80  „  aq.  . . .  6  X  14,980 

CO,  II.,8'0„aq 6x14,678 

Tl.,0,2HBr    0x16,303 

Ag  ,0,  211  Br  6x15, 163 

Pt;Cl„2KCl 0X14,918 

P,  C1-, 7x14,998 

Sb.Cl- 7x14,981 

S,  O,    7x14,749 

Bi,  6.„H,  H.,0  7x14,721 

C,0.„'aq .". 7xl4,(i91 

K,Ol  7x15,087 

Na^,  S,aq 7x14,8.57 

Sr,  S,aq 7x16,241 

Mn,Br.>,aq 7xl5,l()0 

Zn,0,  H,S0^,aq.  ...  7x15,157 

Pb,  N._,,0a  7x15,066 

Sb,  0.„H,H,,0  8x14,736 

K,I,  O^.aq." 8x14,714 

Li,  O,  H,  aq 8xl4,(>80 

K.N,0,, 8x14,936 

Ni2,03,3H.p 8x15,048 

P,0.„ir.,    9x15,296 

Bi.„0„3II..0 9x15,304 

Ca',I.„aq.   '. 9x14,993 

Na2.0,H.,0   9x15,042 

K^.O,  H,D    9x15,320 

A8.„03    10x16,467 

A8.;,0.,.aq 10x14,712 

Sb,"0.;,  H,  H,0  10x14,857 

Mg.Cl,   10x16,101 

Ba,I.„7H.,0 10x15,137 

Su,  Cl,.2KCl 10x16,141 

Mg,0,H..O    10x14,896 

Ca.O,  aq,"  10x14,926 

Cd,  0„S0.,    10x16,047 

Cd,0.:,  CO'. 10x15,289 


[     ^3     ] 

VIII.  Note  on  the  Governinci  of  Electromotors. 
By  "W.  E.  Ayutox  and  John  rEUUY*. 

IN  1882  a  method  was  brought  forward  by  us  for  (jovprning 
electromotors,  so  that  their  speed  should  not  be  varied 
by  an  alteration  in  the  load.  The  method,  which  was  worked 
out  theoretically  and  experimentally,  was  based  on  the  com- 
bination of  a  motor,  which  converted  electric  energy  into  me- 
chanical energv,  with  a  brake  dynamo,  which  reconverted  the 
surplus  mechanical  energy  into  electric  energy.  After  passing 
through  various  stages  the  arranoement  finallv  resolved  itself 
into  an  electromotor  haAanij  the  field-maffuet  wound  with  a 
shunt-  and  a  series-coil,  the  coils  being  so  connected  with  the 
rest  of  the  circuit  that  the  currents  passed  round  them  in 
opposite  directions.  Hence  the  magnetic  excitation  of  the 
field-magnet  was  produced  by  the  ditterence  in  the  number  of 
ampere-turns  of  the  two  circuits  passing  round  it. 

This  method  of  governing  motors,  which  has  since  1882 
been  reinvented  in  France  by  M.  Deprez,  in  America  by  Mr. 
Sprague,  and  which  has  formed  the  subject  of  an  exhaustive 
series  of  experiments  carried  out  in  Germany  by  Dr.  Frohhch, 
answers  well  and  produces  a  very  fair  constancy  of  speed 
for  very  consideral^le  variations  of  the  load.  But  it  has  a 
very  decided  defect,  arising  from  the  fact  that  since  the 
series-  and  shunt-coils  on  the  field-magnet  oppose  one 
another's  action,  the  magnetization  cannot  be  produced  as 
economically  as  if  there  were  no  such  differential  action. 
Mainly  on  this  account  we  have  not  developed  our  method 
of  governing  as  energetically  as  we  might  otherwise  have 
been  led  to  do. 

In  our  original  investigation  of  the  suljject  we  considered 
the  conditions  for  governing  motors  either  when  a  constant 
PD.  (potential-difference)  or  when  a  constant  current  was 
supplied,  and  in  both  cases  the  practical  solution  we  arrived 
at  was  a  differential  winding  of  the  field-magnet.  But  we 
have  since  noticed  that,  in  the  case  of  the  supply  conditions 
being  constant  current,  our  original  equations  could  bo 
differently  interpreted,  and  that  the  demagnetizing  series 
could  be  dispensed  with.  Consequently  a  motor  for  constant 
current  can  be  made  to  go  at  a  constant  speed  with  a  varying 
load,  and  in  addition  to  have  the  high  efficiency  of  a  well- 
made  dynamo. 

We  shall  for  the  general  consideration  of  the  proljlem  use 
the  simplest  equations  for  a  motor,  disregarding  saturation, 

•  Communicated  by  the  Physical  Society  :  read  May  26,  1888. 
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as  ^v(^  (lid  in  our  original  paper,  since,  althouoh  the  results  so 
obtained  for  critical  speed,  &c.,  cannot  be  used  directly  with- 
out correction  in  actual  practice,  these  equations  are  sufficiently 
accurate  to  show  whether  or  not  a  certain  comhination  is  a 
])ossil.)Ie  or  an  impossible  one  for  obtaining  a  certain  required 
result. 

If  E  be  the  back  E.M.F.  in  the  armature  of  a  motor  at  a 
speed  of  n  revolutions,  if  j)  be  a  term  depending  on  the 
permanent  magnetism  in  the  iron  of  the  field-magnet,  S  the 
current  passing  round  the  series-coil,  and  Z  the  current  round 
the  shunt-coil,  we  have 

E  =  n(/)±.y  S  +  /Z) (1) 

The  signs  -H  or  —  in  the  two  terms  being  used  as  the  series- 
and  the  shunt-currents  respectively  help  or  oppose  the  perma- 
nent magnetism. 

If  s  and  z  be  the  resistances  of  the  series-  and  shunt-coils 
respectively,  a  the  resistance  of  the  armature,  and  A  the 
current  round  the  armature,  we  have  in  the  case  of  what  has 
been  called  a  short  shunt  (fig.  1), 

E  =  Z^-Aa, (2) 

and  in  the  case  of  what  has  been  called  a  long  shunt  (fig.  2), 

E  =  Z^-A(a  +  5); (3) 

Fi-.  1.  Fio'.  2. 


and  in  both  cases,  if  C  be  the  constant  current  supplied  to  the 
motor, 

C  =  A  +  Z (4) 

Now,  remembering  that  in  the  case  of  a  short  shunt  (fig.  1), 
C  is  equal  to  S,  equations  (1),  (2),  and  (4)  lead  to 

n{p±q<^±t  [C-K)\={{,)-A)z-ka',   .     .     (5) 

and  in  the  case  of  a  long  shunt  (fig.  2),  remembering  that  C 
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is  equal  to  xV,  equatious  (1),  (3),  and  (4)  lead  to 

n\p±qK±t{G-K)\=(Q-A)z-K{a  +  s).    .     (G) 

Equations  5  and  G  have  then  to  be  satisfied  for  all  values  of 
A  for  constant  values  of /<  and  C  ;  hence  in  the  case  of  a  sliort 
shunt, 

±n{-tK)=-A{z  +  a), (7) 

and  in  the  case  of  a  long  shunt 

±n{q-t)K=-K{z  +  a  +  s) (8) 

But  t,  q,  z,  a,  and  6-  are  all  positive  quantities,  and  since  t 
is  ahvays  larger  than  q,  that  is  the  number  of  turns  in  the 
shunt-coil  is  ahvays  larger  than  the  number  of  turns  in  the 
series-coil,  it  follows  that  to  satisfy  either  equation  (7)  for  the 
sliort  shunt  or  equation  (8)  for  the  long  shunt,  the  positive 
value  of  t  in  the  original  equation  (1)  can  in  either  case  alone 
be  employed.  In  other  words,  whatever  be  the  arrangement 
of  the  series-coil,  the  shunt-coil  must  be  a  magnetizing  and 
not  a  demagnetizing  one. 

This  result  we  pointed  out  in  our  original  paper  on 
"  Electromotors  and  their  Government,"  in  vol.  xii.  of  the 
'  Journal  of  the  Society  of  Telegraph  Engineers  and  Elec- 
tricians,' since  on  page  314  we  stated  that  the  solution  for 
constant  current  was  a  shunt-motor  with  a  series  demagne- 
tizing-coil;  and  it  would  be  unnecessary  to  refer  to  this  point 
again  were  it  not  that  in  one  of  the  standard  English  treatises 
in  which  our  method  of  governing  motors  is  described  in 
detail,  the  only  solution  for  constant  current  that  we  are 
credited  "SN'ith  is  the  impossible  one  of  a  series-motor  with 
shunt  demagnetizing-coil,  the  author  not  having  observed  that 
such  a  combination,  whether  used  as  a  short  or  as  a  long 
shunt,  could  only  make  a  motor  run  at  a  uniform  speed  when 
the  s})eed  was  negative.  Now,  what  does  a  negative  value  of 
n  mean?  It  means  that  the  armature  must  run  the  other 
way,  or,  in  other  words,  that  what  was  supposed  to  be  a 
series-motor  must  in  reality  be  the  armature  combined  with 
a  series  demagnetizing-coil,  that  is  must  act  as  a  series  brake- 
dynamo,  and  the  supposed  shunt  demagnetizing-coil  must,  in 
conjunction  with  the  armature,  act  as  a  shunt-motor;  or,  in 
other  words,  the  solution  is  as  w(i  originally  stated  it — a 
shunt-motor  with  series  demaynetizinfj-coil. 

In  another  important  English  \\ork  our  method  is 
given  correctly,  but  it  is  stated  that  the  method  would  not 
work,  because  when  a  greater  load  was  put  on  the  motor  the 
armature  would  go  more  slowly,  the  back  E.M.F.  would 
therefore   be  diminished,  and  less  current  would  pass  round 
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the  shunt-eoil  of  the  field-magnet.  Hence  the  field-magnet 
would  be  weakened,  which  would  cause  the  motor  to  go  more 
slowly,  and  so  on  until  it  stopped  and  possibly  reversed.  This 
objection  is  a  curious  one,  because  exactly  the  same  apparent 
difficulty  might  have  been  stated  by  the  author  of  this  treatise 
when  he  was  dealing  with  our  nuithod  of  governing  motors 
to  run  at  a  constant  P.D.  a  few  pages  earlier.  Here,  how- 
ever, he  sees  the  ex))l;ination  of  the  difficulty,  and  he  points 
out  quite  correctly  that,  although  it  might  at  first  sight  appear 
anomalous  to  say  that,  in  order  to  keep  a  motor  running  at  a 
fixed  speed,  it  is  necessary  to  weaken  the  field  of  the  motor 
when  the  load  on  it  is  increased,  the  explanation  is  found  in 
the  fact  that  the  power  depends  not  merely  on  the  strength  of 
the  field  but  on  the  current  ])assing  through  the  armature,  and 
that  this  latter  is  much  increased  when  the  field  is  weakened. 
Hence,  on  the  whole,  it  is  quite  right  to  arrange  matters  so 
that  the  field  is  weakened  when  the  load  is  increased.  We 
say  it  is  curious  then,  that  while  the  author  has  explained  the 
apparent  difficulty  so  clearly  when  he  was  dealing  with  our 
method  for  governing  motors  when  the  supply  condition  was 
a  constant  P.D,,  he  does  not  see  that  exactly  the  same  explana- 
tion clears  away  the  difficulty  which  he  has  himself  raised 
reffardino-  our  method  for  governing  motors  to  run  when 
su])plied  with  constant  current. 

What,  however,  we  particularly  wish  to  point  out  in  this 
short  note  is  that  when  the  condition  of  supply  is  constant 
current  it  is  not  necessai'y  to  have  a  series  demagnetizing-coil 
at  all,  and  consequently  the  motor  can  be  made  to  run  at 
constant  speed  independently  of  the  load,  and  in  addition  to 
work  with  high  efficiency. 

We  will  first  see  whether  such  a  solution  is  possible  when 
the  condition  of  supply  is  constant  P.D.  Let  the  motor  be  a 
simple  shunt-motor;  then,  if  as  before  E  be  the  back  E.M.F.,  n 
the  speed,  j-j  a  term  depending  on  the  permanent  magnetism, 
and  Z  the  current  round  the  shunt, 

E  =  n(j)  +  tZ); (9) 

also  E  =  Z^  — Act, 

if  z  be  the  resistance  of  the  shunt-coil,  A  the  current  in  the 
armature,  and  a  the  resistance  of  the  armature  ;  also 

where  V  is  the  constant  P.D.  maintained  at  the  terminal,  of 
the  motor :  /  V\ 

.-.     nlp  +  t^j=Y-Aa.      .     .     .       (10) 
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If  n  is  to  be  constant  as  well  as  V,  the  left-hand  side  of  tlio 
equation  is  constant,  whereas  the  ri<;ht-hand  side  varies  with 
A  the  current  through  the  armature,  which  must  alter  as  the 
power  given  out  by  the  motor  alters.  One  solution  for 
makint^  this  equation  always  true  independent  of  the  value  of 
A  is  tlie  well-known  one  of  making  a  very  small.  AVhen, 
however,  a  is  not  very  small,  and  we  have  shown  in  detail 
elsewhere  why  we  consider  it  a  mistake  to  make  the  resistance 
of  the  armature  as  small  in  u  motor  as  in  a  dynamo,  e(}uation 
(10)  cannot  be  fulfilled  for  constant  values  of  n  and  V,  and 
a  variable  value  of  A  ;  and  in  order  that  the  equation  may  be 
made  true  a  negative  term  proj)ortional  to  A  must  be  intro- 
duced on  the  left-hand  side.  The  simplest  way  of  doing  tliis 
is  to  add  a  series  demagnetizing-coil.     Then  (9)  becomes 


and  (10) 


E  =  n  [p  —  q  K  +  tZ), 
n  h^  —  q  A  +  t—j=Y—A{a  +  . 


an  equation  which  will  be  always  satisfied  for  any  value  of 
A  if 

_a  +  s 

~    9 
But  when  the  supply  is  a  constant  current  C  supplied  to  the 
motor,  the  equation  for  a  simple  shunt-motor  is 

E  =  n(p  +  tZ), 

E  =  Zz-Aa, 

C=A+Z; 
and,  therefore, 

n{p  +  tiC-A)\=(C-A)z-Aa.    .     .     .     (11) 

A  now  appears  watli  a  negative  sign  on  both  sides  of  the 
equation  (11),  and  this  equation  will  always  be  satisfied  for 
any  value  of  A  if 

without  there  being  any  necessity  for  using  a  series  demagne- 
tizing-coil. At  first  ??ight,  then,  it  appears  as  if  an  entirely  new 
.solution  for  governing  a  motor  supplied  with  a  constant 
current  had  been  arrived  at,  consisting  simply  of  using  a 
shunt-motor.  But  on  furtlier  examination  it  is  seen  that  if 
we  substitute  in  (11)  the  value  given  in  (12)  for  ?i,  we  obtain 
for  C  the  current  for  which  the  motor  <>overns  : 

F2 
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C  = 


np 


■nt 


_      *¥* 

a  ' 
But  as  this  is  negative  it  is  necessary,  in  order  that  the  shunt- 
motor  may  o-overn,  that  the  terminals  of  the  motor  should  be 
reversed.  This  will  reverse  the  current  round  the  field-magnet; 
but,  by  hypothesis,  not  the  residual  magnetism,  otherwise  p 
would  also  become  n(!gative.  The  core  of  the  electromagnet 
must,  therefore,  be  of  steel,  so  strongly  magnetizecl  that  the 
shunt-current  does  not  reverse  the  [)olarity,  and  the  permanent 
magnet  and  rotating  armature  together  form  a  brake-ilynamo 
while  the  shunt-coil  and  the  armature  will  form  the  motor. 
But  this  is  simply  one  of  the  solutions  (a  theoretical  one  of 
course  and  not  a  practical  one)  given  by  us  on  page  310  of 
our  original  paper  and  illustrated  in  figure  10  on  that  page. 

The  fact,  however,  still  remains  that  in  the  case  of  the 
supply  condition  being  constant  current,  equation  (11)  can 
be  satisfied  without  the  employment  of  a  series  demagnetizing- 
coil;  and  all  that  we  have  to  do  to  in  order  to  make  the  solution 
a  practical  one,  that  is  to  enable  an  ordinary  field-magnet  with 
soft  iron  core  to  be  employed,  is  to  alter  the  equation  so  that 
when  the  speed  equation  (12)  is  satisfied  (11)  leads  to  a 
positive  value  of  the  current.  This  result  may  be  obtained 
by  adding  to  the  right-hand  side  of  equation  (11)  a  positive 
constant  term  e  numerically  larger  than  np,  for  in  that  case,  if 

z-\-a 


C  = 


e — 7ip 


for  all  values  of  A.     Now  such  a  positive  term  e  will  be 

Fio-.  3. 


introduced  on    the    right-hand  side  of  equation  e,  if   some 
accumulators  of  E.M.F.  equal  to  e  be  introduced  into   the 
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armature  circuit,  as  in  fig.  3,  the  accumulators  being  joined  up 
so  as  to  help  the  main  current  C.  In  that  case  the  resistance 
a  of  the  nruKiture  must  be  increased  by  a  ,  the  resistance  of  the 
accumuhitors  ;  and  the  two  equations  we  are  finally  led  to  for 
the  speed  at  which  the  motor  governs,  and  the  constant 
current  for  ^vhich  it  ooverns,  are 


n-= 


z  +  a  +  a' 


(13) 


Q^e__np ,^^^ 

a  +  a 

This  solution  is  a  practical  one,  and  consists  of  a  simple 
shunt-motor,  with  some  accumulators  in  the  armature  circuit. 
Further,  it  is  one  not  requiring  many  accumulators,  for  if  np, 
the  back  E.M.F.  of  the  motor  due  to  the  residual  magnetism 
alone  be  small,  as  it  will  be  if  the  field-magnet  iron  core  be 
soft,  and  further,  if  a  +  a'  be  also  not  large,  e  need  not  be  large 
in  order  that  the  value  of  C,  the  current  for  which  the  motor 
governs,  may  be  as  large  as  we  like.  The  essence  of  this 
new  method  for  making  a  motor  supplied  with  a  constant 
current  revolve  at  a  constant  speed  independently  of  the  load 
does  not  consist  in  combining  a  shunt-motor  with  a  series 
brake-dvnamo,  which  was  the  essence  of  our  original  method, 
but  in  combining  a  shunt-motor  with  a  store  of  electric 
energy  in  the  armature-circuit,  which  store  of  energy,  as  the 
equations  show,  is  automatically  dealt  out  to  help  the  motor 
exactly  in  proportion  as  the  demand  for  power  is  required  to 
keep  the  speed  constant  when  the  load  on  the  motor  is  varied. 
And  this  store  can  be  easily  maintained  by  reversing  the 
connexions  of  the  accumulators  when  they  are  disconnected 
from  the  motor,  and  the  motor  is  at  rest,  and  leaving  the 
accumulators  without  supervision  to  be  charged  by  the  con- 
stant current  that  is  continuously  supplied  to  the  station. 

While  on  the  subject  of  electromotors  it  may  be  well  to 
point  out  a  fact  which  we  thought  was  well  known,  viz.  that 
when  motors  are  being  tested  one  against  another  for 
efficiency  and  for  power  developed  per  pound  weight,  it  is 
most  important  that  the  motors  should  each  be  sup])lied  with 
the  P.D.  they  are  intended  to  work  at  and  should  be  run  at 
their  normal  speed.  But  we  have  been  much  astonished  to 
find  in  the  '  Technology  Quarterly '  for  September  last, 
published  by  the  Massachusetts  Institute  of  Technology,  a 
paper  by  Mr.  H.  Clifford  on  "  The  Efiiciency  of  Small  Electro- 
Motors,"  in  which  the  results  of  experiments  on  the  relative 
power  and  efficiency  of  a  number  of  motors  are  given  without 
any  attention  having  been  paid  to  the  particular  P.D.  and 
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spood  at  which  each  motor  was  wound  to  work  at.  Mr. 
Clifford's  results  are  arrantred  in  tables  which  would  he  of 
considerable  practical  value  were  it  not  that  the  essential 
condition  for  making  such  tests  has  been  absolutely  dis- 
regarded. Hence  Mr.  Clifford's  tables  are  not  only  valueless 
but  are  most  niisleadino-.  Wo  are  able  to  speak  definitely  on 
the  subject,  because  the  results  of  the  tests  made  on  a  motor  of 
ours,  which  are  quoted,  are  made  with  the  motor  running  at 
less  than  half  its  normal  speed,  and  su])plied  with  less  than 
one  quarter  of  its  normal  power  As  well  might  incandescent 
lamps  intended  to  bo  run  with  very  different  P.Ds.  be  com- 
pared when  run  with  totally  wrong  P.Ds.,  and  a  100-volt  lamp 
condenmed  as  useless  because  when  sup[)lied  with  only  50 
volts  it  emitted  but  little  light. 

IX.  On  the  Formnlce  of  Bernoulli  and  of  Haecker  for  the 
Lifting-power  of  Magnets.  By  Professor  Silvanus  P. 
TiiOMrsoN*. 

FORMULA   for  the  lifting-power  of  magnets  have  been 
given  by  D.  Bernoulli  and  by  Haecker,  and  more  re- 
cently by  Van  der  Willigen. 

Bernoulli's  empirical  rulef  is  that  the  lifting-power  varies 
as  the  cube  root  of  the  square  of  the  magnet's  weight,  or 

P  a  l/W\ 

where  P  is  the  lifting  power  or  pull  exerted  by  the  magnet 
in  contact  with  its  keeper,  and  W  the  mass  of  the  mngnet. 

Haecker  I  gave  precision  to  the  rule  by  introducing  a  co- 
efficient, the  numerienl  value  of  which  varies  with  the  qualities 
of  steel  employed.     Writing 

he  found  that  (when  the  unit  of  mass  taken  was  the  German 
pound)  a  had  values  between  8  and  10  for  bar-magnets,  and 
double  these  values  for  horseshoe-magnets.  That  is  to  say, 
according  to  Haecker  a  steel  horseshoe-magnet  weighing 
1  pound  could  lift  between  16  and  20  pounds,  according  to  the 
quality  of  the  steel  and  the  intensity  of  its  magnetization, 
Th(^  formula  was  found  to  be  reasonably  valid  for  magnets 
between  y^,,,  pound  up  to  40  pounds  in  weight. 

Van  der  Willigen  §,  repeating  the  investigation  partly  with 

*  Commuuicated  by  the  Physical  Society ;  read  May  20,  1888. 
+  Acta  Iletretica,  m.  p.  2:^3  (17;"38). 
X  Togg.  Ann.  Ivii.  p.  321  (1842). 

§  Sur  Ic  vHi(/>/cfis))w  ch's  awiaiifs  artijicieli^,  par  V.  S.  M.  Van  der 
Willigeu  (Ilaarleiii,  1878). 
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Haecker'??  own  inafjnets  and  partly  with  more  recent  mafi^nets 
made  by  Yon  "Wettercn,  l)y  Elias,  and  by  Looonian,  found  a 
somewhat  diftorent  empirical  rnle.  According  to  him  the 
permanent  lifting-power  should  be  written 


P=?-K^A^-^_xi^; 


where  h  is  a  constant  depending  on  the  quality  of  the  steel 
and  its  degree  of  magnetization,  K  the  perimeter  of  th(>  polar 
surface,  A  the  area  of  polar  surface,  L  the  length  between 
the  actual  poles,  and  I  the  mean  between  interior  and  exterior 
lengths  of  the  bar.  For  similar  solids  K  \/A  is  simply  pro- 
portional to  the  surface  A;  so  that  this  formula  if  applied  to 
similar  magn<'ts  merely  means  that  the  lifting-power  varies 
as  the  polar  surface,  multiplied  by  a  correcting  factor  which 
takes  into  account  the  proximity  of  the  two  poles.  Van  der 
Willigen  found  the  coefficient  h,  which  is  virtually  the  same 
as  Haecker's  a,  to  vary,  for  good  horseshoe-magnets,  from 
19-5  to  22-5. 

If  we  consider  the  meaning  of  Bernoulli's  and  Haecker's 
formula;,  as  applied  to  magnets  of  similar  form,  we  shall  see 
that  the  cube  root  of  the  square  of  the  mass  of  the  magnet  is 
a  quantity  simply  proportional  to  its  polar  surface,  for  the 
linear  dimensions  are  proportional  to  the  cube  root  of  the 
mass,  and  the  surface  to  the  square  of  the  linear  dimensions. 
Hence,  so  far  as  similar  forms  of  magnet  are  concerned,  these 
rules  mean  nothing  more  or  less  than  that  the  lifting-power 
is  proportional  to  the  polar  surface.  This  we  know  from 
Joule's  and  many  subsequent  researches  to  be  approximately 
true  for  magnets  carried  to  equal  intensity  of  magnetization. 

Viewing  the  matter  by  the  light  of  more  recent  researches 
on  the  induction  of  magnetism  in  closed  circuits  of  iron  or 
steel,  we  come  to  the  same  conclusion;  for  assuming  that  the 
magnetic  induction  B  has  been  carried  to  an  equal  degree  in 
the  metal,  the  tension  at  any  point  in  the  circuit  (in  dynes 
per  square  centimetre)  is* 

B^ 

and  the  element  of  the  pull  over  area  dK  is 
dV  =  TdK  =  ^B^dK', 

OTT 

whence  _ 

*  Maxwell's  '  Electricity  and  Maguetism,'  Art.  G43. 


P  =  h^JB'''A, 
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which  can  be  determined  if  the  law  of  the  distribution  of  the 
mao-netic  induction  throiiiih  the  cross-section  is  known.  As- 
snniino;  this  to  be  a  simple  luiiform  distribution  (it  is  (Tcnerally 
not  finite  so  at  the  joint  between  the  polar  surfaces  and 
armature  of  a  magnet),  this  gives  the  pull  (in  dynes)  as 

^  =~  B^A. 

OTT 

This  formula*  affords  a  very  convenient  method  of  reckoning 
B  from  measurements  made  u])on  the  pull  exerted  at  a  given 
polar  surface;  the  formula  becoming 


B  =  5000 


F  kil( 


A  sq.  cm.' 


^'^  .  B  =  1317     /^^^' 


A  sq.  in. ' 

The  a  of  Haecker's  formula  may,  therefore,  be  taken  as 
simply  proportional  to  the  square  of  the  magnetic  induction 
through  the  contact-surface,  or 

a  ^=  -77-  W  .  d"-  .  it, 

OTT  ' 

where  d  is  the  density  of  the  steel,  and  c  the  ratio  of  the 
polar  surface  to  the  surface  of  one  face  of  a  cube  of  equal 
volume  .to  that  of  the  magnet. 

Haecker  found  a  for  horseshoe-magnets  twice  as  great  as 
for  bar-magnets.  Van  der  Willigen  found  it  from  three  to 
four  times  as  great  for  horseshoes.  Taking  Haecker's  figure, 
this  shows  that  the  long  return-path  through  air  of  the  tubes 
of  magnetic  induction  offered  so  great  a  resistance  that  the 
steel  magnet  could  only  produce  across  the  polar  surface  in 

i 

this  case  an  induction  ~t=  times  as  great  as  when  the  closed 

horseshoe  circuit  was  used. 

Consideration  of  the  rational  formula  \\  ill  show  that  the 
greater  lifting-power  in  ])roportion  to  their  own  weight  pos- 
sessed by  small  magnets,  does  not  require  for  its  explanation 
the  sometimes  alleged  ffict  that  small  pieces  of  steel  can  be 
more  highly  magnetized  than  large  pieces  of  steel.  For, 
assuming  equal  intensity  of  magnetic  induction,  B,  it  is  seen 
that  the  lifting-power  is  proportional  to  surface  and  not  to 
weight;  hence  it  must  necessarily  be  greater  relatively  to 
weight  in  small  magnets. 

*  In  Mr.  Slielford  Bidwell's  paper,  Proc.  Roy.  Soc.  1886,  he  uses  a 

fomiiila  equivalent  to  ^  (B^— H2)A,  but  without  giving  any  reason  for 

dt'ductiu":  11-  from  B". 
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Tlio  net  result  of  this  paper  is  that  Haecker's  (and  Ber- 
noulli's) formula  is  merely  another  way  of  sayinfr  that  the 
lifting-power  of  magnets  in  whieh  the  intensity  of  the  mag- 
netic induction  has  been  carried  \x\)  to  an  equal  degree,  is 
proportional  to  the  polar  surface.  And  Haecker's  coetiicient 
is  proportional  to  B"  through  that  surface. 

X.  Notices  respecting  Nexc  Books. 

Watts' s  Dictionary  of  Chemistry,  revised  and  entirely  rewritten 
By  H.  Foster  Mokley,  M.A.,  D.Sc,  and  M.  M.  Pattison 
MuiE,  M.A.,  assisted  hy  eminent  Contiihutors.  In  Four  Vohunes. 
Vol.  1.  Longmans,  Green,  &  Co.,  1888. 
T^HE  standard  work  of  reference  in  the  English  language  used  by 
-*-  chemists  iu  this  country  and  America  is  the  well  known 
'  Dictionary  of  Chemistry  and  the  allied  branches  of  other  Sciences ' 
bearing  the  name  of  the  late  Mr.  Henry  AVatts  as  author.  But 
this  work  was  commenced  more  tlian  a  quarter  of  a  century  ago, 
and  was  onlv  completed  iu  1S81.  During  that  period  the  rapid 
advancement  of  chemical  science  made  it  necessary  to  issue  four 
supplementary  volumes  containing  altogether  between  four  and 
five  thousand  pages  of  additional  matter.  So  rapid  is  the  growth 
of  the  science,  however,  owing  to  the  continuous  increase  in  the 
n\imber  of  workers,  that  an  interval  of  seven  years  is  sufficient  to 
make  even  the  last  "  Supplement "  require  further  supplementing  ; 
and  the  late  Mr.  Watts  had  undertaken  to  revise  the  whole  worlc 
and  bring  out  a  new  and  more  condensed  edition,  representing  the 
present  state  of  chemical  science,  when  his  labours  were  cut  short 
by  death.  The  lamented  author  had  only  gone  so  far  as  to  pre- 
pare a  code  of  "  Instructions "'  for  the  use  of  contributors,  and  had 
written  some  sixty  odd  pages  of  the  new  edition  at  the  time  of  his 
decease.  The  coinpletion  of  the  work  has  been  entrusted  to  Dr. 
H.  Foster  Morley  and  Mr.  Pattison  j\luir,  who  have  utilized  Mr. 
"Watts's  materials  as  far  as  they  go,  but  who  have  of  course  been 
obliged  to  supply  the  gi'eater  part  of  the  matter  which  fills  the 
pages  of  the  present  work. 

The  chief  difference  in  form  between  the  old  edition  and  the 
new  one,  of  which  the  first  volume  is  before  us,  is  the  greater 
condensation  which  the  publishers  have  insisted  upon  in  the  present 
issue.  Instead  of  the  nine  thick  volumes  which  chemists  have  been 
so  long  in  the  habit  of  consulting,  the  new  edition  is  to  be  com- 
pressed into  four  volumes  of  about  750  pages  each.  Whether  this 
condensation  can  be  effected  without  serious  injury  to  the  Dic- 
tionary will  depend  entirely  upon  the  skill  and  judgment  which 
the  compilers  exercise  in  carrying  on  the  work  :  it  must  be  confessed 
that  as  far  as  the  present  volume  is  concerned  there  is  no  complaint 
to  be  made  on  this  score.  The  752  pages  of  the  first  volume  are 
as  replete  with  well  organized  information  as  could  be  desired  by 
the  most  rapid  of  readers.      There  can  be  no  doubt   that  much  of 
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the  older  edition  was  unnecessarily  lengthy  and  that  many  of  the 
articles  were  out  of  place  in  a  dictionary  of  pure  chemistry,  so  that 
there  has  hero  been  ample  scope  for  condensation.  On  the 
other  hand,  when  we  consider  that  the  subject  of  organic  chemistry 
as  treated  in  Beilstcin's  Ilatidhuch,  <he  most  perfect  type  of 
compressed  information  at  present  at  the  disposal  of  chemists, 
requires  three  large  volumes  of  the  most  closely  printed  matter,  it 
is  dilllcultto  see  how  the  compilers  are  going  to  treat  of  the  whole 
of  the  science  in  the  prescribed  limits.  But  we  must  not  anticipate 
diilieidlies  since  the  present  notice  refers  only  to  the  first  volume, 
and  in  this  JMessrs.  Morley  and  IMuir  have  certainly  shown  their 
ability  to  perform  the  literary  feat  which  has  been  demanded  of 
them. 

The  first  volume  of  the  Dictionary,  which  we  are  glad  to  see  is 
still  to  retain  the  name  of  the  late  author  of  the  first  edition,  takes 
us  as  far  as  the  letter  C,  the  concluding  article  being  on  Chemical 
Action.  The  work  of  editing  has  been  facilitated  by  each  editor 
taking  charge  of  one  of  the  two  great  divisions  of  the  science,  Mr. 
Muir  being  responsible  for  the  inorganic  and  general  chemistry,  and 
Dr.  IVIorley  for  the  organic  portion  of  the  sidiject.  This  division 
of  labour  was  no  doubt  necessitated  by  purely  practical  considera- 
tions, since  the  unavoidable  tendency  to  specialization  among 
modern  workers  has  arisen  from  the  enormous  multiplication  of 
facts,  which  renders  it  more  and  more  hopeless  for  a  chemist  to 
become  an  adept  in  both  departments  of  his  science  in  the  present 
state  of  its  development.  While  conceding  the  practical  necessity 
for  this  division  of  our  science  into  organic  and  inorganic,  we  only 
do  so  with  the  understanding  that  there  are  not  two  chemistries, 
but  that  the  compounds  of  the  one  particular  element  carbon, 
having  been  studied  in  greater  detail  than  those  of  any  other 
element,  and  the  number  of  these  compounds  being  practically  un- 
limited, the  mere  \A'ealth  of  material  in  this  department  of  knowledge 
claims  all  the  faculties  of  the  chemist  who  devotes  himself  to  its 
study.  This  multij^licity  of  carbon  compounds  is  of  course  nothing 
more  than  an  accident  contingent  upon  the  nature  of  the  atom  of 
the  element  on  the  one  hand  and  of  our  present  methods  of 
investigation  on  the  other.  With  the  development  of  the  science 
and  the  consequent  perfection  of  our  methods  of  research,  we  may 
expect  to  see  the  chemical  histories  of  other  elements  developed 
into  a  state  of  complexity  comparable  with  that  of  carbon,  and  the 
"  organic  "  chemist  of  the  future  may  be  rivalled  as  a  specialist  by 
his  brother  worker  on  the  compounds,  say,  of  silicon,  or  of  any 
other  element  to  which  new  methods  of  investigation  may  be 
applied. 

Among  the  features  of  the  new  edition  to  which  attention  must 
be  called  are  the  special  articles  contributed  by  various  writers,  many 
of  whom  are  recognized  authorities  on  the  subjects  of  which  they 
treat.  Nineteen  such  contributors,  including  the  late  Mr.  AVatts, 
figure  in  the  present  volume.  Taking  these  in  the  order  given  in 
the  list  at  the  commencement  of  the  work,  we  have  articles  on 
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Cellulose  bv  3Ir.  C.  F.  Cross,  on  Analysis  by  Prof.  Dittmar,  on 
Diazo-Compoinuls  by  Mr.  A.  G.  Green,  on  Choniical  Change  by 
Dr.  J.  Hood,  on  Blood  by  Dr.  Halliburton,  on  Benzil  and  allied 
subjects  by  Dr.  Japp,  on  Bacteria  by  Prof.  Hay  Lankester,  on 
Allotropy  by  Prof.  Lothar  Meyer,  on  Azo-Colonriiig  Matters  by 
Prof.  Meldola,  on  Affinity  by  Prof.  Ostwakl,  on  Amylamines  by 
Dr.  Plimpton,  on  Acids  and  Alloys  by  Prof.  Eamsay,  on  Arabic 
acid  &c.  by  Mr.  C.  O'lSuUivan,  on  the  detection  and  estimation  of 
Poisonous  Alkaloids  by  Dr.  Stevenson,  on  States  of  Aggregation  by 
Prof.  J.J.  Thomson,  on  Atmosphere  by  Prof.  T.  E.  Thorpe,  on  the 
Ash  of  Organic  bod'es  by  Mr.  Warington,  and  on  Caoutchouc  by 
Mr.  C.  J.  Wilson.  A  portion  of  the  article  on  Alcohols  and  many 
minor  articles  are  by  the  late  Mr.  "Watts. 

It  would  be  invidious  to  make  any  lengthy  comments  on  these 
special  articles,  but  we  cannot  refrain  from  expressing  satisfaction 
at  the  co-operation  of  Continental  chemists  which  the  editors  ha^e 
secured.  AVe  allude  more  especially  to  the  valuable  contributions 
of  Profs.  Ostwald  and  Lothar  Meyer.  The  article  on  Baeteria  by 
Prof.  Lankester  is  an  interesting  example  of  the  encroachment 
of  Biology  into  the  domain  of  Chemistry,  and  serves  well  to  illustrate 
the  mutual  advantage  arising  from  the  contact  of  different  branches 
of  science.  The  same  principle  is  seen  w  ith  respect  to  Chemistry 
and  Physics  in  the  articles  on  Allotropy,  AiKnity,  and  States  of 
Aggregation  ;  but  the  interdependence  of  these  two  branches  of 
science  is  too  well  known  to  need  insisting  upon  here.  Perhaps 
one  of  the  most  remarkable  signs  of  the  activity  of  research  in  a 
special  group  of  products  is  seen  in  the  articles  on  Azo-  andDiazo- 
Compounds,  which  together  fill  over  36  pages.  Some  lengthy 
articles  w  hich  fully  merit  the  title  of  "  special ''  are  written  by  the 
editors,  such  for  instance  as  Mr.  Muir's  very  useful  contribution 
on  "  Atomic  and  Molecular  Weights,"  which  covers  about  25 
pages. 

One  important  difference  between  the  present  and  the  older 
edition  is  the  printing  of  the  pages  in  double  columns,  an  innova- 
tion in  which  we  must  confess  we  fail  to  see  any  advantage  from 
the  reader's  point  of  view.  Another  innovation  is  the  use  of  large 
thick  capitals  for  the  words  heading  each  article,  and  this  is  a 
decided  improvement,  as  on  running  down  the  columns  the  eye  at 
once  catches  the  heading  sought.  Whilst  on  the  subject  of  print 
we  should  like  to  express  dissent  from  the  plan  of  inserting  hyphens 
into  the  names  of  compounds  with  the  lavish  profusion  which  the 
editors  have  adopted.  Opening  the  volume  at  random  we  find 
such  words  as  "  Tetra-amido-iso-di-naphthyl  "  (p.  169),  "  wn-Di- 
bromo-wo-di-nitro-ethyl-benzene"  (p.  o'Jl),  and  so  on  throughout. 
Our  chemical  names  are  surely  sutficiently  long  as  it  is  without 
spreading  them  out  into  what  an  American  humourist  calls  an 
alphabetical  panorama.  We  fully  admit  that  the  subject  of 
chemical  nomenclature  is  a  very  difficult  one  to  deal  with  in  a 
thoroughly  systematic  manner,  and  we  protest  equally  against  the 
Continental  custom  of  fusing  up  all  the  component  syllables  into 
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one  immense  word.  Thus  in  the  number  of  the  Bericfite  just 
to  hand  we  find  a  paper  on  the  condensation  of  "  Tetramethyl- 
phenylamidocrotonsaureester."  In  the  present  state  of  nomencla- 
ture some  compromise  between  tliese  two  extremes  seems  the  most 
practicable  way  of  dealing  with  complex  names. 

The  relative  complexity  of  the  two  main  di\isions  of  Chemistry 
is  well  seen  in  the  introductory  explanations  which  each  editor 
contributes  to  his  own  branch.  Mr.  Muir  finds  less  than  a  page 
sufficient  to  enable  those  \\  ho  consult  the  Dictionary  to  understand 
the  plan  of  the  articles  on  Inorganic  and  general  Chemistry,  while 
Dr.  Morley  has  had  to  contribute  an  introduction  to  the  articles  on 
Organic  Chemistry  of  seven  pages  in  length.  This  last  introduction 
is  based  on  the  code  of  instructions  drawn  up  by  the  late  Mr. 
Watts  for  the  use  of  the  abstractors  for  the  Chemical  Society's 
Journal,  and  will  be  found  of  the  greatest  use,  nay,  absolutely 
indispensable  before  the  scheme  of  the  organic  portion  of  the  work 
can  become  thoroughly  familiar  to  those  who  use  it  for  reference. 
The  plan  laid  down  in  these  instructions  has  been  fairly  well 
adhered  to ;  but  we  must  express  regret  that  Dr.  Morley  has  not 
made  use  of  his  present  opportunity  of  helping  to  some  extent  the 
systematizing  of  our  nomenclature  by  entirely  sweeping  away  such 
trivial  names  as  resorcin,  pyrocatechin,  and  hydroquinone,  which 
are  all  distinctly  phenolic  substances. 

In  concluding  this  notice  we  have  only  to  congratulate  English 
chemists  on  this  distinctly  valuable  addition  to  their  literature,  and 
to  express  satisfaction  at  the  manner  in  which  the  editors  have 
performed  their  task  in  the  completion  of  the  first  instalment  of 
what  must  necessarily  be  a  very  onerous  undertaking.  It  is  to  be 
hoped  that  the  succeeding  volumes  w ill  lie  brought  out  with  all 
possible  speed,  for  at  the  present  rate  of  discovery  in  chemical 
science  the  first  volume  of  a  big  dictionary  may  be  almost  out  of 
date  before  the  last  volume  appears,  if  too  long  an  interval  is  allowed 
to  elapse.  We  may  add  that  Technological  Chemistry  finds  no 
place  in  the  present  work,  as  this  branch  of  the  subject  is  to  form  a 
separate  treatise  now^  being  edited  by  Prof.  Thorpe. 

A  Treatise  on  AlcoJiol,  with  Tables  of  Spirit  Gravities.  By  Thomas 
Stevenson,  M.D.  Second  edition.  London :  Guruey  and 
Jackson.    1888. 

The  set  of  tables  contained  in  this  small  volume  of  73  pages  have 
been  compiled  from  the  most  trustworthy  sources ;  and  it  is  inter- 
esting to  find  that,  after  a  searching  examination  into  all  the 
determinations  of  specific  gravities  by  previous  experimenters,  the 
author  gives  the  preference  to  the  early  experiments  of  Blagden 
and  Gilpin,  carried  out  in  the  last  century  (PhD.  Trans.  1790, 1792, 
and  1704).  Of  these  results  he  says  : — "  The  accuracy  and  fidelity 
with  which  the  Mork  was  executed,  and  the  refinement  of  the 
methods  employed,  have  called  forth  the  \Aarmest  admiration  and 
praise  from  those  who  have  taken  the  pains  to  examine  their  work, 
which  would  do  honour  to  the  more  refined  science  of  our  day. 
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Fownes's  experiments,  made  more  than  half  a  century  later,  are  not 
for  one  moment  to  be  compared  as  to  accuracy  with  the  earlier 
experiments  of  Gilpin."  Dr.  IStevenson's  tables  give  the  sp.  gr.  to 
four  decimal  places  at  60°  F.  (water  at  60°  F.  =  1),  the  percentage 
of  alcohol  by  weight  and  by  volume,  and  the  percentage  of  proof 
spirit.  The  little  book  must  in  future  be  at  the  right  hand  of  all 
analysts  who  have  to  do  with  spirit  determinations. 

XI.  Intelligence  and  Miscellaneoxis  Articles. 

ON  THE  VELOCITY  OF  THE  PROPAGATION  OF  SOUND. 
BY  MM.  J.  YIOLLE  AND  TH.  VAUTIER. 

TN  a  previous  communication  the  authors  described  the  methods 
-'-  by  which  they  were  enabled  to  follow  for  several  minutes  the 
propagation  of  a  wave  in  the  interior  of  a  cylindrical  pipe  0'7  m.  in 
diameter.  The  follo\A-ing  are  the  principal  results  of  this  research. 
The  experiments  with  the  pistol  are  summed  up  in  the  following 
table,  which  gives  for  different  charges  the  time  taken  by  the  front 
of  the  wave  to  travel  once,  twice, . . .  n  times  the  path  2L. 

^,              c                                Duration  of  the  course  2L. 
Charges  ot ^ 

the  pistol.  ^  .  J  7^  . 

'!•  '2'  ^3'  '4* 

ffl*  s  s  s  s 

3  37-257    37-334    37-384    37-420 

2  -202     -348     -392 

1  -279     -350     -408 

It  follows  undoubtedly  from  these  numbers  that  the  velocity  of 
the  2J''02)u;f(itioii  of  the  tvave  diminishes  with  the  intensity, 
"NVe  shall  put  therefore 

t=K-B^%; 

A  and  B  being  two  constants  to  be  determined,  and  "^j  the  mean 
pressure  during  the  _/th  course,  which  pressure  is  given  by  our 
manometric  measurements. 

Taking  A  =  37^-460  and  B  =  0-69,  the  pressures  being  measured 
in  millimetres  of  water,  we  have :  — 

,-,.    _    „  „f  Duration  calculated. 

Onarges  oi 

the  pistol.  'T  '.  ~  7^ 

ly  l.y  t.j.  t^. 

3  37-244    37-335    37-388    37-418 

2  -262      -346     -344 

1  -280      -356     -400 

A  representing  the  duration  of  the  course  2L  for  an  iniinitelv 

2L  . 
small  condensation,  — r-  is  the  velocity  of  propagation  of  an  infi- 
nitely small  wave  under  the  conditions  of  the  experiment. 

From  this  we  easily  deduce  the  limiting  velocity  to  zero,  and  in 
dry   air   in   the   intei  or  of  the  pipe  in  question,   and  therefore 
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tlie  velocity  iu  free  air.  The  number  thus  obtained,  331'2  metres, 
is  a  little  higher  than  that  of  Eegnault,  but  is  near  that  obtained 
more  than  sixty  years  ago  by  the  members  of  the  Bureau  des 
Longitudes. 

By  uuiuerous  experiments  made  with  different  instruments  (fog- 
horn, organ-pipes,  &c.),  we  have  ascertained  that  the  heujht  of  the 
sound  Jias  nu  liijlneiice  on  the  w.locit)i  of  propufidtion  of  the  ivave. 

We  have  found,  in  fact,  for  the  time  of  propagation  of  the  wave 
along  the  iir&t  path  2L  : — 

sec. 

ut_i  Bombardon 37"3U 

ut_  1  Flute     -42 

ut.     riute     -38 

ut.     Flute    -40 

fa^      Double  Bass     '37 

fag      Horn     '38 

Si.,[?    Cornet '38 

Si^5    Cornet    -41 

The  small  differences  observed  seem  to  be  due  merely  to  differ- 
ences in  the  intensity  of  the  wave  in  the  various  cases. 

The  movement  of  the  wave  is  independent  of  the  vibrations 
which  it  carries  along. — Comjftes  liendus,  April  3,  1888. 


ON  THE  ELECTRIFICATION  OF  METAL  PLATES  BY  IRRADIATION 
WITH  ELECTRICAL  LIGHT.       BY  WILLIAM  HALLWACHS. 

At  the  close  of  an  article  recently  published  *  1  had  mentioned 
that,  to  judge  from  preliminary  experiments,  metal  plates  become 
electrostatically  charged  when  irradiated  with  the  electrical 
light.  It  could  be  seen  from  the  outset  that  we  were  not  dealing 
here  with  charges  at  potentials  tliat  could  be  measured  by  a  gold- 
leaf  electroscope.  In  order  to  ascertain  whether  a  charge  measur- 
able with  sensitive  electrometers  could  not  be  obtained,  the  final 
experiments  were  made  as  follows  :— The  circular  metal  plate, 
8  centim.  iu  diameter,  to  be  illuminated  was  suspended  by  an 
insulated  wire  in  the  centre  of  a  cylindrical  sheet-iron  vessel, 
50  centim.  in  length  and  37  ceiitira.  in  diameter,  which  lay  with 
its  axis  horizontal.  The  surface  of  the  metal  plate  was  coated  with 
rust,  but  one  portion  of  the  sui'face  was  brightly  polished  and  was 
put  to  earth.  The  wire  by  which  the  plate  was  suspended  passed 
through,  but  insulated  from,  an  earth-connected  brass  tube,  to  a 
Hankel's  electrometer,  which  was  chosen  for  these  experiments  on 
account  of  its  small  capacity.  In  the  lid  of  the  metal  cylinder  was 
a  circular  a])erture  of  about  8  centim.  diameter,  which  trans- 
mitted the  rays  of  the  arc  lamp  to  the  plate  hanging  inside.  This 
aperture  was  covered  by  a  piece  of  wire  gauze,  in  order  to 
prevent  any  appreciable  induction  of  the  lamp  on  the  plate  to  be 

*  Wiedemann's  Atmuleii,  vol.  xxxiii.  p.  301. 
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irradiated,  without  excluding  the  action  of  the  luminous  rays  ou 
it.  From  former  experiments*  this  latter  phenomenon  was  to 
be  expected,  and  was  confirmed  by  the  present  experiments.  The 
luminous  arc  was  at  a  distance  of  45  centim.  from  the  plate,  the 
rays  coming  from  it  passed  through  a  diaphragm  6  centim.  in 
diameter  before  entering  the  metal  case. 

The  case  was  of  rusty  iron,  so  that  the  contact  potential  against 
the  plates  to  be  suspended  was  always  negative.  In  this  case  only 
coidd  the  rises  of  potential  indicated  by  the  electrometer  be  indu- 
bitably explained.  For  if  the  phxte  had  been  negative  to  the  case, 
a  rise  of  potential  would  have  occurred  due  to  the  transport  of 
negative  electricity  by  the  illumination.  If  the  plate,  however, 
was  positive  towards  the  case,  and  therefore  possessed  a  positive 
charge,  an  increase  of  potential  could  only  be  due  to  the  fact  that 
positive  electricity  was  produced  on  the  plate  by  irradiation.  The 
determination  of  a  ditference  of  potential  due  to  contact  by  a 
method  formerly  describedt,  gave  for  rusty  iron  towards  brightly 
polished  zinc  1*2  volts. 

If,  now,  the  aperture  in  the  diaphragm  through  which  the  rays  of 
light  could  fall  on  the  plate  was  closed  by  a  mica  plate,  the  electro- 
meter was  at  rest  when  the  arc  was  produced.  When  the  mica 
Mas  replaced  by  a  far  thicker  plate  of  selenite,  the  galvanometer 
gave  a  gradually  increasing  deflection  indicating  positive  electricity. 
This  at  once  ceased  to  increase  when  the  mica  again  replaced  the 
selenite.  The  rise  of  potential  cannot  therefore  be  due  to  an 
inductive  action,  nor  can  it  be  referred  to  the  action  of  heat. 
The  complete  absorption  of  the  action  by  mica,  and  the  great 
trausmissibility  of  selenite  are  here  as  prominent  as  in  the  action 
of  light  ou  electrostatically  charged  bodies,  so  that  the  excitation  of 
electricity  is  probably  due  to  the  same  rays  as  that  ])henomenon. 

The  metals  which  have  been  used  for  the  experiments  just  de- 
scribed Avere  zinc,  brass,  and  aluminium.  In  all  three  positive 
electricity  occurred  on  irradiation  with  brightly  polished  surfaces. 
Old  surfaces  no  longer  show  the  phenomenon.  The  radiation 
itself  lowers  the  potential  to  which  the  plates  can  be  electrified,  so 
that  with  any  succeeding  experiment  made  with  the  same  surface, 
the  potential  obtained  is  lo^er,  whUe  the  rise  to  it  takes  place 
more  rapidly,  and  the  decrease  is  greater  than  when  for  the  same 
interval  of  time  between  the  experiments  the  plate  was  not  illu- 
mined. The  maximum  potential  with  zinc  amounts  to  over  a  volt, 
with  brass  to  about  one  volt,  and  with  aluminium  to  0*5  volt.  These 
values  are  the  highest  which  have  as  yet  been  obtained,  as  the 
maximum  values  change  with  the  condition  of  the  surface. 

As  I  have  had  to  interrupt  these  experiments,  I  have  ventured 
meanwhile  to  communicate  the  chief  results.  Whether  the  exci- 
tation of  electricity  by  radiation  with  electric  light  is  in  dii'ect 
connexion  with  the  loss  of  electricity  by  electrostatically  charged 

*  Loc.  cit.  p.  305. 

t  AViedemaun's  Anxalcn,  vol.  xxix.  p.  7  (1880). 
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bodies  when  irradiated,  I  cannot  state,  as  it  has  hitherto  been 
impossible  for  me  to  make  any  experiments  in  this  direction. — 
Gutlincjer  Nachrichten,  May  1888. 


THE  BENECKE  PRIZE  IN  PHILOSOPHY. 

The  Philosopliieal  Faculty  of  the  University  of  Grottingen  pro- 
pounds ihe  following  as  the  subject  for  the  year  1891  : — 

In  the  last  decades  the  fundamental  importance  of  the  law  of 
entropy  for  the  theory  of  all  those  physical  and  chemical  pheno- 
mena, which  are  attended  with  a  production  or  absorption  of  heat, 
has  acquired  greater  prominence.  And  more  especially  in  those 
essays  on  the  law  of  energy  which  competed  for  the  Benecke  prize 
in  1884,  has  it  appeared  that  the  law  of  entropy  is  necessary  for 
the  completion  of  the  law  of  energy.  Simultaneously  with  this, 
the  researches  which  have  had  for  their  object  the  establishment  of 
the  law  of  entropy  on  the  basis  of  general  mechanical  principles, 
have  in  recent  times  made  important  progress.  A  compreliensive 
treatmoit  of  all  questions  ivJiich  are  connected  with  the  law  of  entropy 
appears  therefore  particularly  desirable  at  the  present  time. 

Such  a  treatment  should  in  the  first  place  give  the  development 
of  the  law  of  entropy,  in  connexion  with  a  thorough  restatement 
and  justification  of  Carnot's  researches  ;  it  would  then  have  to  dis- 
cuss,  not  only  historically  but  also  critically,  the  investigations  in 
reference  to  the  connexion  of  the  law  of  entropy  with  the  general 
principles  of  mechanics ;  it  should  finally  contain  a  comprehensive 
report  on  all  the  applications  which  the  law  of  energy  has  found  in 
the  theory  of  physical  and  chemical  processes. 

The  essays  are  to  be  sent  in  to  the  Philosophical  Taculty  of 
Gottingen  not  later  than  the  31st  August,  1890.  They  may  be 
written  either  in  German,  Latin,  French,  or  English,  and  must  be 
accom]mnied  by  a  sealed  letter  containing  the  name,  profession, 
and  address  of  the  author,  and  which  on  the  outside  must  have  a 
motto  the  same  as  that  on  the  competitive  essay. 

The  prizes  will  be  awarded  on  the  11th  of  March,  1891,  the 
birthday  of  the  founder,  at  a  public  session  of  the  Philosophical 
Faculty. 

The  first  prize  is  1700  marks  (=£85),  and  the  second  G80  marks 
(£34). 

The  memoirs  to  which  prizes  are  awarded  remain  the  unrestricted 
property  of  the  authors. 

The  titlepage  of  any  competitive  essay  must  also  state  the  address 
to  which  the  paper  is  to  be  returned  in  case  it  is  not  found  \^orthy 
of  a  prize. 

The  subject  of  the  prize  which  is  to  be  competed  for  to  the  31st 
August,  1889,  is  to  be  found  in  No.  5  of  the  Gottinger  Nachrichten 
for  the  year  1887. 
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XII.    The  Function  of  Osmotic  Pressure  in  the  Analopt/  between 
Solutions  and  Gases.     By  Professor  J.  van't  Hoff*. 

DURING  an  iuvestigation  which  required  some  knowledge 
of  the  laws  regulating  chemical  equilibrium  in  solutions, 
the  conclusion  has  gradually  been  evolved  that  a  deep  analogy 
— indeed  almost  an  identity — exists  between  dilute  solutions 
exerting  osmotic  pressure  on  the  one  band,  and  gases  under 
ordinary  atmospheric  pressure  on  the  other.  The  following 
pages  contain  an  attempt  to  explain  this  analogy  ;  and  the 
physical  properties  of  such  systems  will  form  the  first  subject 
of  discussion. 

I.   Osmotic  Pressure — the  nattire  of  the  Analogy  due  to  this 
conception. 

In  order  clearly  to  realize  the  quantity  referred  to  as  osmotic 
pressure,  imagine  a  vessel,  A  (fig.  1),  com- 
pletely full  of  an  aqueous  solution  of  sugar, 
placed  in  water,  B.  If  it  be  conceived  that 
the  solid  walls  of  this  vessel  are  permeable 
to  water,  but  impermeable  to  the  dissolved 
sugar,  then,  owing  to  the  attraction  of  the 
solution  for  water,  water  will  enter  the 
vessel  A  up  to  a  certain  limit,  thereby  in- 
creasing the  pressure  on  the  walls  of  the  vessel.  Equilibrium 
then  ensues,  owing  to  the  jtressure  resisting  further  entry  of 
water.     This  pressure  we  liave  termed  osmotic  pressure. 

*  Communicatod  to  tlie  Physical  Society;    traaslated  by  Prof.    W. 
IJamsav,  r.U.8. :  read  June  9,  1888. 
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It  is  evident  that  this  stiite  of 
oquilil)nuin  might  have  been  at- 
tained in  A  ^vitllout  entry  of 
water  if  tlie  vessel  had  h(XMi  eon- 
strncted  wiili  a  piston,  compress- 
ing th(^  solution  with  a  pressure 
equal  to  the  osmotic  pressure 
(fig.  2).  It  follows  moreover 
that,  by  increasing  or  diminishing  the  pressure  on  the  piston, 
the  state  of  concentration  of  the  liquid  can  also  be  altered, 
owing  to  the  passage  of  water  through  the  walls  of  the  vessel 
in  an  outward  or  inward  direction. 

Such  osmotic  pressure  has  been  experimentally  investigated 
by  PfefFer  (Osmotische  Untersiichunc/en,  Leipsig,  1887).  The 
walls  of  the  cell  consisted  of  unglazed  porcelain,  rendered 
impermeable  to  sugar  though  not  to  water,  by  filling  it  with 
a  solution  of  potassium  ferrocyanide  and  placing  it  in  a  solu- 
tion of  copper  sulphate.  Owing  to  diffusion,  the  ferrocyanide 
and  the  copper-salt  come  in  contact  after  some  time,  and  j)ro- 
duce  a  membrane  of  copper  ferrocyanide  having  the  required 
properties.  Such  a  vessel  is  then  filled  with  a  one-per-cent. 
solution  of  sugar ;  it  is  then  closed  with  a  cork  provided  with 
a  manometer,  and  sunk  in  water  ;  the  osmotic  pi-essure  gra- 
dually rises,  owing  to  entry  of  water,  and  the  [)ressure  due  to 
the  entry  of  water  is  read  off  when  it  becomes  constant.  As 
an  example  of  the  results  obtained,  it  may  be  mentioned  that 
a  one-per-cent.  solution  of  sugar  (which,  owing  to  its  con- 
siderable mass,  was  not  appreciably  diluted  on  entry  of  w'ater) 
exerted  at  G°*b  a  pressure  of  50"5  niiliim.  of  mercury — about 
one  fifteenth  of  an  atmosphere. 

The  porous  membrane,  such  as  that  described,  will  be 
termed  in  the  following  pages  a  "semipermeable  membrane;" 
and  the  conception  will  be  made  use  of  even  where  experi- 
mental verification  is  lacking.  The  behaviour  of  solutions 
may  thus  l)e  studied  in  a  manner  strikingly  analogous  to  that 
employed  in  the  study  of  gases,  inasmuch  as  what  is  known  as 
"  osmotic  pressure  "  corresponds  to  pressure,  or,  as  it  is  com- 
monly but  incorrectly  termed,  "  tension  "  of  a  gas.  It  is  right 
to  mention  that  this  is  no  f\inciful  analogy,  but  a  fundamental 
one  ;  the  mechanism  which,  according  to  our  present  views, 
controls  the  pressure  of  gases  and  the  osmotic  pressure  of  liquids 
is  substantially  the  same.  In  the  former  case  pressure  is  due 
to  the  impacts  of  gaseous  molecules  on  the  walls  of  the  con- 
taining vessel,  and  in  the  latter  to  the  impacts  of  the  mole- 
cules of  the  dissolved  substance  on  the  semipermeable  mem- 
brane, since  the  impacts  of  the  molecules  of  the  solvent,  being 
equal  and  opposed  on  each  side  of  the  vessel,  may  be  neglected. 
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The  great  practical  advantage  arising  from  tins  niothod  of 
roganling  the  behaviour  of  solutions,  which  loads  at  once  to 
quantitative  conclusions,  consists  in  the  fact  that  the  applica- 
tion of  the  second  law  of  therniodynaniics  to  liquids  is  rendered 
exceedingly  easy  ;  for  reversible  processes,  of  which  this  law 
treats,  can  now  be  very  simply  conceived.  It  has  already 
been  mentioned  that  a  piston  and  cylinder  with  semipermeable 
walls,  placed  in  the  solvent,  permits  of  alteration  of  concen- 
tration of  the  solution  contained  ther^ein,  by  alteration  of  the 
j)ressare  on  the  piston,  in  exactly  the  same  way  as  a  gas  can 
be  rarefied  or  compressed ;  except  that  in  the  former  case  it 
is  the  solvent  which  escapes  through  the  semipermeable  walls 
on  increase  of  pressure.  Processes  of  this  kind  can  always  be 
made  reversible,  if  care  be  taken  that  the  pressure  on  the 
piston  is  made  equal  to  the  opposed  pressure,  that  is,  in  the 
case  of  sohitions,  the  osmotic  pressure. 

We  shall  make  use  of  this  practical  advantage  in  the  fol- 
lowing pages,  particularly  in  investigating  the  laws  of  "  ideal 
solutions;'^  that  is  to  say,  solutions  so  dilute  as  to  be  com- 
parable with  "  ideal "  or  "  perfect "  gases,  in  which  the  action 
on  one  another  of  the  dissolved  molecules,  as  well  as  their 
actual  volume  compared  with  that  of  the  space  they  inhabit, 
is  so  small  as  to  be  netjligible. 

II.  Boyle's  Law  for  Dilute  Solutions. 

The  analogy  between  dilute  solutions  and  gases  acquires  at 
once  a  quantitative  form,  if  it  be  noted  that  in  both  cases 
alteration  of  concentration  exercises  a  similar  influence  on 
pressure,  and  is  in  both  cases  proportional  to  the  pressure. 

This  proportionality,  which  for  gases  goes  by  the  name  of 
Boyle's  law,  may  be  proved  experimentally  for  liquids,  as  well 
as  deduced  theoretically. 

Experimental  Proof  (^Deterniination  of  osmotic  pressure 
for  solutions  of  various  concentrations). — Let  us  first  adduce 
Pfeflf'er's  determinations  {Osmotische  Lfntersuchungen,  p.  71) 
of  the  osmotic  pressure  (P)  in  sugar-solutions  at  the  same 
temperature  (13°*2  to  1<3°*1),  and  with  varying  concentra- 
tions (C): — 


c. 

P. 

P 

0' 

1  per  cent. 

535  1 

Qiillim. 

535 

^         ,. 

1016 
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508 

2-74    „ 
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4         „ 
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c       „ 
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P 

The  approximately  constant  quotients  p  point  conclusively 

to  this  proportionality  between  pressure  and  concentration. 

Comparison  of  Osmotic  Pressures  hy  Physiological  Methods. 
— Observations  of  de  Vries  ("  Eine  Methode  zur  Analyse  der 
Tur^orkratt,"  Pringsheiin's  Jahvh.  xiv.)  show  that  equal 
changes  of  concentration  of  solutions  of  sugar,  and  of  potas- 
sium sulj)hato  and  nitrate,  exercise  equal  inHuence  on  the 
osmotic  pressure.  This  osmotic  pressure  was  compared,  by 
physiological  methods,  with  that  of  the  contents  of  a  j)lant- 
cell ;  the  protoplasmal  envelope  contracts  when  it  is  immersed 
in  solutions  possessing  great  attraction  for  water.  By  a 
systematic  comparison  of  the  three  bodies  mentioned,  using 
the  same  cells,  three  isotonic  liquids  (L  e.  liquids  exhibiting 
the  same  osmotic  pressiire)  were  obtained.  Cells  of  a  ditier- 
ent  plant  were  then  made  use  of,  and  so  four  isotonic  series 
were  constructed  which  showed  a  similar  proportion  in  their 
concentrations  ;  this  is  exhibited  in  the  following  table,  where 
the    concentrations    are    expressed    in    gram-molecules    per 


litre  :- 

— 

Series. 

KN03. 

CisHaaO,!. 

KoSO,. 

KN03=1. 

C..H,Ar 

K,SO. 

I.  . 

0-12 



0-09 

1 

— 

0-75 

II.  . 

,  0-13 

0-2 

0-1 

I 

1-54 

0-77 

III.  . 

,  0-195 

0-3 

0-15 

1 

1-54 

0-77 

IV.  . 

,  0-2G 

0-4 

— 

1 

1-54 

— 

Theoretical  Proof. — These  observations  render  highly 
probable  the  existence  of  proportionality  between  osmotic 
pressure  and  concentration,  and  the  theorem  may  be  com- 
pleted by  a  theoretical  proof  which  is,  indeed,  almost  self- 
evident.  Regarding  osmotic  pressure  as  due  to  a  kinetic 
cause  (/.  e.  as  produced  by  impacts  of  the  dissolved  molecules), 
there  must  exist  a  proportionality  between  the  number  of  im- 
pacts in  unit  time  and  the  number  of  molecules  in  unit  volume. 
The  proof  is  therefore  exactly  the  same  as  that  for  Boyle's 
law.  If,  on  the  other  hand,  osmotic  pressure  be  regarded  as 
the  outcome  of  an  attraction  for  water-molecules,  its  value  is 
evidently  proportional  to  the  number  of  attracting  molecules 
in  unit  volume,  provided  (and  this  is  taken  for  granted  in 
sufficiently  dilute  solutions)  the  dissolved  molecules  exercise 
no  attraction  on  each  other,  and  each  one  exerts  its  own 
special  attractive  action,  uninfluenced  by  its  neighbours. 

III.  Gay-Ijnssau's  Law  for  Dilute  Solutions. 

While  the  proportionality  between  concentration  and  os- 
motic pressure  is  self-evident,  so  long  as  temperature  remains 
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constant,  tho  proportionality  bct^voon  osmotic  pressure  and 
absolute  ti'uiporaturo,  the  concentration  beint^  maintained 
constant,  i.s  not  so  manifest.  Yet  proof  can  bo  turnislied  from 
tberniotlynamieal  considerations  ;  and  experimental  data  exist 
winch  are  biglily  favourable  to  the  results  predicted  on 
thermodynamical  gromids. 

Theoretical  Froof. — It  has  been  already  mentioned  that,  by 
means  of  a  piston  and  a  cylinder  with  semipermeable  walls, 
reversible  processes  can  be  conceived  to  occur.  If  such  pro- 
cesses are  ex])ressed  in  the  way  common  as  regards  gases, 
volume  and  pressures  are  iiulicated  on  the  lines  0  V  and  O  P 
(fig.  3);  but  pressure  in  this  case, 
lis  before,  must  be  taken  as  osmotic      p  ^^' 

pressure.  The  initial  volume  (V  cub. 
metres)  is  represented  by  OA  ;  the 
initial  pressure  on  the  piston  of  area 
1  scpiare  metre  (P  kilogr.)  by  Aa ; 
and  the  absolute  temperature  by  T  ; 
the  solution  is  then  conceived  to  un- 
dergo a  minute  increase  of  volume,  o  ad  bc  v 
dY  cubic  metres  (  =  AB),  by  moving  the  piston  through  dY 
metres,  while  the  temperature  of  the  solution  is  maintained 
constant  by  introduction  of  the  requisite  amount  of  heat.  This 
amount  of  heat  can  be  at  once  determined,  inasmuch  as  it  is 
equivalent  to  the  external  work  performed,  YdY,  by  tho 
motion  of  the  piston.  Internal  work  is  absent,  for  the  dilu- 
tion is,  by  hypothesis,  so  great  that  the  dissolved  molecules 
exercise  no  attraction  on  each  other  This  isothermal  change 
ah  is  succeeded  by  the  isentropic  or  adiabatic  change  be, 
during  which  heat  is  neither  absorbed  nor  evolved  ;  tho  tem- 
perature sinks  by  tZT° ;  and  the  original  condition  is  then 
brought  about  by  a  second  isothermal  and  a  second  adiabatic 
change,  cd  and  da,  respectively.     The  second  law  of  thermo- 

dT 
dynamics  requires  that  the  fraction,  -™-  YdY  of  the  initially 

imparted    heat  charge  P(7V  shall  have  been  converted  into 
work  ;  this  must  be  equivalent  to  the  art.'a  ahcd  ;  and  hence 

the  equation  follows:   7J7  VilV  =  a  hcd=af .  AB  =  a/t?V  ;  and 

dT        ,  ^ 

hence  P  rp-  =«/•     But  af  represents  the  change  of  osmotic 

pressure,  volume  being  kept  constant,  due  to  the  change  of 

temperature  dT  \  i.  e.  (yry]   dT;  hence 

P 


(d?\     _P 
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On  integration  this  equation  ^ives,  on  the  assumption  of 
constant  volume, 

m  =  constant; 

that  is,  tlie  osmotic  pressure  is  proportional  to  the  absolute 
tem[)erature,  provided  concentration  (which  is  here  equiva- 
lent to  the  volume  of  a  gas)  remain  constant  ;  and  this  is 
entirely  in  accordance  with  Gay-Lussac's  law  connecting  the 
pressure  and  temperature  of  gases. 

E.cperimental  Proof  {Determination  of  the  osmotic  pressure 
at  different  temperatures). — Let  us  compare  this  theoretical 
conclusion  with  the  ex})erimental  data  furnished  by  Pfeffer 
(])p.  114-115).  He  found  that  the  osmotic  pressure  increases 
with  rise  of  temperature ;  it  will  be  seen  that,  although  his 
results  do  not  furnish  a  conclusive  proof  of  the  correctness  of 
the  theorem,  yet  there  is  a  most  striking  correspondence 
between  experiment  and  theory.  If  we  calculate  from  one  of 
two  experiments  at  ditFerent  temperatures  the  osmotic  ])res- 
sure  to  be  expected  in  the  other,  by  help  of  Gay-Lussac's  law, 
and  compare  it  with  the  experimental  result,  we  have  the 
following  series  : — 

1.  Solution  of  cane-sugar. 

Pressure  at  32°,  found 
Pressure  at  14°*  15,  calculated 
,,  „  found 

2.  Solution  of  cane-sugar. 

Pressure  at  36°,  found 
Pressure  at  15°*5,  calculated 
„  „  found 

3.  Solution  of  sodium  tartrate. 

Pressure  at  3G°*6,  found 
Pressure  at  13°'3,  calculated 
„  „  found 

4.  Solution  of  sodium  tartrate. 

Pressure  at  37°*3,  found 
Pressure  at  13°'3,  calculated 
„  „  found 

Comparison  of  the  Osmotic  Pressure  hy  Physiological 
Methods. — In  the  same  manner  that  support  has  been  lent  to 
the  application  of  Boyle's  law  to  solutions  (viz.  that  different 
siibstances  in  isotonic  solutions  retain  their  equality  of 
osmotic  pressure  so  long  as  their  respective  concentrations  are 
reduced  to  the  same  fraction),  so  the  application  of  Gay- 
Lussac's  law    receives  support  i)y  the  fact  that  this  isotonic 
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state  is  maintained  durin<][  equal  alterations  of  tcmporatnro. 
It  has  been  ])roved  bv  i)hysiolo^ical  nictliods  Itv  Dondors  and 
Haniburi^cr  {Omlerzoekinyen  yedaan  in  liet  j>/ii/i<ioloc/if<ch.  La- 
horatoriutn  tier  Utreelitsche  lloogexchool  [8]  ix.  p  2()),  niakiuf^ 
use  of  blood-corjtusclcSj  that  solutions  of  potassium  nitrate, 
sodium  chloride,  and  suirar,  which  at  (f  are  isotonic  with  the 
contents  of  these  cells,  and  hence  are  isotonic  w'ith  each  other, 
exhibit  the  same  isotonic  state  at  34°;  this  is  seen  in  the 
annexed  table  : — 

Tomporature  0*^.  Temperature  84''. 

KNO3       •     •     1-052  to  1-03  p.  c.  1-052  to  1-03  p.  c. 

NaCl    .     .     .     0-G2    to  0-609  p.  c.  ()-(>2    to  0-601)  p  c. 

C12H22O11 .     .     5-4^    to  5-38  p.  c.  5-48    to  5-38  p.  c. 

Krperiincntnl  F roof  of  Boyle' s  and  Gay-Lussac's  Laics  for 
Solutions.  Experiments  hy  Soret  (^Archives  des  Sciences  phys. 
et  nat.  [3]  ii.  p.  48  ;  Ann.  C/iiin.  Fhyx.  [5]  xxii.  p.  293). — 
The  phenomenon  observed  by  Soret  lends  a  strong  support  to 
the  analogy  between  dilate  solutions  and  gases  in  respect  of 
the  inriuence  of  concentration  and  temperature  on  pressure. 
His  work  shows  that  just  as  in  gases  the  warmest  part  is  the 
most  rarefied,  so  with  solutions  the  warmest  portions  are  the 
most  dilute;  but  that  in  the  latter  case  a  much  longer  time 
must  be  allowed  for  the  attainment  of  equilibrium.  The  ex- 
perimental apjiaratus  consisted  of  a  vertical  tube,  the  upper 
portion  of  which  was  heated  while  the  lower  portion  was  kept 
at  a  low  temperature, 

Soret's  latest  experiments  lend  a  quantitative  support  to 
our  analogy.  As  with  gases,  it  is  to  be  expected  that  when 
the  isotonic  state  is  produced,  the  solution  will  exist  in 
equilibrium;  and  as  the  osmotic  pressure  is  proportional  to 
concentration  and  to  absolute  temperature,  the  isotonic  state 
of  different  portions  of  the  solution  will  occur  when  the 
product  of  the  two  (absolute  temperature  and  concentration) 
are  equal.  If  we  therefore  calculate,  on  this  basis,  the  con- 
centration of  the  warmer  part  of  the  solution  from  data 
obtained  with  the  colder,  the  values  compare  with  those 
found  as  follows  : — 

1.  Solution  of  Copijer  SulpJiate. — The  portion  cooled  to  20° 
contained  17-332  per  cent.  The  hot  portion  at  80^  should 
contain  14-3  per  cent. ;  found,  14-03  per  cent. 

2.  The  portion  cooled  to  20°  contained  29-867  per  cent. 
The  portion  at  80°  should  contain  24*8  per  cent.  ;  found, 
23-871  per  cent. 

It  must  be  stated  that  previous  experiments  l)y  Soret  gave 
less   favoiu-able   results  ;    yet   perhaps   too   much   impoitancc 
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should  not  be  attached  to  them,  owing  to  tho  difficulties  of 
experiment. 

IV.  Avogadro's  Laio  applied  to  Dilute  Solutions. 

We  have  considered  the  changes  producetl  in  tho  osmotic 
pressure  of  solutions  by  alteration  of  temperature  and  con- 
centration, and  attempted  to  exhibit  the  analogy  between 
dilute  solutions  and  gases,  in  relation  to  these  two  quantities 
It  now  remains  to  compare  directly  the  two  analogous  quan- 
tities, gaseous  pressure  and  osmotic  })ressuro,  in  one  and  tho 
same  body.  It  is  obvious  that  this  analogy  should  hold  with 
gases  in  solution  ;  and  in  actual  fact  it  will  be  shown  that,  if 
Henry's  law  be  taken  into  considin-ation,  tlie  osmotic  pressure 
in  solution  is  absolutely  equal  to  the  gaseous  pressure,  under 
similar  conditions  of  temperature  and  concentration. 

To  prove  this  statement,  we  shall  picture  a  reversible  pro- 
cess by  aid  of  semi})ermeable  diaphragms,  temperature  being 
maintained  constant ;  and  wo  shall  again  make  use  of  the 
second  law  of  thermodynamics,  which  in  this  case  leads  to  the 
simple  result  that  no  work  is  transformed  into  heat,  nor  heat 
into  work  ;  and  hence  the  sum  of  all  work  done  at  different 
stages  of  the  process  is  zero. 

This  reversible  process  may  be  conceived  by  means  of  two 
similar  cylinders  and  pistons,  like  those  already  described. 
One  contains  a  gas  (A),  say  oxygen,  and  in  contact  with  it  a 
saturated  aqueous  solution  of  oxygen  (B)  (tig.  4).  The  wall  he 
allows  only  oxygen  to  pass,  but 
no  water;  the  wall  ah,  on  the 
other  hand,  water,  but  not  oxygen; 
and  it  is  in  contact  with  water,  E. 
A  reversible  process  may  be  car- 
ried out  by  sucli  an  arrangement 
as  follows  : — By  raising  the  two 
pistons  (1)  and  (2),  oxygen  is 
evolved  from  its  aqueous  solution  as  gas,  while  the  water 
passes  ihrough  ah;  this  change  can  proceed  without  altering 
the  concentration  of  the  solution.  The  only  difference  between 
the  two  cylinders  is  in  the  state  of  concentration  of  the  solu- 
tions which  they  contain ;  we  may  explain  the  action  thus  : — 
The  unit  of  weight  of  the  substance  in  question  occupies  in 
the  left-hand  cylinder  a  volume  rand  Y,  and  in  tho  right-hand 
cylinder,  v  +  dv  and  V  +  fZV;  hence,  in  order  that  Henry's 
law  may  hold, 

V  :  Y=(v-^dr)  :  (J  +  dY) ;  hence  v  :  y  =  dv  :  dY. 

Tf,  now,  the  pressure,  or  osmotic  pressure,  as  the  case  may  bo 
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(snpposintT  unit  volume  to  contain  unit  mass),  as  regards 
gas  and  solution  bo  P  and  p  (which  will  afterwards  bo  shown 
to  be  equal),  then,  from  Boyle's  law,  the  pressure  in    gas 

and  solution  will  be  —  and  if  respectivelv. 

Now  let  the  pistons  (1)  and  (2)  bo  raised  so  as  to  liberate 
unit  weight  of  gas  from  the  solution,  and  increase  the  gaseous 
volume  r  by  dv,  in  order  to  equalize  its  concentration  with 
that  of  the  gas  in  the  left-hand  vessel,  and  by  de)n-essing  the 
pistons  (4)  and  (5)  let  us  redissolve  the  froshly  liberated  gas, 
and  then  reduce  the  volume  of  the  solution  Y -\-dY  by  the 
amount  d\  in  the  cylinder  \\ith  semipermeable  walls  ;  then 
the  cycle  is  complete. 

Work  has  been  done  in  six  separate  ways  ;  let  us  number 
them  (1),  (2),  (3),  (4),  (5),  and  (6).  Now  (2)  and  (4)  are 
equal  in  amount,  but  o})posite  in  sign,  since  they  refer  to 
change  of  volume  r  and  v-\-dv  in  opposite  directions  under 
pressures  which  are  inversely  proportional  to  the  volumes.  In 
similar  manner  the  sum  of  (1)  and  (5)  is  zero  ;  so  that  the 
point  requiring  proof  is  that  (o)  +  (t))=:0.  Here  (3)  repre- 
sents work  done  by  the  gas  in  increasing  its  volume  by  dv. 

p  p 

under  a  pressure  of  — ,  therefore  (3)  =  —  dv  ;  while  ((3)  repre- 
sents the  w^ork  done  by  the  solution,  while  it  decreases  in 
volume  by  dV,  under  a  pressure  of  ^,  therefore  (G)=  —  ^dY. 
The  statement  is  therefore 

-dv=^,dY; 
V  V 

and  as  v  :  Y  =  di' :  dY,  P  must  be  equal  to  jy,  which  was  to  be 
proved. 

This  conclusion,  which  will  receive  in  the  sequel  ample 
confirmation,  lends,  on  the  one  hand,  support  to  Gay-Lussac's 
law  in  its  ap[)lication  to  liquids  : — If  gaseous  ])ressure  and 
osmotic  pressure  are  at  the  same  tenq)erature  equal  to  one 
another,  then  equal  changes  of  temperature  must  affect  both 
e(j[ually.  On  the  other  hand,  this  relation  allows  of  a  con- 
siderable extension  of  Avogadro's  law,  always  provided  that 
we  may  substitute  the  conception  of  osmotic  pressure  for 
gaseous  pressure  : — under  equal  osmotic  pressures  and  at  the 
same  tenq)erature,  equal  volumes  of  all  solutions  contain  equal 
numbers  of  molecules ;  and,  moreover,  the  same  number  of 
molecules  which  would  be  contained  in  an  equal  volume  of  a  gas 
under  the  same  conditions  of  temperature  and  pressure. 
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V.    General  E.rpres.sion  for  Boyle's,  Gay-Lnssac's,  and 
Avof^adro's  Laws  for  Solutions  and  Gases. 
The  well-known  formula  expressing  botb  Boyle's  and  Gay- 
Lussac's  laws  for  gases, 

PV  =  IIT, 

are,  in  so  far  as  these  laws  are  a])plica])le  to  liquids,  also  a|)[)li- 
cable  as  regards  osmotic  pressure ;  with  the  reservation,  also 
made  in  the  case  of  gases,  that  the  sjjace  occupied  by  the 
molecules  must  be  so  great  <^liat  the  actual  volume  of  the 
molecules  becomes  negligible. 

To  include  Avogadro's  law  in  the  above  expression,  Horst- 
mann's  suggestion  {Berl.  Ber.  xiv.  p.  1243)  may  be  adopted, 
to  express  tlie  molecular  weight  of  the  substance  in  kilograms  ; 
taking  2  kilos,  of  hydrogen,  44  kilos,  of  carbon  dioxide,  and 
so  on.  Then  II  in  the  above  equation  has  always  the  same 
value ;  for,  under  equal  conditions  of  temperature  and  pres- 
sure, these  weights  occupy  the  same  volume.  Calculating 
this  value,  and  expressing  the  volume  in  cubic  metres,  and  the 
pressure  in  kilograms  per  square  metre,  and  choosing  hydrogen 
gas  at  (f  and  7()0  millim.  pressure  as  starting-point,  then 

P=l«-3;     V  =  ^^;    T  =  273;    R=845-05. 

Hence  the  cond)ined  expression  for  Boyle's,  Gay-Lussac's, 
and  Avooradro's  laws  becomes 

PV=845T; 

and  this  expression  is  ap])licable  to  solutions,  substituting 
osmotic  pressure  for  gaseous  pressure. 

We  may  give  this  equation  even  a  simpler  form,  inasmuch 
as  the  number  of  calories  equivalent  to  a  kilogrammetre  of 

work  (A=  ^  =^1^)  stands  in  a  vcn-y  simple  relation  to  R, 

viz.  AR=2  (in  reality  about  one  thousandth  less).  Hence 
we  may  choose  the  form 

APV  =  2T; 

and  this  form  has  the  great  practical  advantage  that  work, 
which  will  often  be  discussed  in  the  following  pages,  receives 
a  very  simple  expression,  if  calculated  back  to  heat,  measured 
in  calories. 

Let  us  next  calculate  the  work,  expressed  in  calories,  when 
a  gas  or  a  solution,  under  constant  pressure  and  temperature, 
expands  V  volumes  ;  V  volumes  containing  a  kilogram- 
molecule.     This  is  evidentlv  2T.     It  must  be  added  that  this 
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constant  prossuro  is  maintained  only  when  the  total  voluino  of 
gas  or  solution  is  very  great  compared  with  V,  or  in  cases  of 
evaporation,  where  the  vapour-pressure  is  at  its  maximum. 

We  shall  also  often  have  to  express  in  calories  the  work 
done  durino-  isothermal  expansion  of  the  kilogram- molecule  of 
a  substance  as  gas,  or  in  solution.  I'i  pressure  falls  a  very 
small  fraction  AP,  corresponding  to  a  small  increase  of 
volume  AV,  the  work  done  will  be  APAV,  or  2AT. 

VI.  First  Conjinnution  of  Avogadro's  Law  in  its  Application 
to  Solutions. — Direct  determination  of  Osmotic  Pressure. 

It  is  to  be  expected  that  Avogadro's  law,  deduced  as  a  con- 
sequence of  Henry's  law  for  solutions  of  gases,  will  not  be 
restricted  to  solutions  of  substances  which  usually  exist  in  a 
gaseous  condition.  This  expectation  has  been  realized,  not 
merely  from  a  theoretical,  but  from  an  experimental  standpoint. 
Pfetfer's  determinations  of  the  osmotic  pressure  of  solutions  of 
sugar  furnish  a  remarkable  confirmation  of  this  extension  of 
the  law. 

Pfetfer's  solution  consisted  of  1  gram  of  sugar  dissolved  in 
100  grams  of  water  ;  one  gram  of  the  sugar  therefore  exists 
in  about  lOO'G  cubic  centim.  of  the  solution.  Comparing  the 
osmotic  pressure  of  this  solution  with  the  pressure  of  a  gas 
(e.  g.  hydrogen)  containing  as  many  molecules  in  the  volume, 
there  are  ^f  ^  ^ram  (Oi2H220n=342)  in  100  6  cubic  centim. 
Now  one  litre  of  hydrogen  gas  at  0°  and  760  millim.  pressure 
weighs  0"0895G  gram  ;  and  the  above  concentration  is  equi- 
valent to,  0"05yi  gram  per  litre  ;  the  pressure  at  0°  is  0'()4i) 
atmosphere,  and  at  t,  0'649(1 +  0-00o()7/).  Placing  these 
results  beside  PfeflPer's,  we  obtain  the  followinor  agreement : — 


Temperature  (t). 

Osmotic  pressure. 

0-G49(l +0-00307  0. 

fyS 

0-664 

0-665 

ia-7 

0-691 

0-681 

14-2 

0-671 

0-682 

15-5 

0-684 

0-686 

220 

0-721 

0-701 

320 

0  716 

0-725 

36-0 

0-746 

0-735 

The  directly  determined  osmotic  pressure  of  a  solution  of 
sugar  is  thus  sean  to  ha  equal  to  the  ])ressure  of  a  gas  at  the 
same  temperature,  containing  the  same  number  of  molecules 
in  unit  vohmie  as  the  sugar-solution. 

Starting  from  cane-sugar,  this  relation  can  be  calculated  for 
other  dissolved  substances,  such  as  invert  sugar,  malic  acid 
tartaric  acid,  citric  acid,  magnesium  malate  and  citrat<^,  all  of 
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wliich,  from  de  Vries'  ])hysiological  researches  {Eine  Methode 
zur  MessniKj  der  Turgorkraft,  p.  512),  oxliihit  eciiial  osmotic 
pressure  wlien  they  contain  an  equal  number  of  molecules  in 
a  given  volume. 

VII.  Second  Confirmation  q/'Avogadro^s  Law  in  its  Application 
to  Solntions. — Molecular  lowering  (f  Vaponr-pressure. 

Tlie  relation  between  osmetic  pressure  and  tlie  pressure  of 
a  vapour  in  contact  Avitli  licpiid,  vvliich  is  easily  developed 
on  thermodynamical  princi{)les,  yields,  from  liaoult's  recent 
observations,  a  satisfactory  proof  of  the  analogy  under  consi- 
deration. 

We  shall  begin  with  a  general  law,  of  which  the  previous 
matter  of  this  thesis  is  quite  indejjcndent: — Isotonisni  (i.  e.  equal 
osmotic  })ressure — from  tVo?  and  novas,  stretching)  in  solutions 
made  tvith  the  same  solvent,  implies  e<ptality  of  rapo^ir-pressvre. 
This  statement  is  easily  proved  by  a  revei'sible  cycle,  kee})ing 
temperature  constant.  Imagine  two  solutions  exhibiting^ 
equal  vapour-pressure,  and  introduce  a  small  quantity  of  one 
in  the  state  of  vapour  into  the  other  in  a  reversible  manner^ 
i.  e.  by  means  of  cylinder  and  piston.  The  vapour-pressures 
are  equal,  hence  this  transference  takes  ])lace  without  expen- 
diture of  work  ;  and  also,  on  restoring  the  original  condition, 
no  work  is  expended.  But  if  the  solvent  be  transferred  back 
through  a  semipermeable  diaphragm,  separating  the  two 
solutions,  then  equal  osmotic  ]u-essure  must  exist,  else  the 
transference  could  not  take  j>lace  without  expenditure  of 
energy. 

If  this  fundamental  conce})tion  be  applied  to  dilute  solutions, 
accepting  the  laws  which  have  been  explained  in  the  preceding 
pages,  the  simple  conclusion  foUows,  that  if  a  solvent  contains 
equal  numbers  of  molecules  of  dissolved  substances,  the 
vapour-pressure  is  the  same.  This  is  merely  Raoult's  law 
{Comptes  rendns,  Ixxxxii.  p.  167  ;  xliv.  p.  1431)  of  the  con- 
stancy of  molecular  diminution  of  vapour-j)ressure,  obtained  by 
multiplying  the  relative  diminution  by  the  molecular  weight  of 
a  one-per-cent.  solution  ;  i.  e.  with  the  difference  between  the 
vapour-pressures  of  the  solvent,  before  and  after  addition  of 
dissolved  substance.  The  equality  of  molecular  diminution  of 
vapour-pressure  depends  on  the  solutions  containing  equal 
numbers  of  molecules,  a  close  proportionality  between  the 
lowering  of  the  vapour-pressui'e  and  the  concentration  being 
assumed.  With  ether,  for  exanq)le,  the  value  fluctuated 
between  0"G7  and  0"74  (mean  Owl)  for  thirteen  substances 
dissolved  in  it. 
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But  this  relation  can  be  further  developed.  Different 
solutions  may  be  compared  with  each  other,  and  a  second  law 
may  be  deduced,  which  Riioult  has  also  discovered  experimen- 
tally. The  following  reversible  process,  consistino-  of  two 
operations,  is  carried  out  with  a  very  dilute  solution  of  P  per 
cent,  at  temperature  T. 

1.  Remove,  by  use  of  cylinder  with  semipermeable  wall,  a 
portion  of  the  solvent  containino-  a  kilogram-molecule  (M)  of 
the  dissolved  substance  :  here  the  total  quantity  of  solution  is 
supposed  so  great  that  no  alteration  of  concentration  occurs, 
and  the  expenditure  of  work  is  therefore  2T. 

2.  This  quantity,  — p—  kilograms,  of  the  solvent  is  returned 

ns  vapour  ;  it  may  be  conceived  as  produced  from  the  liquid 
by  evaporation  at  its  vapour-pressure  ;  then  expanded  till  its 
pressure  is  equal  to  the  vapour-pressure  of  the  solution  ;  and 
finally  liquefied  in  contact  with  the  solution.  The  kilogram- 
molecule  of  the  solvent  (M')  will  thus  receive  an  expenditure 
of  work  of  2TA,  Vihere  A  represents  the  relative  diminution 

,,,     lOOM,.,  .,,         .      „™.100M 

of  pressure  ;  and  the  — p —  kilograms  will  receive  21A   p...^  . 

Hero  p  M  is  Raoult's  molecular  diminution  of  pressure,  which 

we  shall  term  K  ;  employing  this  abbreviation,  the  expression 

,  200  TK 

oecomes  — ^77 — 

From  the  second  law  of  thermodynamics,  again,  the  alge- 
braic sum  of  the  work  expended  during  this  cycle  at  constant 
pressure  must  equal  zero  ;  hence  the  work  done  by  the  solu- 
tion during  the  first  stage  must  equal  the  work  done  on  it 
■during  the  second  ;  and  thus 

•^00  TK 
2T=  "^j[^,      ;  orlOOK  =  M'. 

This  exjjression  includes  all  Raoult^s  results.  It  expresses  the 
fact,  as  stated  above,  that  the  molecular  diminution  of  vapour- 
pressure  is  independent  of  the  nature  of  the  dissolved  body  ; 
and  it  also  expresses,  what  Raoult  found  experimentally,  that 
this  diminution  is  independent  of  temperature.  It  also  con- 
tains Raoult's  second  conclusion,  that  the  molecular  diminution 
is  pro]jortional  to  the  molecular  weight  of  the  solvent,  amount- 
ing to  about  one  hundredth  of  the  latter.  This  is  seen  from 
the  followinor  table  : — 
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MoltH'ular 
dimiiiution 

Q  1       .                           Molecular  i)f  vapour- 

wcijrlit.  pressure. 

(M'.).  (K). 

Water 18  t)-185 

rhosi)li()rous  chloride .     .     137"5  1-49 

Carbon  disulpliide  ...       76  0-80 

Carbon  tetrachloride    .     .     154  1-62 

Chloroform 119-5  1-30 

Aniylene 70  0-74 

Benzene 78  0-83 

Methyl  iodide     ....     142  1-49 

Methyl  bromide       .     .     .     109  1-18 

Ether 74  0'71 

Acetone 58  0*59 

Methyl  alcohol  ....       32  0-33 

VIII.  T/rird  Confirmation  q/"  Avooadro's  Laxo  in  its  Applica- 
tion to  Solutions. — Molecular  Depression  of  Freezing-point 
of  Solvent. 

Here,  again,  a  general  law  may  be  stated,  connecting 
osmotic  pressure  with  the  freezing-point  of  a  solution: — 
Solutions  in  the  same  solvent,  and  of  the  same  freezing-point, 
are  isotonic  at  that  temperature.  This  statement  admits,  like 
the  former,  of  proof  by  means  of  a  reversible  cycle  ;  but  the 
solvent  when  returned  is  here  in  the  condition  of  ice,  not  of 
vapour  ;  the  inverse  change  is  also  brought  about  by  means 
of  a  senn'permeable  diaphragm,  and,  as  it  cannot  be  accom- 
panied by  gain  or  loss  of  energy,  isotonism  must  exist. 

We  shall  apply  the  above  statement  to  dilute  solutions;  and 
applying  the  relations  previously  described,  the  simple  con- 
clusion follows  that  solutions  containing  an  equal  number  of 
molecules  in  equal  volume,  and  which  therefore,  from  Avo- 
gadro^s  law,  are  isotonic,  also  have  the  same  freezing-point. 
This  law  has  been  actually  discovered  by  Raoult,  and  is  ex- 
pressed by  him  as  "  normal  molecular  depression  of  freezing- 
point."  It  holds  for  the  great  majority  of  dissolved  substances 
examined,  and  consists  in  the  statement  that  the  depression  of 
freezing-point  of  a  one-per-cent.  solution,  multiplied  by  the 
molecular  weight  of  the  dissolved  substance,  gives  a  constant 
product  ;  it  is  stated  of  solutions  containing  equal  numbers  of 
molecules  in  unit  volume,  assuming  a  close  proportionality 
between  concentration  and  lowering  of  the  freezing-point. 
For  an  aqueous  solution  of  nearly  all  organic  bodies  the 
constant  product  is  about  18'5. 
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We  can  follow  this  relation  still  further,  and,  assuming 
Avogadro's  law  for  solutions,  deduce  the  ahove  normal  mole- 
cular depression  of  the  freezing-point  from  other  data.  It 
bears  a  close  relation  to  the  heat  of  fusion  of  the  solvent,  as  is 
shown  by  applying  the  second  law  of  thermodynamics  to  a 
reversible  cycle.  Imagine  a  very  dilute  solution  containing 
V  per  cent,  of  a  dissolved  substance,  which  has  ])roduced  a 
depression  of  freezing-point,  A  ;  the  solution  itself  freezes  at 
T,  and  its  heat  of  fusion  is  W  per  kilogram. 

1.  By  use  of  piston  and  cylinder  with  semipermeable 
walls,  the  solution  is  deprived  at  temperature  T  of  that  amount 
of  the  solvent  in  which  a  kilogram-molecule  of  the  dissolved 
substance  existed  ;  the  amount  of  the  solution  is  moreover  so 
great  that  no  appreciable  change  of  concentration  occur^ 
hence  the  work  expended  on  it  is  2T. 

2.  This  quantity  of  solvent,  — p — ,  is  then  allowed  to  freeze 

at  T  by  withdrawing  p —  calories;  the  solution  and  the 

solvent,  now  solid,  are  cooled  through  A  degrees,  and  the 

solvent  is  now  allowed  to  melt  in  contact  with  the  solution, 

thereby  absorbing  the  above  quantity  of  heat.     Finally,  the 

temperature  is  raised  A  degrees. 

T^     .        T               -i,                   lOOMW      ,     .        .      ^ 
Dunng  this  reversible  process  p calories  rise  trom 

A  to  T,  corresponding  to  an  expenditure  of  energy  equal  to 

lOOMWA     ,    ,,  .  .       ,  MA.    ^,  ,       . 
^p-p .    In  this  expression,  however,  — p-  is  the  molecular 

depression  of  the  freezing-point,  which  we  may  represent  by 

XV.    ,  ..  .1  11  •     .T        r        100  W«  ,   ., 

the  letter  t  ;  the  work  done  is  tncrelore  — ™ — ,  and  it  was 

shown  above  to  be  equal  to  2T.     Heuce  the  equation 

100  W/  T^ 

:^^^  =2T  ;  whence  ^  =  0-02  ^• 

i  W 

This  theoretical  deduction  receives  ample  confirmation  from 
experimental  data.  The  following  table  exhibits  the  molecular 
depression  of  freezing-point  experimentally  determined  by 
Raoult  {Annales  de  CIdmie  et  de  Physique,  [5  J  xxviii.;  [6]  xi.), 
along  with  the  values  calculated  by  means  of  the  above 
formula  : — 
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Freezing- 

TIcat  of 

002  T^ 

Raoult's 

Solvent. 

point 

fusion 

t=         ^y      • 

molecular 

(T). 

(W). 

depression, 

Water  .     .     . 

273 

79 

18-9 

18-5 

Acetic  acid     . 

,  273  +  in-7 

43-2*t 

38-8 

38-6 

Formic  acid    . 

273+   8-5 

55-G*t 

28-4 

27-7 

Benzene     .     . 

273+   4-9 

29-lt 

53 

50 

Nitrobenzene . 

,  273+   5-3 

22-3t 

(J9-5 

70-7 

It  may  bo  added  that,  from  tlio  molecular  depression  of 
ethylene  bromide  (117'9),  the  hitherto  unknown  heat  of  fusion 
is  found  equal  to  13  ;  and  Mr.  Pettersson,  at  my  request, 
having  experimentally  determined  this  constant,  obtained  the 
number  12'94. 

'  IX.  Application  q/*  Avon;adro's  Law  to  Solutions. —  The  Law 
of  Guldberg  and  Waage. 

Having  discussed  the  physical  aspect  of  this  problem  in 
order  to  furnish  as  many  proofs  as  possible  of  the  correctness 
of  its  treatment,  it  now  remains  to  apply  it  to  chemical  facts. 

The  most  evident  application  of  Avogadro's  law  in  reference 
to  solutions  is  to  the  determination  of  the  molecular  weights 
of  dissolved  substances.  This  has  already  been  attempted  ; 
but  here  it  is  not  the  pressure  which  requires  measurement, 
as  with  gases,  when  the  molecular  weight  is  deducible  from 
volume,  pressure,  and  temperature  ;  with  solutions  the  osmotic 
pressure  must  be  measured,  and  as  yet  the  practical  method  is 
wanting.  Yet  this  difficulty  maj'  be  avoided  by  substituting 
for  a  determination  of  pressure  that  of  the  related  values  ;  as, 
for  example,  the  diminution  of  vapour-pressure,  or  the  depres- 
sion of  the  freezing-point.  This  proposal  is  Raoult's.  He 
divides  the  reduction  of  vapour-pressure  of  water  containing 
one  per  cent,  of  dissolved  substance  into  0"185  parts,  or  the 
observed  depression  of  freezing-point  into  18'5  parts  ;  and 
this  method  is  comparable  in  respect  of  accuracy  with  deter- 
minations of  the  density  of  gases,  and  is  in  itself  a  strong 
presumption  of  the  accuracy  of  Avogadro's  law  in  its  appli- 
cation to  gases. 

It  is  still  more  remarkable  that  the  law  of  Guldberg  and 
Waage,  so  generally  accepted  for  solutions,  can  be  evolved 
i'rom  the  above  laws  regulating  the  behaviour  of  dilute  solu- 
tions. Again,  a  reversible  cycle  at  constant  temperature 
must  be  imagined,  which  can  be  conceived  for  solutions 
e(|ually  well  with  gases,  by  means  of  semipermeable 
diai)hragms. 

^  Bertlielot,  Essai  de  Mecaiiique  Chimique. 

t  Pettersson,  Journ.f.prakt.  Chem.\2']  xxvi.  p.  129. 
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Let  there  be  two  systems  of  gaseous  or  dissolved  substances 
in  equilibrium,  which  may  be  expressed  by  the  following 
symbols  : — 

a/  M;  +  a/'  M/'  +  &c.  ;;r  aj  M;  +  a,;'  M,"  +  &c., 

where  a  denotes  the  number  of  molecules,  and  M  the  formula. 
This  equilibrium  exists  in  two  different  vessels,  A  and  B,  at 
the  same  temperature  but  at  different  concentrations,  shown 
by  the  partial  pressure,  or  by  the  osmotic  pressure  which  each 
of  the  bodies  exerts.  Let  these  pressures  be  in  vessel  A, 
P;P;'...P,;F,;'&c.;  and  in  B  greater  than  these  by  d?' 
dv;\ . .  dv,:  dF,;'. . .  &c. 

The  reversible  cycle  consists  in  introducing  into  A  that 
amount  in  kilograms  expressed  by  the  first  symbol  of  the  first 
system,  while  the  second  is  removed  in  equivalent  amount : 
both  systems  have  here  the  concentrations  which  exist  in  A 
(fig.  5).     This  change  is  accom-  p.^  ^ 

plished  by  causing  the  entry  or 
exit  of  each  of  the  substances  in 
question  by  means  of  its  own 
cylinder  and  piston,  which  is  se- 
parated from  A  by  a  diaphragm 
permeable  to  that  body  alone. 
If  they  are  in  solution,  then  the 
cylinders  possess  a  semiperme- 
able wall,  and  are  surrounded 
by  the  solvent. 

When  this  has  been  done,  each 

constituent  of  the  two  systems  has 

undergone  such  a  change  of  concentration  that  it  is  now  equal 

to  that  in  B  ;  and,  as  before,  the  work  done  per  kilogram - 

molecule  equals  2AT,  where  A  represents  a  minute  fraction 

dF 
of  the  pressure,  and  is  here   -^5-  ;  for  the  amounts  here  in 

.    .  f/P 

question  it  is  2aT-p-. 

By  making  use  of  the  vessel  B,  the  second  system,  Avhich 
has  just  been  evolved,  is  now  converted  iuto  the  first,  but  of 
concentration  as  in  B,  proceeding  as  just  described  ;  and  by 
suitable  alteration  of  volume  it  is  finally  changed  into  its 
original  state,  as  it  at  first  existed  in  A. 

As  no  change  of  temperature  has  occurred,  the  algebraic 
sum  of  all  these  0[)erations  is  zero,  as  is  seen  from  the  num- 
bers; it  is  thought  unnecessary  to  inter|>r(^t  them,  as  they 
refer  to  the  of)enitions  in  the  order  in  which  they  were  carried 
out:—  (l)  +  (2)  +  (3)  +  (4)  +  (r,)  +  (0)  =  0. 

Fhil.  Marj.  S.  5.  Vol.  2(;.  No.  159.  Amj.  1888.  H 
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Now  (1)  and  (5)  refer  to  operations  opposite  in  sign  on  the 
same  suljstances,  with  the  same  mass,  at  the  same  tenipcrature; 
hence  (l)  +  (5)  =  0.  And  for  shnilar  reasons,  (2)  +  (4)  =  0; 
whence  (3)  +  (6)=0. 

This  conchision  leads  directly  to  Guldberg's  and  Waage's 
law. 

The  work  expressed  by  (3)  is  from  that  law  S2a,,T  -~,  and 

dV  .  " 

(6)  is  S2fl,T  -jj-'  ;  hence  it  follows  that 

x{2a..Tp -2a.Tf)=0,  ov  S(„„  f^-o.f )  =0. 

By  integrating, 

2(rt^,  log  V,—a^  log  PJ  =  constant ; 

and  hero  P  is  proportional  to  the  concentration,  or  to  the 
active  mass  C  ;  so  that  C  may  be  substituted  without  altering 
the  equation  : — 

%{a^^  log  Qi^—a^  log  C,)  =  constant. 

Tliis  is  the  logarithmic  form  of  Guldberg's  and  Waage's 
formula. 

X.  Deviation  from  Avogadro^s  Law  in  Solutions. —  Variations 
in  Guldberg  and  Waage's  Laio. 

We  have  attempted  to  shoM'  the  connexion  between  Guld- 
berg and  Waage's  law  and  the  laws  of  Boyle,  Henry,  Gay- 
Lussac,  and  Avogadro,  as  applied  to  liquids  ;  as  apphed  to 
gases,  the  truth  of  Guldberg  and  Waage's  law  has  been  long 
proved  from  thermodynamical  considerations. 

It  remains  to  develop  further  the  laws  of  chemical  equili- 
brium, and,  first,  to  investigate  more  closely  the  limits  of 
applicability  of  the  three  fundamental  principles  from  which 
Guldberg  and  Waage's  law  has  been  deduced. 

So  long  as  "  ideal  solutions  "  are  under  consideration,  there 
exists  strict  analogy  between  gases  and  solutions  ;  and  just 
as  there  are  deviations  from  Avogadro's  law  in  the  case  of 
gases,  so  we  may  expect  to  find  them  with  solutions.  As, 
for  example,  the  pressure  of  the  vapour  of  ammonium  chloride 
was  found  to  be  too  great  to  be  accounted  for  by  Avogadro's 
law,  so  the  osmotic  pressure  is  in  many  cases  abnormal ;  and  as 
the  high  pressure  in  the  first  case  is  due  to  dissociation  into 
ammonia  and  hydrogen  chloride,  it  may  be  conceived  that 
similar  dissociation  occurs  in  solutions.  It  must,  indeed,  be 
acknowledged  that  deviations  are  much  more  frequent  with 
solutions  than  with  gases,  and  occur  often  with  bodies  the 
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dissociation  of  ^vhich,  under  ordinary  circumstancos,  does 
not  apjtear  probable  ;  in  aqueous  solution,  for  example,  the 
majority  of  salts  as  well  as  the  stronger  acids  and  bases  undergo 
dissociation  ;  and  hence  Raoult  did  not  discover  the  existence 
of  so-called  normal  molecular  depression  of  freezing-point 
and  lowering  of  vapour-pressure  until  he  investigated  organic 
compounds  ;  their  behaviour  is  almost  without  exception 
regular.  For  these  reasons  it  jnay  have  appeared  daring  to 
begin  by  giving  prominence  to  Avogadro's  law  in  its  applica- 
tion to  solutions  ;  and  I  should  have  shrunk  from  this  course 
had  not  Arrheuius  pointed  out  to  me  the  probability  that  salts, 
and  analogous  bodies,  decompose  on  solution  into  their  ions ; 
m  fact,  substances  which  obey  Avogadro's  law  are,  as  a  rule, 
non-conductors,  suggesting  that  in  such  cases  no  dissociation 
into  ions  occurs  ;  and  further  experimental  proof  exists  for 
other  liquids,  since  by  Arrhenius's  assumption  the  deviations 
from  Avogadro's  law  are  calculable  from  the  conductivity. 

However  this  may  stand,  an  attempt  is  made  in  the  follow- 
ing pages  to  take  account  of  such  deviations  from  Avogadro's 
law,  and,  by  help  of  the  application  of  Boyle's  and  Gray- 
Lussac's  laws  to  solutions,  to  develop  Guldberg's  and  Waage's 
formula  so  far  as  is  possible. 

The  change  in  the  expressions  given  above  caused  by  these 
deviations  is  easily  sketched. 

The  general  expression  for  Boyle's,  Gay-Lussac's,  and 
Avogadro's  laws,  shown  on  p.  90,  is 

APV=:2T; 

and  this  changes,  if  pressure  is  z'-times  that  of  this  equation, 
into 

APV=2^■T. 

Hence,  in  a  reversible  cycle,  the  work  will  be  e-times  that 
previously  done  ;  this  alteration  is  easily  applied  to  the  former 
statement  of  Guldberg's  and  Waage's  formula.  Recurring 
to  the  final  stage  of  the  cycle  described  on  p.  97, 

(3)  +  (6)  =  0, 

the  work  corresponding  to  (3)  and  (6),  which  were  formerly 

X2a^^T  -~,  and  —  S2a^T  -p-^,  is  now  increased  z-times  ;  hence 
the  equations  become 

^  {^Jn  p^'  -  «/^  V) "^ ^ ' 

and  on  integration, 

S(«//„  log  P„— a^i,  log  P,)  =  constant. 
H2 
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And  introducing  the  concentration,  or  the  active  mass  i\  in- 
stead of  tlio  pressure  proportional  to  it, 

^(•^V/,  ^og  C,,  — a/',  log  C,)  =  constant. 
This  is  Giildberg's  and  Waagc's  law  in  a  logarithmic  form, 
differing  from  the  former  statement  only  by  the  introduc- 
tion of  the  value  i. 

It  remains  to  be  shown  that  in  this  new  form  it  agrees 
better  with  experimental  results  ;  and  as  a  knowledge  of  the 
correct  value  of  ^  is  necessary,  we  must  deal  with  aqueous  solu- 
tions, for  sufficient  experimental  data  are  to  be  had  only  with 
such. 

XI.  Determination  of\  for  Aqueous  Solutions. 

As  Avogadro's  law  has  been  i)roved  for  solutions  by  four 
separate  lines  of  argument,  there  are  four  ways  in  which  the 
deviations,  i.  e.  the  values  of  i,  may  be  determined.  But  that 
one  which  depends  on  the  lowering  of  the  melting-point  has 
been  so  thoroughly  proved  experimentally  that  we  shall  con- 
fine ourselves  to  its  use. 

Reverting  to  the  cycle  which,  on  p.  95,  was  employed  to 
prove  the  applicability  of  Avogadro's  law  to  solutions,  the  re- 
lation was  found  : — 

100W<^2T 

where  the  second  term  refers  to  the  work  done  in  removing  or 
adding  that  amount  of  the  solvent  in  which  a  kilogram- 
molecule  of  the  substance  was  dissolved  ;  that  term  must 
therefore  be  multiplied  by  i  : — 

100  W^ 


T 


=  2/T. 


In  this  manner  a  simple  means  of  determining  the  value  of  i 
is  apparent.  The  value  of  i  is  from  the  above  equation  pro- 
portional to  t,  i.  e.  to  the  molecular  depression  of  temperature, 
for  the  other  data  (T  =  absolute  melting-point,  W  =  heat  of 
fusion  of  solvent)  are  constant.  Now  18"5  is  the  molecular 
depression  for  cane-sugar,  which  from  p.  91  is  seen  to  follow 
Avogadro's  law  accurately  ;  hence  i  =  l  ;  and  for  other  bodies 
i  is  their  respective  depressions  divided  by  18*5.  Almost 
identical  results  are  arrived  at  by  using  in  the  above  equation, 
instead  of  Tand  W,  the  values  for  ice,  viz.  273  and  79  ;  they 
will  therefore  l)e  employed  in  the  following  calculations. 

XII.  Proof  of  llie  Modified  Laic  of  Guldberg  and  Waage. 
In   employing  the   relation   proposed   for  the    j)urpose   of 
comparison  with  the  results  of  Guldberg  and  Waage's  formula, 
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it  is  necessary  to  mention  the  different  forms  whieli  it  Las 
assumed  daring  the  years  since  its  discovery.  We  shall 
first  give  this  relation  a  simple  expression  in  which  Guldberg 
and  Waage's  conceptions  may  be  included,  viz.  : — 

SanogC  =  K (1) 

This  differs  from  the  one  given  on  p.  100  merely  in  that  the 
terms  representing  the  components  of  both  systems  have  had 
their  signs  changed.  The  original  expression  of  the  Nor- 
wegian investigators  is  closely  analogous  {Christiania  Viden- 
skabs  Selshabs  ForhandUngar,  1864)  : — 

n-logC  =  K (2) 

except  that  k  has  to  be  determined  for  each  constituent  in 
question  by  observation  of  the  equilibrium  of  the  system. 

As  Guldberg  and  Waage  [Etudes  sur  les  affiaitc's  chimiqnes, 
18(37)  repeatedly  found  the  coefficient  k  equal  to  1,  they 
simplified  their  equation  thus  : — • 

S.logC  =  K (3) 

In  their  last  treatise,  however  (Jour.fiir  prakt.  Chem.  xix.  p.  69), 
they  introduce  the  change  that  the  number  of  molecules  a 
nmst  also  bo  taken  account  of,  and  consequently  they  approxi- 
mate their  formula  to  that  deduced  for  gases  on  thermodyna- 
mical  grounds,  thus  : — 

SalogC  =  K; (4) 

We  have  taken  this  last  expression  as  their  final  formula. 

The  Norwegian  investigators  maintained  this  simple 
formula,  with  whole  numbers  as  coefficients,  even  for  solu- 
tions ;  but  Lemoine  has  lately  revived  the  original  formula 
(2)  in  order  to  represent  the  results  of  Schlosing^s  investiga- 
tions on  the  solubility  of  calcium  carbonate  in  water  con- 
taining carbon  dioxide,  with  constants  hereafter  to  be  deter- 
mined, which  are,  however,  not  whole  numbers  ;  for  if  whole 
numbers  be  employed,  it  is  impossible  to  reconcile  fact  with 
theory'. 

In  view  of  this  uncertainty,  the  formula  which  we  have 
suiTfiested  has  this  advantage,  that  the  coefficients  which 
occur  in  it  are  a  priori  determined,  and  its  truth  can  at  once 
be  decided  by  experiment.  It  will  in  fact  appear  that  in  the 
instances  studied  by  Guldberg  and  Waage  the  simple  form 
which  they  recommend  is  completely  confirmed  ;  and  that 
such  simplification  is  in  most  cases  admissible  confirms,  more- 
over, the  validity  of  Avogadro's  law  in  its  application  to  solu- 
tions. On  the  other  liand,  the  results  of  Schlosing's  in- 
vestigation, prominently  alluded  to  l)y  Lemoine,  cannot  be 
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simply  oxprossod,  and  require  the  same  fractional  coefficients 
which  Schlosino-  himself  arrived  at. 

Before  proceeding  to  this  investigation,  it  is  necessary  to 
include  cases  where  partially  insoluble  bodies  are  present : 
this  is  easily  done  ;  they  may  be  included  in  the  formulai 
given  above,  remembering  that  such  bodies  exist  in  solution 
up  to  its  saturation-point,  and  are  therefore  present  with 
constant  concentration.  All  concentrations  depending  on  this 
may,  therefore,  be  removed  from  the  first  term  of  the  above 
equation  to  the  second,  without  affecting  the  constancy  of  the 
latter.  Everything  remains  the  same,  except  that  in  the  first 
term  only  the  dissolved  bodies  need  be  considered. 

1.  We  shall  first  examine  Guldberg  and  VVaage's  observa- 
tions. The  first  case  they  studied  was  that  expressed  by  the 
equation 

BaCOa  +  KaSO.^BaSO^  +  KsCOa ; 
and  they  found,  according  to  their  simplified  formula,  that 

log  Ck,so,—  log  Ck,C03=K- 
The  relation  given  by  our  equation   is  almost  identical,  for, 
for  K2SO4,  a=  1  and  /  =  2-11,  and  for  K2CO3,  a  =  1  and  t  =  2-2G; 
hence 

log  Ck,so,  — 1"07  log  Ck,c03  =  K. 

A  similar  agreement  exists  with  sodium  carbonate,  for  then 
the  values  of  i  for  NasSO^  and  NasCOg  are  I'Dl  and  2-18 
respectively  ;  hence 

log  CNa,sO,  — 1"14  log  Na^C03  =  K. 

2.  This  result,  expressed  in  what  is  almost  a  whole  number, 
cannot  be  expected  in  the  above-mentioned  experiment  of 
Sclilosing  {Comptes  rendus,  Ixxiv.  1552  ;  Ixxv.  70).  There 
the  subject  of  experiment  was  the  solubility  of  calcium  car- 
bonate in  water  containing  carbonic  acid,  and  the  state  of 
equilibrium  is  expressible  by  the  following  statement : — 

CaC03  +  H2C03:^Ca(HC03)2. 
We  should   expect  that,  as  /=1  for  carbon  dioxide,  that  i 
should  =  2  56  for  calcium  hydrogen  carbonate: — 

0-39  log  ChjCOs  — log  Cca(HC03),=  K  ; 

and  Schlosing  found  :  — 

0-37866  log  Ch,co3— log  Cxa(HC03),=K- 
Similar  experiments  with  barium  are  equally  satisfactory  ; 
the  value  of  i  for  barium  hydrogen  carbonate  is  2"66,  and  the 
following  results  are  calculated  : — 

0-376  log  Ch.CO,  — log  Cj,a(HC03\=K. 
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The  experimental  result  is 

0-38045  log  CH,C03-l0g  CBa(HC03),,  =  K- 

3.  Turning  to  Thomsen's  investigation  on  the  action  of 
snlpburic  acid  on  sodium  nitrate  in  solution  (Thomsen's 
Thennochemische  Untersuchxingen,  i.),  we  find  a  similar  agree- 
ment. 

The  reaction  may  be  formulated  thus  : — 

Na.SO,  +  HNOsZ^lNaH  SO4  +  NaNOg ; 
and  Guldberg  and  Waage's  relation  requires 

log  CNa,S0,  +  l0g  ChNO,  — log  CNaHSO,  — log  CwaNOj^K. 

Now 

«NaoSO,=  l'i)l  ;    ?HN03=l'i^''i  ;    ^NaHS0^=  1*^8  J  and  2NaN03=  1*8^;- 

and  the  equation  becomes 

1-05  log  CNa,SO,  +  l'06  log  CHNO3  — 1'03  ^Og  CNaHSO, 

—  log  CNaN03=K,. 

which  is  almost  identical. 

If  we  express  the  relation  thus : — 

NagSO^  +  2HN03^H2S04  +  2NaN03, 
Guldberg  and  Waage's  formula  becomes 

log  CNa,so,  +  2  log  ChnOj— log  Ch,so4— 2  log  <  Wno3  =  K;: 
and  we  obtain  ; 

log  CNa^O4  +  2-03  log  Chno3— 1"07  log  Ch,S0, 

-l-91l0gCNaN03  =  K;: 

Again  an  almost  absolute  agreement. 

4.  Ostwald's  investigation  {J.  prakt.  Chein.  [2]  xix.  p.  480)' 
on  the  action  of  hydrochloric  acid  on  zinc  sulphide,  according; 
to  the  formula 

ZnS  +  2HCl^H2S  +  ZnCl2, 

leads,  when  the  following  values  are  ascribed  : 

«Hci  =  l'98;  zh,s=1"04  ;  /znCL,=  2-53 

to  the  equation  : — 

3-96  log  Chci-1'04  log  Ch,9-2-53  log  Cznci,=K. 

It  is  evident  that  the  concentrations  of  the  sulphuretted; 
hydrogen  and  the  zinc  chloride  are  (>qnal,  for  only  hydro- 
chloric acid  and  zinc  sulphide  are  initially  present.  The 
result  is  expressible  by  taking  the  volume  V,  in  which  a 
known   amount   of  hydrochloric   acid   was  dissolved,    as  the- 
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initial  concentration ;  and  the  fraction  x  to  denote  that 
portion  wliicli  after  contact  with  zinc  suljiliide  has  finally  re- 
acted, forming  zinc  chloride,     llencc  we  have 

3-9(i  log--^  —3-57  log:^  =coust. ; 
and  also 

V"-"  =  const. 


This  function  is  really  nearly  constant : 

Volume  (V).      Portion  reacted  (x). Vo" 

1  0-0411  0-043 

2  0-038  0-0428 
4  0-0345  0-0418 
8  0-0317  0-0413 

Similar  experiments  with  sulphuric  acid,  where  i  for  H2SO4 
and  ZnSOi  is  respectively  2-06  and  0-98,  gave 

Yoo2_  const.; 


and  here  also  a;  is  nearly  a  constant,  as  is  seen  from  the 
following  experimental  numbers  : — 

Voliune  V.  Portion  reacted  {x). 

2  0-0238 

4  0-0237 

8  0-024 

16  0-0241 

5.  The  experiments  of  Engel  on  the  solubility  of  magnesium 
carbonate  in  water  containing  carbonic  acid  (  Cowptes  rendus, 
c.  pp.  352,  444)  also  deserve  notice.  The  state  of  equili- 
brium is 

MgCOs  +  H^COs^Mg  (HC03)2 ; 

and  our  formula  leads  to  the  following  relation,  where  z  =  2-64 
for  acid  magnesium  carbonate  : — 

0-379  log  Ch,C03  — log  CMg(HC03)2=K. 

The  number  found  was 

0-370  log  CH,c03-l0g  CMg(HC03),=  K. 

6.  Other  experiments  by  the  same  author  on  the  simul- 
taneous solubility  of  copper  and  ammonium  sulphates  (Comj^f^A- 
rendus,  cii.  p.  113),  arc  .shown  by  the  revcj-sible  equation 

CUSO4  +  (NH4)2S0,^Cu(NH4)o(S04)o. 
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As  the  double  salt  was  always  partly  undissolved,  and  as  the 
values  of  i  for  CuSOi  and  for  (NH4),S04  are  0-98  and  2-0, 
we  have  the  relation 

0-49  log  C^uSO,— log  C(NH,),SO,  =  K. 

The  number  found  is  0*438  log  Ccuso,- 

7.  In  conclusion,  we  may  notice  Le  ( ,'hatelier's  experiments 
on  the  equilibrium  between  basic  mercuric  sulphate  and  sul- 
phuric acid  (Comj)tes  rendus,  xcvii.  p.  1565); 

HgaSOg  +  2HoS04^3HgS04  +  2H2O. 

In  this  case  the  values  of  i  for  H2SO4  and  HgSOi  ^re  2*06 
and  0*98,  and  we  have 

1-4  log  Ch,so,— log  CHgso.  =  K. 

The  found  value  is  1'58  log  Cnaso^- 

Generally  speaking,  therefore,  such  results  show  a  very 
satisfactory  agreement. 


XIII.  On  an  Explanation  of  the  Action  of  a  Magnet  on 
Chemical  Action.  By  Henry  A.  Rowland  ami  Louis 
Bell*. 

IN  the  year  1881  Prof.  Remsen  discovered  that  magnetism 
had  a  very  remarkable  action  on  the  deposition  of  copper 
from  one  of  its  solutions  on  an  iron  plate,  and  he  published  an 
account  in  the  American  Chemical  Journal  for  the  year  1881. 
There  were  two  distinct  phenomena  then  described — the  deposit 
of  the  copper  in  lines  approximating  to  the  equipotential  lines 
of  the  magnet,  and  the  protection  of  the  iron  from  chemical 
action  in  lines  around  the  edge  of  the  poles.  It  seemed  pro- 
bable that  the  first  eliect  was  due  to  currents  in  the  hquid  pro- 
duced by  the  action  of  the  magnet  on  the  electric  currents  set 
up  in  the  liquid  by  the  deposited  copper  in  contact  with  the 
iron  plate.  The  theory  of  the  second  kind  of  action  was 
given  by  one  of  us,  the  action  being  ascribed  to  the  actual 
attraction  of  the  magnet  for  the  iron,  and  not  to  the  magnetic 
state  of  the  latter.  It  is  well-known  since  the  time  of  Faraday 
that  a  particle  of  magnetic  material  in  a  magnetic  field  tends 
to  pass  from  the  Aveaker  to  the  stronger  portions  of  the  field  ; 
and  this  is  expressed  mathematically  by  stating  that  the  force 
acting  on  the  particle  in  any  direction  is  proportional  to  the 

•  Communicated  by  the  Autliors,  Lavinir  buon  read  at  the  MaiicLestcr 
Muutiuj^  of  tlio  British  .Vaoociatiou,  Septumbur,  18^7. 
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rate  of  variation  of  the  square  of  the  magnetic  force  in  that 
direction.  This  rate  of  variation  is  greatest  near  the  edges 
and  points  of  a  magnetic  pole,  and  more  work  will  be  required 
to  tear  away  a  particle  of  iron  or  steel  from  such  an  edge  or 
point  than  from  a  hollow.  This  follows  whether  the  tearing 
away  is  done  mechanically  or  chemically.  Hence  the  points 
and  edges  of  a  magnetic  polo,  either  of  a  permanent  or  induced 
magnet,  are  protected  from  chemical  action. 

One  of  Prof.  Remsen's  experiments  illustrates  this  most 
beautifully.  He  places  pieces  of  iron  wire  in  a  strong  mag- 
netic field,  with  their  axes  along  the  lines  of  force.  On 
attacking  them  with  dilute  nitric  acid  they  are  eaten  away 
until  they  assume  an  hourglass  form,  and  are  furthermore 
pitted  on  the  ends  in  a  remarkable  manner.  On  Prof.  Remsen's 
signifying  that  he  had  abandoned  the  field  for  the  present,  we 
set  to  work  to  illustrate  the  matter  in  another  manner,  by  means 
of  the  electric  currents  produced  from  the  change  in  the  elec- 
trochemical nature  of  the  points  and  hollows  of  the  iron. 

The  first  experiments  were  conducted  as  follows: — Two  bits 
of  iron  or  steel  wire  about  1  millim.  in  diameter  and  10  millim. 
long  were  imbedded  side  by  side  in  insulating  material,  and 
each  was  attached  to  an  insulated  wire.  One  of  them  was 
filed  to  a  sharp  point,  which  was  exposed  by  cutting  away  a 
little  of  the  insulation,  while  the  other  was  laid  bare  on  a 
portion  of  the  side.  The  connecting  wires  were  laid  to  a  re- 
flecting-galvanometer,  and  the  whole  arrangement  was  placed 
in  a  small  beaker  held  closely  between  the  poles  of  a  large 
electromagnet,  the  iron  wires  being  in  the  direction  of  the 
lines  of  force.  When  there  was  acid  or  any  other  substance 
acting  upon  iron  in  the  beaker,  there  was  always  a  deflection 
of  the  galvanometer  due  to  the  slightly  different  action  on  the 
two  poles.  When  the  magnet  was  excited  the  phenomena 
were  various.  When  dilute  nitric  acid  was  placed  in  the  beaker 
and  the  magnet  excited,  there  was  always  a  strong  throw  of  the 
needle  at  the  moment  of  making  circuit,  in  the  same  direction 
as  if  the  sharp-pointed  pole  had  been  replaced  by  copper  and 
the  other  by  zinc.  This  throw  did  not  usually  result  in  a 
permanent  deflection,  but  the  needle  slowly  returned  towards 
its  starting  point,  and  nearly  always  passed  it  and  produced  a 
reversed  deflection.  This  latter  effect  was  disregarded  for 
the  time  being,  and  attention  was  directed  to  the  laws  that 
governed  the  apparent  "  protective  throw,^^  since  the  reversal 
was  so  long  delayed  as  to  be  quite  evidently  duo  to  after 
effects  and  not  to  the  immediate  action  of  the  magnet. 

With  nitric  acid  this  throw  was  always  present  in  greater  or 
less  degree,  and  sometimes  remained  for  some  minutes  as  a 
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tomporary  deflection,  the  time  varying  from  this  down  to  a 
few  seconds.  The  throw  was  independent  of  direction  of 
current  through  the  magnet,  and  apparently  varied  in  amount 
with  the  strength  of  acid  and  with  the  amount  of  deflection 
duo  to  the  original  difference  between  the  poles.  This  latter 
fact  simply  means  that  the  effect  produced  by  the  magnet  is 
more  noticeable  as  the  action  on  the  iron  becomes  freer. 

When  a  pair  of  little  plates  exposed  in  the  middle  were  sub- 
stituted for  the  wires,  or  when  the  exposed  point  of  the  latter 
was  filed  to  a  flat  surface,  the  protective  throw  disappeared, 
though  it  is  to  be  noted  that  the  deflection  often  gradually 
reversed  in  direction  when  the  current  was  sent  through  the 
magnet ;  i.  e.  only  the  latter  part  of  the  previous  phenomenon 
appeared  under  these  circumstances. 

When  the  poles,  instead  of  being  placed  in  the  field  along 
the  lines  of  force^  were  held  firmly  perpendicular  to  them,  the 
protective  throw  disappeared  completely,  though  as  before 
there  was  a  slight  reverse  after-effect. 

Some  of  Prof.  Remsen's  experiments  on  the  corrosion 
of  a  wire  in  strong  nitric  acid  were  repeated  with  the  same 
results  as  he  obtained,  viz.  the  wire  was  eaten  away  to  the 
general  dumbbell  form,  though  the  protected  ends  instead 
of  being  club-shaped  had  the  ends  perceptibly  hollowed. 
When  the  wire  thus  exposed  was  filed  to  a  sharp  point  the 
extreme  point  was  very  perfectly  protected,  while  there 
was  a  slight  tendency  to  hollow  the  sides  of  the  cone,  and  the 
remainder  of  the  wire  was  as  in  the  previous  experiments. 
In  both  ca  es  the  bars  were  steel  and  showed  near  the  ends 
curious  corrugations,  the  metal  being  left  here  and  there  in 
sharp  ridges  and  points.  In  one  case  the  cylinder  was  eaten 
away  on  sides  and  ends,  so  that  a  ridge  of  almost  knife-like 
sharpness  was  left  projecting  from  the  periphery  of  the  ends. 

These  were  the  principal  phenomena  observed  with  nitric 
acid.  Since  this  acid  is  the  only  one  wliich  attacks  iron  freely 
in  the  cold,  in  Prof.  Remsen's  investigations  this  was  the  one  to 
which  experiments  were  in  the  main  confined.  With  the 
])resent  method,  however,  it  was  possible  to  trace  the  effect  of 
the  magnet  whenever  there  was  the  slightest  action  on  the  iron, 
and  consequently  a  large  number  of  substances,  some  of  which 
hardly  produce  any  action^  could  be  used  with  not  a  little 
facility. 

In  thus  extending  the  experiments  some  difficulties  had  to 
be  encountered.  In  many  cases  the  action  on  the  iron  was  so 
irregular  that  it  was  only  after  numerous  experiments  under 
widely  varying  conditions  that  the  effect  of  the  magnet  could 
be   definitely   determined.     Frequently   the  direction  of  the 
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original  action  would  be  reversed  in  the  course  of  a  series  of 
experiments  without  any  apparent  cause,  but  in  such  case  the 
direction  of  the  effect  due  to  the  magnet  always  remained  un- 
changed, uniformly  showing  protection  of  the  point  so  long  as 
the  wires  remained  parallel  to  the  lines  of  force.  When,  how- 
ev(^r,  the  original  action  and  the  magnetic  effect  coincided  in 
direction,  the  repetition  of  the  latter  showed  a  decided  ten- 
dency to  increase  the  former. 

When  using  solutions  of  various  salts  more  or  less  freely 
precipitated  by  the  iron,  it  frequently  happened  that  the 
normal  protective  throw  was  nearly  or  quite  absent,  but 
showed  itself  when  the  magnetic  circuit  was  broken  as  a  violent 
throw  in  the  reverse  direction,  showing  that  the  combination 
had  been  acting  like  a  miniature  storage  battery  which 
promptly  discharged  itself  when  the  charging  was  discontinued 
by  breaking  the  current  through  the  magnet.  The  gradual 
reversal  of  the  current  some  little  time  after  exciting  the 
magnet  was  noted  frequently  in  those  cases,  as  before. 
Owing  to  this  peculiarity  and  their  generally  very  irregular 
action,  the  various  salts  were  disagreeable  substances  to  ex- 
periment with,  though  as  a  rule  they  gave  positive  results. 

Unless  the  poles  were  kept  clean  experimenting  became 
difficult  from  the  accumulation  of  decomposition  products 
about  them  and  oxidation  of  their  surfaces.  A  few  experi- 
ments showed  how  easily  the  original  deflection  could  be 
modified,  nearly  annulled,  or  even  reversed  in  direction  by 
slight  differences  in  the  condition  of  the  poles.  These  diffi- 
culties of  the  method  are,  however,  more  than  counterbalanced 
by  its  rapidity  and  delicacy  when  proper  precautions  are 
taken. 

Nearly  thirty  substances  were  tested  in  the  manner  previ- 
ously described,  but  comparatively  few  of  them  gave  very 
decided  effects  with  the  magnet,  though,  as  later  experiments 
have  shown,  the  protective  action  is  a  general  one.  The 
substances  first  tried  were  as  follows.  The  table  shows  the 
various  acids  and  salts  tried,  and  their  effects  as  shown  by  the 
original  apparatus. 

Several  things  are  worthy  of  note  in  this  list.  In  the  first 
place  those  solutions  of  metallic  salts  which  are  precipitated 
by  iron  all  show  distinct  signs  of  protective  action  when  the 
current  is  passed  through  the  magnet.  Of  the  various  acids 
this  is  not  generally  true,  only  those  showing  the  magnetic 
effect  which  act  on  iron  without  the  evolution  of  hydrogen, 
and  are  powerful  oxidizing  agents.  In  general  substances 
which  acted  without  the  evolution  of  hydrogen  gave  an  effect 
with  the  nuiiinet. 
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Substances. 

Effect    duo    to 
magnet. 

i 
Notes. 

Nitric  acid     

Strong. 
Little  or  none. 

None. 

Some  effect. 

None. 

Slight'cffect. 
Decided  effect. 

Some. 

Slight. 
Some. 

Decided. 
Some. 

Always  powerful  protective  throw. 
Does  not  act  very  readily  on  the  iron. 

Sometimes    quite    distinct     throw, 

irregular. 
Much  less  marked  than  with  chromic. 

Hardly  any  effect  on  iron. 
More  than  with  perchloric. 

Mainly     showing     ns     throw,     on 
breaking. 

i>                 »                 f> 

Throw,  on  breaking.                    , 
Very  slight  solution,  weak. 
Mainly  as  tlu'ow  on  breaking. 
Both    protective  throw,  and  some- 
times on  breaking. 
Action  very  irregular. 

Hydrochloric  acid    

Formio               , 

Oxalic                

Tartaric             „  

Chromic            ,,  

Perchloric          ,,  

Chloric               

Broniio               

I'hosphoric        ,,  

Permanganic     ,,  

Chlorine  water 

Bromine      „     

Iodine          ,,     

Copper  sulphate  

,,       nitrate  

,,       acetate  

„       chloride    

„       tartrate     

Mercuric  bromide 

,,         chloride 

Mercurous  nitrate     

Ferric  chloride 

Silver  nitrate     

Platinum  tetrachloride  . 

From  these  experiments  it  was  quite  evident  that  the 
protective  action,  whatever  its  cause,  was  more  general  than 
at  first  appeared,  and  steps  were  next  taken  to  extend  it  to 
the  other  magnetic  metals.  Small  bars  were  made  of  nickel 
and  cobalt,  and  tried  in  the  same  manner  as  before.  These 
metals  are  acted  on  but  very  slightly  by  most  acids,  and  the 
range  of  substances  which  could  be  used  was  therefore  very 
small,  but  all  the  substances  wdiich  gave  the  magnetic  effect 
with  iron  poles  gave  a  precisely  similar,  though  much  smaller 
effect,  whenever  they  were  capable  of  acting  at  all  on  the 
nickel  and  cobalt.  This  was  notably  the  case  with  nitric  acid, 
bromine  water,  chlorine  water,  and  platinum  tetrachloride, 
which  were  the  substances  acting  most  readily  on  the  metals 
in  question.  Even  with  these  powerful  agents,  however,  the 
magnetic  action  was  very  much  less  than  with  iron,  and 
experimentation  on  metals  even  more  weakly  magnetic  was 
evidently  hopeless. 

As  a  preliminary  step  towards  ascertaining  the  cause  of 
the  magnetic  action,  and  its  nona})[>earance  where  the  active 
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snl)stanco  evolved  liytlrogen,  it  now  became  necessary  to 
discover  and  if  possible  eliminate  the  cause  of  the  reversal  of 
the  current  which  ret^ularly  followed  the  protective  throw. 
Experiments  soon  showed  that  it  could  not  be  ascribed  to 
accunuilation  of  decomposition  products  around  the  electrodes, 
and  polarization,  while  it  could  readily  ncuitralize  the  original 
deflection,  could  not  reverse  its  direction.  Whatever  the 
cause,  it  was  one  which  did  not  act  with  any  great  regularity, 
and  it  was  soon  found  that  stirring  the  licjuid  while  the  magnet 
was  on  uniformly  produced  the  effect  observed.  Since  one 
pole  was  simply  exposed  over  a  small  portion  of  its  side  while 
the  other  had  a  shar[)  projecting  point,  it  was  the  latter  which 
was  most  freely  attacked  when  there  were  currents  in  the 
li(pud,  whether  these  were  stirred  up  artificially,  or  were 
produced  by  the  change  in  galvanic  action  due  to  the  presence 
of  the  magnet.  When  the  poles  were  placed  in  tine  sand 
saturated  with  acid  this  reversing  action  was  much  diminished, 
and  in  fact  anything  which  tended  to  hinder  free  circulation 
of  the  liquid  produced  the  same  effect.  Several  materials 
were  tried  and  of  these  the  most  successful  was  an  acidulated 
gelatine,  which  was  allowed  to  harden  around  the  poles.  In 
this  case  the  protective  throw  was  not  nearly  as  large  as  in 
the  free  acid,  since  the  electrodes  tended  to  become  polarized 
while  the  gelatine  was  hardening,  and  only  weakly  acid 
gelatine  would  harden  at  all  ;  but  the  reversing  action  com- 
pletely disappeared,  so  that  when  the  magnet  was  put  on,  a 
j)ermanent  deflection  was  produced  instead  of  a  transitory 
throw. 

This  point  being  cleared  up,  attention  was  next  turned  to 
the  negative  results  obtained  with  acids  which  attack  iron 
with  evolution  of  hydrogen.  The  galvanometer  was  made 
much  more  sensitive  and  removed  from  any  possible  disturbing 
action  due  to  the  magnet,  and  with  these  precautions  the 
original  experiments  were  repeated,  it  seeming  probable  that 
even  if  the  magnetic  effect  were  virtually  annulled  by  the 
hydrogen  evolved,  some  residual  effect  might  be  observed. 

This  residual  effect  was  soon  detected,  first  with  hydro- 
bromic  acid,  and  then  with  hydrochloric,  hydriodic,  sulphuric, 
and  others.  The  strongest  observed  effect  was  with  hydriodic 
acid,  but  as  this  may  possibly  have  contained  traces  of  free 
iodine,  it  may  be  regarded  as  somewhat  doubtful.  The  effect 
in  all  these  cases  was  very  small,  and  though  now  and  then 
suspected  in  the  previous  work,  could  not  have  been  definitely 
determined,  much  less  measured. 

Some  rough  measurements  were  made  on  the  electromotive 
forces  involved   in  this  class   of  phenomena  by  getting  the 
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throw  of  the  (galvanometer  for  various  small  known  values  of 
the  E.M.F.  The  values  found  varied  greatly,  rantijino;  from 
less  than  O'OOOl  volt  in  case  of  the  acids  evolving  hydrogen, 
u|)  to  0"02  or  0"03  volt  with  nitric  acid  and  certain  salts. 
These  were  the  changes  produced  hv  the  magnet,  while  the 
initial  electromotive  forces  normally  existing  between  the 
poles  would  he,  roughly  speaking,  from  0"001  to  nearly  0'005 
volts,  never  disappearing  and  rarely  reaching  the  latter  figure. 

From  these  experiments  it  therefore  appears  that  the  protec- 
tive action  of  the  magnetic  field  is  general,  extending  to  all 
substances  which  act  chemically  on  the  magnetic  metals. 
While  this  is  so,  the  strongest  effect  is  obtained  with  those 
substances  which  act  without  the  evolution  of  hydrogen.  But 
the  series  is  really  quite  continuous,  perchloric  acid  for 
instance  producing  but  little  more  effect  than  hydrobromic, 
while  this  in  turn  differs  less  from  perchloric  than  from  an 
acid  like  acetic.  It  seems  probable  that  the  action  of  the 
hydrogen  evolved  is  partially  to  shield  the  pole  at  which  it  is 
evolved,  and  lessen  the  difference  between  the  poles  produced 
by  the  magnet.  It  probably  acts  merely  mechanically,  for  it 
is  to  be  noted  that  those  acids  which  evolve  a  gas  other  than 
hydrogen  (percliloric  acid  for  instance),  which  is  not  absorbed 
by  the  water,  tend  to  produce  little  magnetic  effect  compared 
with  those  which  act  without  the  evolution  of  any  gas. 

As  to  the  actual  cause  of  the  protective  action  exercised  by 
the  magnetic  field,  all  these  experiments  go  to  show  that  it  is 
quite  independent  of  the  substance  acting,  with  the  exception 
above  noted,  and  is  probably  due  to  the  attractive  action  of 
the  magnet  on  the  magnetic  metals  forming  the  poles  subjected 
to  chemical  action,  as  we  have  before  explained. 

In  the  first  place,  whenever  iron  is  acted  upon  chemically 
in  a  magnetic  field,  those  portions  of  it  about  which  the  mag- 
netic force  varies  most  raj)idly  are  ver}^  noticeably  protected, 
and  this  protection,  as  nearly  as  can  be  judged,  varies  very 
nearly  with  the  above  quantity.  Wherever  there  is  a  point 
there  is  almost  complete  protection,  and  wherever  there  is  a 
flat  surface,  no  matter  in  how  strong  a  field,  it  is  attacked 
freely.  Whenever  in  the  course  of  the  action  there  is  a  point 
formed,  the  above  condition  is  satisfied  and  protection  at  once 
appears.  Thus,  in  the  steel  bars  experimented  on,  whenever 
the  acid  reached  a  spot  slightly  harder  than  the  surrounding 
portions,  it  produced  a  little  elevation  from  which  the  lines 
of  force  diverged,  and  still  further  shielding  it  produced  a 
ridge  or  point,  sharp  as  if  cut  with  a  minute  chisel.  Nickel 
and  cobalt  tend  to  act  like  iron,  though  they  are  attacked 
with  such  difficulty  that  the  ])henomena  are  much  less  strongly 
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marked.  With  the  non-magnetic  metals  they  are  completely 
absent.  Now,  turning  to  the  experiments  with  the  wires 
connected  with  a  galvanometer,  the  same  facts  appear  in  a 
slightly  different  form. 

When  the  poles  were  placed  perpendicular  to  the  lines  of 
force  instead  of  parallel  to  them,  the  magnet  produced  no  effect 
whatever  ;  showing,  firstly,  that  the  effect  previously  observed 
depended  not  merely  on  the  existence  of  magnetic  force,  but 
on  its  relation  to  the  poles,  and,  secondly,  that  when  the  poles 
were  so  placed  as  to  produce  little  deflection  of  the  lines  of 
force,  the  protective  effect  disappeared. 

When  the  pointed  pole  was  blunted  the  effect  practically 
disappeared,  the  poles  remaining  parallel  to  the  lines  of  force, 
and  when  plates  were  substituted  for  the  wires  no  effect  was 
produced  in  any  position,  showing  that  the  phenomena  were 
not  due  to  the  directions  of  magnetization,  but  to  the  nature 
of  the  field  at  the  exposed  points.  In  short,  whatever  the 
shape  or  arrangement  of  the  exposed  surfaces,  if  at  any  point 
or  points  the  rate  of  variation  of  the  square  of  the  magnetic 
force  is  greater  than  elsewhere,  such  points  will  be  protected, 
while  if  the  force  is  sensibly  constant  over  the  surfaces  ex- 
posed, there  will  be  no  protection  at  any  point.  With  all  the 
forms  of  experimentation  tried  this  law  held  without  exception. 
It  therefore  appears  that  the  particles  of  magnetic  material  on 
which  the  chemical  action  could  take  place  are  governed  by 
the  general  law  of  magnetic  attraction  and  are  held  in  place 
against  chemical  energy  precisely  as  they  would  be  held 
against  purely  mechanical  force.     To  sum  up: — 

When  the  magnetic  metals  are  exposed  to  chemical  action 
in  a  magnetic  field,  such  action  is  decreased  or  arrested  at  any 
points  where  the  rate  of  variation  of  the  square  of  the  mag- 
netic force  tends  towards  a  maximum. 

It  is  quite  clear  that  the  above  law  expresses  the  facts  thus 
far  obtained,  and  while  in  any  given  case  the  action  of  the 
magnet  is  often  complicated  by  subsidiary  effects  due  to  cur- 
rents or  bye-products,  the  mechanical  law^s  of  motion  of 
particles  in  a  magnetic  field  hold  here  as  elsewhere,  and  cause 
the  chemical  action  to  be  confined  to  those  points  where  the 
magnetic  force  is  comparatively  uniform. 

The  effect  of  currents  set  up  in  the  liquid  during  the  action 
of  the  magnet  cannot  be  disregarded,  especially  in  such  exj)e- 
riments  as  those  of  Nichols  ('  American  Journal  of  Science,' 
vol.  iii.  pp.  131,  272),  where  the  material  acted  on  was  powdered 
iron  and  the  disturbances  produced  by  the  magnet  would  be 
particularly  potent.  The  recent  ex[)('rinients  of  Oolardeau 
{Journal  de  Fhys^iqne,  March  1887),  while  perhaps  neglecting 
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the  question  of  direct  protection  of  the  poles,  have  furnished 
additional  proof  of  the  purely  mechanical  action  of  the  ma(j;net 
by  reproducing-  some  of  the  characteristic  phenomena  where 
chemical  action  was  eliminated  and  the  only  forces  acting 
were  the  ordinary  magnetic  attractions. 

An  attempt  was  made  to  reverse  the  magnetic  action,  i.  e. 
to  deposit  iron  in  a  magnetic  field  and  increase  its  deposition 
where  there  was  a  sharp  pole  immediately  behind  the  plate  on 
which  the  iron  was  being  deposited.  This  attempt  failed. 
The  action  was  very  irregular  and  the  results  not  decisive. 
The  question  of  stirring-eflFect  was  also  examined.  Usually 
stirring  the  liquid  about  one  pole  increased  the  action  on  that 
pole,  but  sometimes  produced  little  effect  or  even  decreased  it. 
This,  however,  is  in  entire  agreement  with  the  irregular  action 
sometimes  observed  in  the  case  of  the  after-effect  in  the  original 
experiments. 

An  excellent  method  of  experiment  is  to  imbed  an  iron 
point  in  wax  leaving  the  minute  point  exposed  :  imbed  a  flat 
plate  also  in  wax  and  expose  a  point  in  its  centre.  Place  the 
point  opposite  to  the  plate,  but  not  too  near,  and  place  in  the 
liquid  between  the  poles  of  a  magnet  and  attach  to  the  galva- 
nometer as  before. 

There  is  a  wide  field  for  experiment  in  the  direction  indicated 
above,  for  it  is  certainly  very  curious  that  the  effect  varies  so 
much.  If  hydrocren  were  as  manfnetic  as  iron,  of  course  acids 
which  liberated  it  would  have  no  action.  But  it  is  useless  to 
theorize  blindly  without  farther  experiment,  and  we  are  drawn 
off  by  other  fields  of  research. 

In  the  '  American  Journal  of  Science '  for  1886,  p.  372, 
Professor  E.  L.  Nichols  has  investigated  the  action  of  acids  on 
iron  in  a  magnetic  field.  He  remarks  that  the  solution  of  iron 
in  a  magnetic  field  is  the  same  as  removing  it  to  an  infinite 
distance,  and  hence  the  amount  of  heat  generated  by  the 
reaction  should  differ  when  this  takes  place  within  or  without 
the  magnetic  field.  Had  he  calculated  this  amount  of  heat 
due  to  the  work  of  withdrawing  it  from  the  field,  he  would 
probably  have  found  his  method  of  experiment  entirely  too 
rough  to  show  the  difference,  for  it  must  be  very  small.  Ho 
has  not  given  the  data,  however,  for  us  to  make  the  calculation. 
The  results  of  the  experiments  were  very  inconclusive  as  to 
whether  there  was  greater  or  less  heat  generated  in  the  field  than 
without. 

In  the  same  Journal,  for  December  1887,  he  describes  ex- 
periments on  the  action  of  the  magnet  on  the  passive  state  of 
iron  in  the  magnetic  field.  In  a  note  to  this  paper,  and  in 
another  paper  in  the  '  American  Journal  of  Science  '  for  April 
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1888,  ho  describes  an  experiment  similar  to  the  one  in  this 
paper,  but  without  our  theory  with  regard  to  the  action  of 
points.  Indeed,  ho  states  that  the  ends  of  his  bars  act.'d  like 
zinc,  while  the  middle  was  like  platinum,  a  conchision  directly 
the  opposite  of  ours.  The  reason  of  this  difference  has  l)een 
shown  in  this  paper  to  bo  probably  duo  to  the  currents  set  up 
in  the  liquid  by  the  reaction  of  the  matrnet  and  the  electric 
currents  in  the  liquid. 

In  conclusion,  we  may  remark  that  our  results  differ  from 
those  of  Professor  Nichols  in  this  :  firstly,  we  have  given  the 
exact  mathematical  theory  of  the  action  and  have  confirmed  it 
by  our  experiments,  having  studied  and  avoided  many  sources 
of  error,  while  Professor  Nichols  gives  no  theory,  and  does  not 
notice  the  action  of  points  ;  secondly,  our  exi)eriments  give  a 
protective  action  to  the  points  and  ends  Qf  bars,  while  Professor 
Nichols  thinks  the  reverse  holds,  and  that  these  are  more  easily 
dissolved  than  unmagnetizod  iron. 


XIV.    On  some  V.ffects  of  Lightning. 
By  Charles  Tomlinson,  F.R.S.'^' 

TN  the  course  of  last  May  and  June  several  letters  ap- 
peared in  the  '  Times '  newspaper,  describing  some 
remarkable  effects  of  lightning.  These  letters  were  inserted 
under  such  headings  as  "Eccentricities,"  or  "Vagaries  of 
Lightning  ;"  bnt  it  is  not  difficult  for  an  electrician  to  assign 
the  effects  described  to  admitted  principles,  or  at  least  to  well- 
known  electrical  behaviour. 

I  have  been  interested  in  the  suly'ect  from  the  time,  nearly 
half  a  century  ago,  when  I  acted  as  Snow  Harris's  scientific 
representative  (as  Faraday  named  me),  while  that  distinguished 
electrician  was  getting  up  his  case  in  defence  of  his  system  of 
lightning-conductors  for  the  British  navy.  It  was  my  business 
to  search  the  scientific  journals,  English  and  foreign,  logs  of 
ships,  &c.,  for  cases  of  damage  by  lightning.  Hence  I  became 
tolerably  familiar  with  the  ""  vagaries  of  lightning,^'  and  I  find 
that  the  cases  recorded  of  late  years  are  not  distinguished  by 
any  particular  novelty.  But  the  lightning  stroke  is  so  powerful 
and  irresistible  in  its  effects,  that  the  ordinary  observer  cannot 
help  seeing  many  things  wliidi,  being  new  to  him,  he  thinks 
worthy  of  description  in  the  iu'\vspa])er.  Even  medical  men 
sometimes  describe  cases  as  novel  which  are  well  known  to 
the  electrician.  Some  years  ago  the  frequent  accidents  that 
occur  to  j)ersons  seeking  refuge  from  a  thunderstorm  under  a 
'  Communicated  bv  the  Author. 
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tree  woro  described  as  having  an  exact  portrait  of  the  tree 
impressed  (or  pbotograpbed,  accordintr  to  M.  Poey)  on  tbe 
body  of  tbe  victim,  whetber  man  or  beast.  In  1861  I  suc- 
ceeded in  transferring  to  a  plate  of  glass  an  impress  of  tbe 
discbarge  of  a  Leyden  jar  in  all  its  minute  details,  consisting 
of  a  main  trunk  (in  some  cases  bifurcated  and  even  trifurcated) , 
branches,  and  spray.  I  exhibited  these  results  before  the 
Physical  Section  of  the  British  Association  at  Manchester  in 
18(51,  and  tbe  Astronomer  Royal,  who  presided,  remarked 
that  any  one  of  my  figures  would  pass  for  a  tree  all  the  world 
over.  In  18()6  an  account  of  a  lightning  stroke  "  with  an 
exact  portrait  of  tbe  tree  on  tbe  body  of  the  victim  "  appeared 
in  the  '  Times.'  A  letter  of  mine  in  that  paper  on  the  lOtb 
of  September  explained  bow  the  ramified  marks  on  the  body 
of  the  victim  were  impressed  by  the  fiery  hand  of  the  light- 
ning without  any  reference  to  the  tree.  Since  that  time  many 
similar  cases  have  been  recorded  (in  one  case  tbe  tree-like 
marks  were  photographed)  and  tbe  correct  explanation  has 
been  given*. 

In  some  recent  cases  great  surprise  has  been  expressed  that, 
in  a  row  of  human  beings  or  animals  struck  by  lightning,  the 
first  and  the  last  were  tbe  victims,  while  tbe  intermediate  ones 
escaped.  Many  such  cases  are  recorded.  A  file  of  thirty- 
two  horses  in  a  stable  at  Rambouillet  was  struck  by  lightning  ; 
the  fii'st  was  killed  and  the  last  severely  wounded.  The  inter- 
mediate thirty  were  only  thrown  down.  Five  children  sitting 
on  the  same  form  at  school,  at  Knonau  in  Switzerland,  were 
struck  ;  the  first  and  the  last  were  killed,  but  the  other  three 
escaped  with  a  shock.  In  a  line  of  conducting  matter  of 
whatever  material,  tbe  damage,  if  any,  is  where  the  lightning 
enters  and  quits  the  conductor  ;  the  intermediate  bodies  only 
transmit  the  charge.  Thus,  a  rod  of  metal  acting  as  a  con- 
ductor may  be  fused  at  tbe  two  extremities.  With  more 
imperfect  conductors,  such  as  the  bodies  of  animals,  there  is  a 
greater  resistance  than  in  metal  ;  but  any  resistance  in  tbe 
passage  of  the  charge  from  one  set  of  more  or  less  perfect 
conductors  to  another  set  may  occasion  some  delay,  and  any 
delay,  even  of  a  small  fraction  of  a  second,  allows  tbe  beating 
and  expansive  force  of  the  lightning  to  accumulate  and  so  to 
develop  its  tremendous  effects. 

In  the  cases  above  referred  to,  tbe  individuals,  whether 
horses  or  children,  were  pretty  much  under  the  same  con- 
ditions.    If,  however,  the  conditions  are  not  tbe  same,  tbe 

•  Livingstone,  in  his  *  Missionaiy  Travels  and  Researches  in  South 
Africa,'  18o7,  says: — "The  lightning  spread  over  the  sky,  forming  eight 
or  ten  branches  at  a  time,  in  shape  exactly  like  those  of  a  tree." 
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lightning  doos  not  act  capriciously,  as  some  suppose,  but 
according  to  the  law  of  its  being.  The  following  caso  was 
related  to  a  nephew  of  mine  while  Vicar  of  Denchworth,  near 
Wantage.  On  Juno  9,  1832,  a  woman,  Martha  Warman,  was 
walking  from  Wantage  in  company  with  two  men,  she  occu- 
pying tho  middle  place,  when  about  1.30  p.m.  they  were 
struck  by  lightning  and  fell  to  the  ground.  The  men  soon 
regained  their  feet,  but  the  woman  was  dead  ;  her  fiice,  body, 
and  clothes  were  cut  and  torn,  her  stockings  set  on  fire,  and 
her  boots  much  rent.  But,  seeing  the  curious  way  in  which 
lightning  picks  out  bits  of  metal,  it  nnist  be  noted  that  this 
woman  at  the  time  of  the  accident  was  carrying  an  umbrella, 
she  wore  steel  in  her  staj'S,  and  had  wire  in  her  bonnet,  which 
was  fused  and  twisted.  A  cross  by  the  wayside  marks  the 
spot. 

In  this  case  the  metal  carried  by  the  woman  assisted  in 
forming  a  line  of  least  resistance,  and  determining  the  main 
trunk  of  the  discharge,  while  subsidiary  branches  struck  the 
men  with  less  effect.  Hence  this  case  does  not  disturb  the 
general  rule  that,  when  a  row  of  persons  or  animals  is  struck, 
the  two  outer  individuals  suffer  most.  Thus,  a  miller  near 
Chartres  was  walking  between  a  horse  and  a  mule.  Tho  two 
animals  were  struck  and  killed.  The  man's  hal;  was  burnt 
and  his  hair  singed,  but  he  suffered  no  other  injury.  On  the 
other  hand,  when  animals  are  not  in  a  row  the  effects  vary. 
For  example,  in  August  1833,  at  Crasnoge-Selo,  the  stable  of 
the  oflicers'  school  of  cavalry  was  struck  by  lightning  at  one 
corner  of  the  building.  The  lightning  travelled  along  the 
iron  racks,  setting  the  hay  on  fire  :  the  horses  all  fell  to  the 
ground,  sixteen  of  them  were  killed,  and  two  were  rendered 
quite  deaf.  The  lightning  entered  the  head  or  neck  and 
passed  down  the  forelegs.  The  sixteen  horses  were  not 
together  in  a  row,  but  were  scattered  up  and  down  the  stable, 
and  it  was  supposed  that  those  only  were  killed  that  were  in 
contact  with  the  metal  coverings  of  the  racks. 

A  remarkable  case,  which  looks  like  an  exception  to  the 
rule  as  to  animals  in  a  row,  occurred  in  May  last,  and  was 
communicated  to  me  by  Mr.  P.  Dudgeon,  of  Cargn,  Dum- 
fries, in  which  he  states  that  on  the  19th  of  that  month,  during 
a  thunderstorm  at  Closeburn,  about  seven  miles  north  of 
Dumfries,  "a  man  was  leading  home  two  horses  just  taken 
from  the  plough;  the  two  horses  were  killed  instantaneously; 
the  man  was  uninjured  by  tho  lightning,  but  was  hurt  by  one 
of  tho  horses  falling  on  him.  He  was  leading  the  horses  on 
the  near  side  of  the  pair.  This  is  rather  against  the  theory 
of  the  intermediate  bodies  transmitting  the  charge." 
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In  communicating  this  caso  to  the  '  Times '  newspaper  of 
Juno  2nd  last,  I  agreed  that  tliis  tlieory  does  not  apply  to  the 
above  case,  and  referred  to  the  numerous  recorded  cases  of 
animals  being  struck  while  human  beings  have  escaped. 
M.  d'Abbadie  mentions  a  case  which  occurred  in  Ethiopia,  in 
which  2000  sheep  were  killed  by  a  single  flash  of  lightning. 
In  Sacco,  in  the  kingdom  of  Naples,  on  August  17, 1858,  out 
of  a  flock  of  140  sheep  the  lightning  killed  120.  The  shep- 
herd was  not  touched  and  the  shepherd  boy  escaped,  but  a 
kid  which  he  had  in  his  arms  was  killed.  In  June  last  three 
bullocks  were  killed  by  lightning  in  Betchworth  Park,  near 
Dorking  ;  and  in  the  same  month,  at  Frensham,  several  cattle 
were  killed  by  lightning  ;  some  boys  left  to  tend  them  were 
struck,  but  not  seriously  injured.  In  short,  innumerable 
cases  are  recorded  in  which  the  shepherd,  the  farmer,  and  the 
huntsmen  have  been  spared,  while  the  sheep  and  cattle,  the 
dogs  and  the  horses,  have  been  killed. 

When  Snow  Harris  was  planning  his  system  of  lightning- 
conductors  for  the  Houses  of  Parliament,  he  explained  to  me 
the  necessity  for  strongly  protecting  the  ventilating-shaft  of 
the  House  of  Commons,  As  a  coke  fire  is  usually  kept 
burning  in  this  shaft  during  the  session  for  the  purpose  of 
maintainincr  a  ventilating  force,  a  column  of  hot  rarefied  air 
ascends  from  this  shaft  to  a  considerable  height,  and  would 
probably  act  as  a  line  of  least  resistance,  and  so  determine  the 
course  of  a  stroke  of  lightning.  Indeed  a  case  of  this  kind 
occurred  in  August  1887  at  Birmingham,  where  a  chimney- 
shaft  140  feet  high  was  discharging  a  hot  current  into  the  air. 
During  a  storm  two  men  sought  refuge  in  a  hut  at  the  base 
of  the  shaft,  which  was  not  furnished  wath  a  conductor  :  the 
lightning  struck  the  chimney,  passed  through  the  hut,  and 
killed  the  men.  The  local  paper  which  recorded  the  accident 
states  that  a  mark  like  the  impression  of  a  tree  was  found  on 
the  chest  of  each  man,  and  signs  of  scorching  in  other  parts. 

When  a  flock  of  sheep  or  other  animals  are  huddled  together 
during  a  storm  a  similar  column  of  warm  rarefied  air  is  pro- 
duced. In  the  case  described  by  Mr.  Dudgeon,  the  horses 
just  taken  from  the  plough  were  very  warm,  and  sent  up  a 
steamy  rarefied  air  which  acted  as  a  line  of  least  resistance  to 
the  disruptive  discharge.  The  man  probably  did  not  share  in 
this  rarefied  air,  and  so  escaped  from  the  lightning  only  to  be 
injured  by  the  fall  of  the  horse.  This  view  is  confirmed  by 
Mr.  Dudgeon,  who,  having  read  my  explanation  in  the 
'  Times,'  states  that  such  a  view  seems  to  be  quite  reason- 
able : — "  The  day  was  particularly  hot  and  oppressive  (ther- 
mometer 7U°  in  the  shade),  so  the  horses  must  have  been  very 
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warm,  and  carrying  up  with  the  heated  air  from  their  bodies 
a  considerable  column  of  moisture/' 

Mr.  Dudgeon  has  been  so  good  as  to  send  mo  the  particu- 
lars of  another  interesting  case,  ^vhich  occurred  during  a 
tolerably  severe  thunderstorm  near  Castle  Douglas,  Kirkcud- 
bright, on  the  14th  of  June  last.  He  remarks  that  "the 
details  given  very  distinctly  point  to  a  discharge  from  the 
earth." 

In  giving  the  particulars  of  this  case,  we  have  the  some- 
what rare  advantage  of  quoting  the  evidence  of  an  intelligent 
observer,  Mr.  J.  Douglas,  the  tenant  on  the  farm  where  the 
acci(U>nt  happened.  Mr.  Dudgeon  submitted  to  him  a 
number  of  questions,  which  are  here  given  together  with  the 
answers  : — 

Questions.  Answkks. 
Date  14tli  Juuo,  1888. 

1.  Were   the    sheep   huddle  J  to-      1.  Six  of  them  were  to<?ether,  but 
gether  or  separate  P  not  huddled ;  four  huddled  about 

6  yards  from  the  nearest  of  the 
six ;  two  in  another  direction, 
about  10  yards  off  tho  six. 

2.  Were  they  in  the  open  or  under      2.  Six  immediately  under  a  tree ; 
a  tree  P  four  below  the  outer  branches  of 

the  tree  and  in  tho  shelter  of  a 

hedge ;     two    in    shelter    of    a 

hedge, 
y.  Were  there  any  marks  caused      3.  Six    were    covered     with    soil 
by  the  lightning  on  the  sheep,  which  hindered  any  mark  being 

or  on  any  of  them?  seen  ;  most  of  the  others  had  a 

straight  dark  mark  up  both  sides ; 

one  had  one  of  the  hoofs  nearly 

torn  olf. 
4.  Were  any  trees  near  the  sheep      4.  No. 
struck  by  lightning  at  tho  same 
time? 

These  answers  were  supplemented  by  a  letter  addressed  to 
Mr.  Dudgeon  by  Mr.  Douglas.  Premising  that  a  number  of 
sheep  were  grazing  in  a  field  near  a  small  wood  to  which  they 
had  access,  the  narrative  thus  proceeds  : — 

"  At  the  time  the  storm  was  at  its  worst,  there  was  a  heavy 
hail-shower.  The  sheep  being  not  long  clipped,  seem  to  have 
gone  to  the  trees  for  shelter.  It  was  imder  a  beech-tree  the 
lightning  struck  tho  earth  at  three  places,  equally  distant 
round  the  tree,  and  about  a  foot  or  two  from  it.  It  then 
went  in  two  directions,  one  at  right  angles  to  the  other.  In 
one  direction  it  followed  one  of  the  roots  of  the  tree,  laying 
bare  the  soil,  and  stripping  thu  bark  off  the  root,  and  killing 
four  sheep  in  the  direct  line  of  it  below  an  oak-tree  and  an 
old  hedge.      In  the  other  direetioji  it  cut   up  the  ground  until 
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it  eaino  to  an  oak-troo,  wliich  it  wont  half  round,  grazing-  the 
bark,  and  then  eontinuinf]:  the  same  straiifht  line  which  it  had 
been  I'olloAving,  and  killing  two  sheep,  one  about  two  yards  in 
front  of  the  other,  both  in  line.  Where  it  had  first  struck 
the  ground,  it  sent  the  earth  and  grass  to  a  great  height,  the 
leaves  of  the  trees  being  covered  with  earth  to  a  height  of 
from  fifteen  to  fifty  feet.  The  earth  being  washed  down  by 
the  heavy  rain  so  covered  tho  sheep  as  to  prevent  any  mark 
being  seen.  One  of  the  sheep  was  bleeding  at  tho  mouth, 
and  another  had  a  hoof  nearly  torn  otf.  The  six  were  lying 
from  one  to  two  yards  from  each  other.  A  girl  who  saw 
them  first,  and  immediately  after  tho  stroke,  says  there  was 
another  sheep  trying  to  get  up  ;  she  assisted  it  and  it  ran  ofl*. 
It  does  not  seem  to  have  been  injured,  but  it  had  the  same 
dark  blue  mark  as  the  others  up  each  side  and  across  the 
kidneys.  The  tree  struck  does  not  look  any  the  worse,  nor 
any  other  tree  near  it." 

Certainly,  some  of  the  effects  described  in  the  above 
interesting  case  seem  to  justify  Mr  Dudgeon's  opinion  that 
the  electrical  discharge  proceeded  from  the  ground  upwards. 
There  are  recorded  cases  of  this  sort,  and  when  these  are 
referred  to  by  Arago,  in  his  celebrated  essay  '•'  Sur  le 
Tonnerrc,"  contained  in  the  Ammaire  pour  Van,  1838,  it  is 
with  some  hesitation.  If  lightning  moves  with  the  velocity 
attributed  to  it  by  Wheatstone,  how  can  we  tell  whether  it 
ascends  or  descends  ?  The  answer  must  be,  by  its  effects. 
Tliis  subject  was  much  discussed  by  the  electricians  of  the 
last  century,  in  connexion  with  w^hat  the  Earl  of  Stanhope 
termed  *'  the  returning  stroke.'"  When  a  mass  of  electrified 
cloud  induces  an  opposite  state  on  the  earth's  surface,  and  a 
disruptive  discharge  takes  place,  the  neutralization  is  by  no 
means  complete  ;  a  portion  of  the  earth^s  surface  returns  to 
its  former  excited  condition  together  with  the  dielectric  air 
above  it,  and  another  discharge  may  take  place  from  the 
ground  upwards,  and  this  at  a  considerable  distance  from  the 
inducing  system  of  clouds.  In  a  case  related  by  Mr.  Bi-ydone 
(Phil.  Trans.  1787)  that  occurred  in  Scotland,  a  cart  laden 
with  coals,  drawn  by  two  horses,  was  proceeding  along  a 
road,  the  carter  sitting  in  front  of  the  cart.  The  lad  and  the 
horses  were  struck  dead,  although  no  lightning  was  observed 
near  the  place.  There  was  a  storm  a  long  way  off,  which  Mr. 
Brydone  was  watching  at  the  time,  but  within  half  an  hour 
of  the  accident  ho  was  on  the  spot.  On  examining  the  wheels 
of  the  cart,  circular  holes  were  found  in  the  ground,  im- 
mediately under  them,  about  twenty  inches  in  diameter,  at 
which  points  the  iron  tires  (exhibited   marks  of  fusion.     The 


120        Mr.  C.  Tomlinson  on  stome  Effects  of  Lightning. 

coals  also  were  scattered.  The  theory  of  the  return  stroke 
is  that  such  effects  as  the  above  result  from  the  discharges 
of  tlio  remote  clouds  produciug  electrical  disturbances  in 
distant  bodies,  even  some  miles  from  the  spot  over  which  the 
thunder  clouds  appear. 

The  case  related  by  Mr.  Brydone  resembles  in  several  par- 
ticulars the  recent  case  communicated  to  me  by  Mr.  Dudgeon. 
In  the  one  the  hair  was  singed  on  the  legs,  and  under  the 
bellies  of  the  horses  ;  in  the  other  there  were  marks  of  singe- 
ing in  the  regions  of  the  kidncvs  of  the  sheep.  In  both 
cases  the  animals  were  struck  suddenly  stone  dead.  Mr. 
Brydone,  who,  as  we  have  said,  examined  the  spot  soon  after 
the  accident,  says : — "  Had  there  been  any  convulsive 
struiro-le,  the  marks  would  have  been  visible  in  the  dust  of 
the  road  whore  they  fcll.'^  And,  as  a  farther  analogy,  "  a 
she})herd  standing  in  an  adjacent  field  stated,  that  he  had  his 
eye  on  the  waggon  at  the  very  instant  of  the  explosion,  and 
saw  a  vortex  of  dust  arise."  In  Mr.  Douglas's  narrative  the 
soil  was  hurled  upwards  so  as  to  cover  the  leaves  of  the  trees 
to  a  considerable  height. 

Arago  is  so  sceptical  as  to  the  possibility  of  a  lightning 
discharge  fi-om  the  ground  upwards  {de  baa  en  hauf)  that  ho 
is  disposed  to  attribute  the  explosions  above  described,  in- 
cluding the  turning  up  of  the  soil,  and  the  barking  of  the 
roots  of  the  trees,  to  the  conversion  of  the  moisture  of  the  soil 
into  high-pressure  steam  by  the  intense  heat  of  the  lightning; 
just  as  ho  accounts  for  a  large  tree  being  split  up  into 
matches  by  the  conversion  of  the  sap  into  the  same  tremen- 
dous elastic  force.  But  in  the  case  at  Coldstream,  Brydone 
says  nothing  about  rain,  and  the  princi[)al  effects  occurred  in 
a  dusty  road.  He  also  describes  a  very  curious  case,  which 
supports  the  idea  of  a  discharge  from  the  ground  upwards. 
A  woman  who  was  cutting  grass  on  the  banks  of  the  Tweed 
was  suddenly  thrown  down  without  any  apparent  cause.  She 
called  her  companions  immediately  to  her  aid,  and  told  them 
that  she  received  a  sudden  and  violent  blow  on  the  soles  of 
her  feet,  but  whence  it  j)roceeded  she  could  not  tell.  At 
the  moment  this  happened  there  was  neither  thunder  nor 
lightning. 

Arago  admits  that  the  facts  as  to  ascending  lightning  are 
against  him,  although  they  do  not  amount  to  demonstration. 
He  is  also  sceptical  as  to  the  phenomena  of  ball  lightning 
{eclairs  en  honle)  or  that  which  moves  through  the  air  at  a 
comparatively  slow  rate,  appearing  like  a  luminous  ball  or 
a  iilobe  of  fire,  Araoo  terms  this  ball  lightning  a  stumbling- 
block  (pierre  d'achoppement)  for  meteorologists^  due  probably 
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to  an  optical  illusion.  Wc  nocd  not  discuss  his  objections, 
seoinfT  liow  numerous  the  cases  are,  and,  apparently,  well 
established.  Let  us  take  only  one  or  two  cases.  Mr.  Chalmers 
states  ('  Phil.  Trans.'  xlvi.)  that,  being  on  board  the  '  Mon- 
tague '  (seventy-four  guns)  on  November  4th,  174i>,  ho 
observed  a  largo  ball  of  blue  fire  rolling  along  on  the  surface 
of  the  water,  as  big  as  a  millstone,  at  about  throe  miles  dis- 
tant. Before  they  could  raise  the  main-tack,  the  ball  had 
reached  within  forty  yards  of  the  main  chains,  when  it  rose 
perj)endicularly,  with  a  fearful  explosion,  and  shattered  the 
main  topmast  in  pieces.  So  also  on  the 'Malvern  Hills,  in 
June  lb2G,  a  ball  of  fire  was  observed  to  roll  along  the  hill 
towards  a  building  where  some  people  had  taken  shelter. 
Here  it  exploded,  and  killed  two  of  them. 

According  to  Snow  Harris  these  luminous  balls  result 
from  a  kind  of  brush,  or  glow-discharge.  In  the  case  of  the 
'  Montague,'  it  was  rolling  on  the  surface  of  the  water 
towards  the  ship  from  to  windward.  This  was  evidently  a 
sort  of  glow-discharge,  or  St.  Ehno's  fire,  produced  by  some 
of  the  polarized  atmospheric  particles  yielding  up  their  elec- 
tricity to  the  surface  of  the  water.  On  nearing  the  ship  the 
point  of  discharge  became  transferred  to  the  head  of  tho 
mast ;  and  the  striking  distance  being  thus  diminished,  the 
whole  system  returned  to  its  normal  state,  that  is  to  say,  a 
disruptive  discharge  ensued  between  the  sea  and  the  clouds, 
producing  the  usual  phenomena  of  thunder  and  lightning, 
termed  by  the  observers  "  the  rising  of  the  ball  through  tho 
mast  of  the  ship."  The  case  on  the  Malvern  Hills  is  another 
instance  of  the  same  kind. 

Arago  is  particularly  sceptical  as  to  the  appearance  of 
globular  hghtniug  within  the  walls  of  a  building,  but  he 
quotes  a  case  related  by  Maffei,  which  occurred  in  September 
1713,  in  the  territory  of  Massa-Canara,  in  Italy.  He  took 
refuge  from  a  storm  in  a  chateau,  where  he  was  received  by 
the  mistress  of  the  house  in  a  room  on  the  ground  floor. 
Suddenly  they  saw  a  bluish-white  flame  rise  from  the  floor, 
agitated,  but  with  no  progressive  motion.  After  gradually 
acquiring  a  considerable  volume  it  suddenly  disappeared. 
Maffei  felt  in  his  shoulder,  proceeding  from  liis  back  upwards, 
a  peculiar  tickling  sensation  {un  chatoiiillement  particnlier), 
j)laster  detached  Irom  the  ceiling  fell  upon  his  head,  and  an 
explosion  occurred,  which  did  not  resemble  the  sound  of 
thunder. 

A  case  is  recorded  in  Mr.  Syinons's  Meteorological  Maga- 
zine for  lb83,  as  having  occurred  on  July  28th,  about  G  p.m., 
in  the  printing-office  of  Mr.   Burt,  Mount  Washington,  New 
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Hampshire,  U.S.  Mr.  Burt  says  :— "  I  saw  a  ball  of  fire  as 
largo  as  a  man's  head  in  front  of  me,  not  three  feet  off.  It 
exploded  with  a  tremendous  noi.se.  My  left  leg  seemed  to 
be  completely  paralysed,  and  I  fell  to  the  floor.  Three  of  my 
printers  were  in  the  room  at  the  time,  two  sitting  at  the  table 
near  mo,  and  one  standing  up  a  little  further  ofi*.  The  latter 
had  the  skin  of  one  hand  torn,  another  was  hit  in  the  back, 
and  the  third  escaped  without  injury."  A  tree-liko  mark  was 
found  on  Mr.  Burt's  back. 

This  seems  also  to  be  a  case  of  glow-discharge  passing  into 
an  ordinary  disru[)tive  discharge. 

We  trust  the  readers  of  the  Philosophical  Magazine  will 
excuse  the  elementary  nature  of  the  foregoing  details  ;  but  it 
seems  to  be  necessary  that  Science  should  sometimes  lift  u[) 
her  voice  to  point  out  how  so  many  of  the  effects  of  lightning 
which  every  year  are  described  in  the  news})ap(!rs  as  unusual, 
eccentric,  &c.,  are  ordinary  events  to  bo  explained  on  well- 
known  ])rinciples. 

Ilighgate,  N., 
July  0,  1888. 


XV.  JS^ote  on  some  Additions  to  the  Kew  Magnetometer.  Bi/ 
T.  E.  Thorpe,  FLD.,  F.R.S.,  and  A.  W.  IIugker, 
M.A.,  F.R.S.* 

IN  making  field  observations  with  the  Kew  magnetometer  it 
is  important  that  the  mirror  by  wliich  the  image  of  the 
sun  is  formed  should  either  be  in  perfect  adjustment,  or  that 
the  errors  should  be  known  and  allowed  for. 

The  axis  about  which  it  rotates  is  made  horizontal  by  means 
of  a  riding  level.  The  plane  of  the  mirror  is  made  parallel 
to  the  axis  by  adjusting  it  until  the  image  of  the  cross  wires 
formed  by  refiexion  in  the  mirror  does  not  alter  its  position 
when  the  mirror  is  inverted  in  its  bearings.  The  axis  of  the 
mirror  is  made  perpendicular  to  the  optic  axis  of  the  telescope 
by  making  the  cross  wires  and  their  image  coincident.  In  the 
course  of  the  Magnetic  Survey  of  Great  Britniu  and  Ireland, 
on  which  we  have  been  for  souk;  tin^e  engaged,  we  have  found 
such  great  difficulty  in  making  these  adjustments  in  the  field, 
that  wo  have  for  a  long  time  practically  abandoned  this 
method,  and  adjusted  the  mirror  from  time  to  time,  either 
indoors  by  means  of  a  plumb-line,  or  by  observations  on  some 
convenient  object  external  to  the  instrument  in  the  field.  We 
have  always,  when  possible,  made  four  sets  of  sun  observa- 
tions, reversing  the  mirror  in  its  bearings,  and  taking  "  front  ^' 
*  Communicated  by  the  Pliysical  Society :  read  June  0,  1888. 
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and  "  back "  viows,  in  which  the  observer  looks  towards  the 
sun  and  stands  with  his  back  to  it  respectively.  Wo  have 
thus  been  able  to  eliminate  the  errors  of  adjustment  of  the 
mirror,  and  to  assure  ourselves  that  each  observation  was 
satisfactory. 

This  method  is,  however,  open  to  some  objection.  When 
the  sky  is  cloudy  it  may  bo  impossible  to  see  the  sun  for  a 
time  suthcient  to  take  all  four  sets  of  observations.  On  such 
occasions  we  always  pay  special  attention  to  the  adjustment 
of  the  mirror,  but  it  may  happen  that  no  object  near  the 
station  is  sufficiently  elevated  to  bo  used  for  the  purposes  of 
correction.  In  that  case  it  is  necessary  to  rely  on  the  result 
of  a  long  experience,  which  proves  that  if  reasonable  care  is 
taken  of  the  instrument  the  mirror  does  not  get  seriously  out 
of  adjustment  during  a  journey  byroad  or  rail  extending  over 
a  day  or  two. 

Nevertheless,  there  can  be  no  doubt  that  the  method  of 
correcting  bv  the  image  of  the  cross  wires  has  the  advantage 
that  it  can,  theoretically  at  all  events,  be  carried  out  at  the 
place  and  time  at  which  the  observations  ai'o  made. 

The  practical  drawback  which  led  us  to  abandon  it  was  the 
difficulty  of  seeing  the  image  of  the  wires.  In  the  neighbour- 
hood of  the  cross  wires  the  metal  of  the  telescope  tube  is  cut 
away,  but  the  hght  thus  admitted  is  insufficient.  On  a 
gloomy  day,  when  the  sun  was  only  visible  at  rare  intervals, 
and  when,  therefore,  it  was  most  important  that  the  mirror 
should  be  in  order,  the  necessary  adjustments  could  not  be 
made.  Even  on  a  bright  day  it  was  desirable  to  envelop  the 
observer's  head  and  the  instrument  in  a  dark  cloth,  and  this 
was  difficult  and  troublesome  if  the  wind  was  high. 

Wo  have,  therefore,  lately  devised  some  additions  to  the 
magnetometer  which,  although  extremely  simple,  make  it 
practically  possible  to  use  the  cross  mres  for  making  the 
adjustments. 

A  poHshed  platinum  mirror  is  in- 
troduced into  the  telescope  between 
the  eye-piece  and  the  cross  wires, 
which  are  viewed  through  a  hole 
in  its  centre.  The  mirror  is  in- 
clined at  45°  to  the  axis  of  the  tele- 
scope, and  reflects  a  considerable 
quantity  of  light  upon  the  wires. 
A  bronzed  brass  tube  is  attached  to  a  support  which  fits  into 
the  three  holes  which  are  provided  to  fix  the  magnet-box 
in  position.  This  tube  extends  from  the  telescope  to  the 
mirror,   and    thui    shuts    out    extraneous    liirht.     It    can    be 
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packed  in  tho  ordinary  magnotometer-bos,  and  when  it  is 
in  position,  and  tho  platinum  mirror  is  directed  towards  the 
sky,  or,  if  desirable,  towards  its  brightest  part,  tho  image  of 
the  wires  can  readily  bo  seen.  If  tho  background  reflects 
much  light,  it  is  desirable  to  placo  a  small  blackened  metal 
screen  weighted  with  lead  on  the  horizontal  circle  which 
carries  the  mirror.  This  can  be  lifted  off  without  in  any 
way  interfering  with  the  adjustments. 

The  following  two  examples  may  servo  to  indicate  the 
degree  of  precision  with  which  the  adjustment  of  the  mirror 
can  be  made. 

Observalions  were  taken  both  when  the  observer  was  look- 
ing towards  and  directly  away  from  the  sun.  The  N  point 
on  the  circle  is  deduced  from  the  front  observations.  The 
collimation  correction  is  obtained  by  combining  the  front  and 
back  observations.  It  will  be  seen  that  tho  uncorrected 
results  are  quite  as  good  as  those  to  which  the  collimation 
correction  has  been  applied,  which  proves  that  the  mirror 
can  be  adjusted  to  witliin  the  limits  of  the  error  of  observation 
on  the  sun. 


Station. 

G.  M.  T. 

Altitude 
of  Sun. 

N  point  on 
Circle. 

Collimation 
correction. 

Corrected 

N  point. 

Horsham. 

(April  21, 

1888.) 

f 

1 

h.  ni.    8. 
12  43  49 

15  15  44 

17    4    0 

50    2-2 
34  33-7 
18  12-7 

2'J7    4-2 
297    3-8 
297    3-6 

0 

4-0-3 

-0-0 

01 

297  4-5 
297  3-2 
297    3-5 

Alresford.       f 

(April  28,     \ 

1888.)        [ 

14  10  3G 

15  45    6 

45    7-8 

241  23-0 
241  22-5 

-01 

Not  det 

241  22-9 

?rmined. 

Fip-.  2. 


In  cases  where  it  is  for  any  reason  impossible  to  take  the  back 
observations,  or  if  the  sun  is  so  frequently  covered  that  it  is 
advisable  to  observe  without  waiting  to  adjust  the  mirror,  it 
is  advantageous  to  be  able  to  determine  how  nnich  error  has  been 
introduced.  For  this  i)urpose  we  have  placed  in  the  plane  of 
the  cross  wires  a  fine  scale  engraved  on  ivory. 
The  angular  deviation  of  the  mirror  which 
produces  a  given  displacement  of  the  image 
of  the  cross  wires  on  this  scale  can  be  deter- 
mined, and  when  this  is  known  the  error  of 
the  mirror  can,  on  any  subsequent  occasion, 
be  deduced  from  the  deviation  of  the  imiijic 
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Tho  following  observations  woro  made  in  a  lofty  room  on 
an  object  tho  elevation  of  which  was  40°  : — 


Scale  Reading  of 

Image  of  Cross 

Wires  (x). 

Reading  ou 
Circle  {p). 

x-x,. 

P-Po- 

-5  65 
-300 
-0  20 
+2-80 
+5-45 

2G4     42-1 
264    39-5 
2G4    3o-7 
2G4    32G 
2G4    290 

-5-45 
-3-40 

300 
6G5 

G-4 

3-8 

-31 
-G-7 

All  the  readings  are  the  mean  of  two  which  differed  but 
little,  and  between  which  the  axle  of  the  mirror  was  inverted 
in  its  bearings.  Hence  if  a  be  the  anffular  value  of  a  scale- 
division,  i.  e.  the  error  of  collimation  of  the  mirror  which 
corresponds  to  a  displacement  of  tho  image  through  one 
division, 

_2(^-.r,)asin'20° 

=  0-300  (u;-.ro)a. 

We  thus  get  four  values  of  «,  viz.  3'-8,  3'-7,  3'-4,  and  3''9,  the 
mean  of  which,  viz.  3'* 7,  may  be  taken  as  correct. 

To  check  this  value,  observations  were  made  at  South 
Kensington  on  the  sun,  and  on  a  pinnacle  of  the  Natural 
History  Museum,  both  when  the  mirror  was  in  good  and 
when  it  was  in  bad  adjustment.  It  will  bo  seen  that  the 
corrected  values  are  in  close  accord. 

Thus  on  May  0th,  at  U^  46'"  36^,  when  the  altitude  of  the 
sun  was  54°  3'j'"8,  the  N  point  on  the  scale  was  found  to  be 
58°  ll'*2.  The  mirror  was  then  thrown  out  of  adjustment, 
the  mean  reading  for  the  image  of  the  cross  wires  being 
+  5'7  div.  Another  observation  on  tho  sun  was  made  at 
Xh  13m  12s,  -^v^heu  the  altitude  was  52°  51'-5,  which  gave  for 
tho  reading  of  tho  north  point  57°  56'"9. 

Tho  correction  is 


2  X  5-7  X  3-7  sin2  26°26' 


=  13'-8. 


Hence 


cos  52°  51' 
57°56'-9  +  13'-8  =  58°  10'-7, 
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which  differs  only  by  half  a  minute  from  the  value  obtained 
when  the  mirror  was  in  adjustment. 

In  like  manner  the  bearinfj;  of  a  pinnacle,  as  given  by  the 
mirror  in  adjustment,  was  128°  40'"8,  while,  when  the  reading 
for  the  image  of  the  cross  wires  was  +5'7  div.,  it  was. 

128°40'-2  +  0'-8  =  128°41'-(). 

The  elevation  was  15°  39',  and  the  two  results  agree  to  0'*2. 
It  is  evident  from  these  test  cases  that,  since  the  error  of  the 
mirror  was  far  larger  than  that  produced  by  travelling  for  a 
day  or  two,  observations  in  the  fwld  can,  by  means  of  the 
scale,  be  corrected  to  within  the  limits  of  the  (srror  of  ex- 
periment. 

The  additions  to  the  magnetometer,  which  we  have  here 
described,  were  made  for  us  by  Messrs.  Elliott,  and  we 
venture  to  think  that  they  might  with  advantage  bo  incorpo- 
rated in  standard  instruments  of  the  Kew  pattern. 


XVI.  Eotperiments  on  Electrolysis^. — Part  II.  Irreciprocal 
Conihiction.  By  W.  W.  Haldane  Gee,  B.Sc,  Lecturer 
of  tlie  Victoria  University,  and  H.  HoLDEN,  B.Sc,  Bishop 
Berkeley  Felloiv  in  Physics,  of  the  Owens  College,  Man- 
chester*. 

[Plate  I.] 

WE  have  observed,  when  strong  sulphuric  acid  is  used 
as  an  electrolyte,  the  electrodes  being  of  platinum, 
that  the  decomposition  nearly  ceases,  if  by  decreasing  the 
resistance  in  circuit  we  attempt  to  increase  the  current  beyond 
a  certain  maximum.  An  investigation  of  this  curious  beha- 
viour has  shown  that  it  may  best  be  included  with  the  mis- 
cellaneous phenomena  grouped  under  the  head  of  unipolar, 
or,  as  it  may  better  be  called,  irreciprocal  conduction  f.  The 
(>arly  experimenters  in  voltaic  electricity  devoted  much  atten- 
tion to  this  subject,   and   it  will  bo  desirable  to  give  some 

*  Comniunicatod  by  the  Physical  Society ;  read  2Gtli  May,  1888. 

This  is  the  second  of  a  series  of  papers  ou  Electrolysis  and  Electrolytic 
Polarizatiou,  descriptive  of  experiments  made  since  January  1887  at  the 
Owens  College  Physical  Laboratory.  An  abstract  of  the  experiments 
made,  to  the  end  of  August  1887,  was  submitted  to  the  British  Associa- 
tion meeting  at  Manchester.  Wo  desire  to  acIuiQwledge  the  assistance 
received  up  to  that  time  from  ]\Ir.  C.  II.  Lees,  B.Sc,  Derby  Mathematical 
Scholar  or  the  Owens  College.  His  cooperation  has  since  been  discon- 
tinued, owing  to  absence  at  Strasburg. 

t  Following  Christiani's  use  of  (ho  term,  irreciprocal  conduction  is 
said  to  occur  if  a  reversal  of  the  direction  of  a  current  causes  any  change 
in  its  inagnitude. 
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account  of  tlicir   labours   before  proceeding  to  describe   our 
own  experiments. 

Section  A.  Historical  and  (Critical. 

1.  Experiments  of  Erman. 

Anionp:  the  many  papers  in  tlio  earlier  volumes  of  Gilbert's 
Annalen  iier  P/ij/sik,  which  the  invention  of  the  voltaic  pile 
had  directly  inspired,  ^\'ill  bo  found  several  by  Prof.  Erman 
of  Berlin.  With  the  aid  of  the  imperfect  instruments  known 
at  that  time  he  made  an  investigation  on  the  conducting 
power  of  bodies;  and  in  his  fourth  research*  there  appears  a 
division  of  bodies  into  five  classes,  of  which  the  following 
schema  shows  the  chief  features  : — 

All  Bodies. 


Insulators.  Class  I.  Conductors. 


I  I 

Perfect  Conductors.  Class  II.     Imperfect  Conductors. 


I  I 

Bipolar  Conductors.  Class  III.     Unipolar  Conductors. 


Positive  Unipolar  Conductors.     Negative  Unipolar  Conductors. 
Class  IV.  Class  V. 

To  understand  this  classification  it  will  bo  necessary  to 
describe  the  method  of  experiment  employed  by  Erman  in 
order  to  find  the  class  to  which  a  body  belonged.  PN  (fig.  1) 
is  a  well  insulated  Volta^s  pile,  P  and  N  being  the  positive^ 
and  negative  poles  respectively.  Connected  with  P  is  a  gold- 
leaf  electroscope  Ep,  and  with  N  a  similar  electroscope  E„. 
The  body  (B)  to  bo  tested,  which  is  permanently  connected 
with  earth,  is  made  to  touch  se|)arately  E^  and  E„.  If  the 
body  belongs  to  Class  I.  neither  of  the  electroscopes  will  bo 
affected,  but  the  case  is  otherwise  if  B  is  a  conductor.  Let 
us  suppose  the  latter  ;  it  will,  therefore,  be  necessary  to 
ascertain  to  which  of  the  other  four  classes  the  body 
belongs.  Permanent  connexions  are  made  (as  represented 
by  the  dotted  lines  of  fig.  1)  with  B,  and  the  behaviour  of  the 
electroscopes  is  carefully  noted.  If  there  is  a  sudden  and 
complete    collapse    of  the  leaves  of  both  E^    and   E„,   the 

*  "  Ueber  die  fiinffache  Verschiedenheit  der  Korper  in  Riicksicht  auf 
galvanisches  Leitunp^.sverm6gcn."  Gilbert's  Annalen  der  Physik,  Baud 
xxii.  S.  14  (1800). 
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body  belongs  to  Class  II.  *;  if,  on  the  other  hand,  both  Ep,  and 
E^  are  partially  discharged,  B  is  placed  in  Class  III.  If 
Ep  alone  is  discharged,  B  is  a  positive  unipolar  conductor;  if 
this  is  the  case  only  with  E„,  B  is  a  negative  unipolar  con- 
ductor. 

At  the  time  when  Erman  classified  conductors  in  this 
manner  Ohm's  law  was  not  known,  hence  the  behaviour  of 
the  electroscopes  under  these  conditions  could  not  bo  thoroughly 
appreciated.  However,  it  was  recognized  that  in  the  cases  of 
Classes  IV.  and  V.  there  must  bo  a  high  resistance  at  one  of 
the  contact  points  n  or  />,  preventing  the  conduction  of  the 
charge  of  E„  or  Ep  to  earth. 

It  was  found  that  well-(h-iod  soap  was  a  good  example  of 
Class  V.  Hence  Erman  studied  the  unipolar  conducting- 
power  of  soap  in  some  detail,  but  he  was  unable  to  come  to 
any  definite  conclusion  why  at  p  there  should  be  a  very  high 
resistance.  He  rejected,  on  grounds  which  need  not  here  be 
descril)ed,  the  hypothesis  of  an  insulating  film  composed  of 
the  decomposed  soap-acids  f- 

Interesting  examples  of  Class  IV.,  Erman  found,  are  fur- 
nished by  flames.  Their  anomalous  conductivity  yet  remains 
but  imperfectly  explained  %. 


2.  Experiments  of  Ohm,     (a)    On  Soap. 

Ohm  §  confirmed  the  experiments  of  Erman,  and  came  to 
the  conclusion  that  the  cause  of  the  high  resistance  at  the 
anode  was  due  to  a  layer  of  fatty  acids. 

*  The  followin<,f  extract  from  Erman's  paper  (loc.  cit.  p.  18)  is  interest- 
ing, as  evidence  of  his  scientific  caution : — "  The  distinction  between 
perfect  insulators  and  perfect  conductors  was  perceived  very  early  with 
the  battery,  and  though  it  may  indeed  be  believed  that  no  important  dis- 
coveries remain  to  be  made  in  this  matter,  it  is  veiy  desirable  not  to  con- 
sider the  matter  as  fully  settled,  for  it  is  possible  that  also  here  important 
modifications  of  conductivity  lie  hidden.  For  example,  it  has  really  not 
yet  been  proved  whether,  with  the  so-called  perfect  conductors,  there  are 
not  degrees  of  conductivity.  Thus,  though  it  is  usual  to  regard  all  metals 
as  equally  good  conductors,  I  should  like  this  law  not  to  be  so  uncon- 
ditionally assumed,  before  dii'ect  measurements  have  proved  its  generality. 
Indeed,  who  knows  whether  finally  with  each  metal  certain  properties 
will  not  be  made  apparent,  which  in  respect  to  galvanic  electricity  are 
analogous  to  those  which  so  excellently  characterize  iron,  nickel,  and 
cobalt  with  regard  to  magnetism  ?" 

t  Loc.  cit.  p.  oO. 

X  The  conducting  power  of  flames  has  been  studied  by  Ritter,  Ilittorf, 
Andrews,  Ilaukel,  Braun,  Fuchs,  ^lacfarlane,  Rintoul,  and  others. 

§  Schweigger's  Journal,  lix.  (18o0)  p.  385. 
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(b)    On  Sidjylau'ic  Acid  and  Caustic  Potash. 

Ohm*  employed  a  galvanometer  in  studying  the  unipolar 
conductivity  of  these  liquids.  The  instrument  was  placed  in 
series  with  1-6  single  Huid  zinc-copper  cells,  and  a  voltameter 
containing  strong  sulphuric  acid.  Emplo^ving  electrodes  of 
]>iatinum,  gold,  silver,  copper,  iron,  lead,  and  tin,  he  found  that 
the  detlection  ol)tained  on  iirst  making  the  circuit  speedily 
sank  to  a  very  small  amount.  He  showed  that  the  cause  dimi- 
nishing the  current  was  between  the  anode  and  the  acid;  for 
on  bridging  across  the  anode  and  the  liquid  by  some  moist 
threads  the  deflection  was  immediately  increased  to  the  ori- 
ginal amount.  Also,  in  the  case  of  the  oxidizablo  metals,  by 
diluting  the  licjuid  in  the  neighbourhood  of  the  anode  the 
current  was  greatly  increased,  whilst  a  dilution  of  the  liquid 
near  the  kathode  produced  no  etfect.  Further,  replacement 
of  the  anode  by  a  clean  electrode  produced  the  original  de- 
flection for  a  time,  whilst  changing  the  kathode  made  no 
diflerence.  He  finally  concludes  that  the  fall  of  the  current 
is  due  to  the  development  of  a  force  at  the  anode.  This  con- 
clusion he  verified  by  the  use  of  an  electroscope.  Thus 
strong  sulphuric  acid  is  classed  amongst  the  negative  unipolar 
conductors  !• 

Ohm  also  experimented  with  various  electrodes  in  strong 
potash  solution,  wliich  led  him  to  regard  the  latter  as  a 
positive  unipolar  conductor. 

3.  Experiments  and  Tlieory  of  Christiani. 
The  only  modern  contribution  of  importance  to  the  subject 
of  irreciprocal  conduction  is  the  pamphlet  |  produced  by  the 
late  Prof.  Christiani,  whilst  working  in  the  laboratory  of  Du 
Bois  Raymond.  He  investigated  generally  the  case  of  elec- 
trolysis with  unequal-sized  electrodes,  and  comes  to  the  con- 
clusion that,  as  a  rule,  with  low  E.M.F.''s  the  current  is  able  to 

*  Schweigger's  Journal,  Ix.  (1830)  p.  32. 

t  It  seems  probable  that  what  Ohm  observed  was  a  decrease  of  cur- 
rent due — (1)  in  the  case  of  the  oxidizable  ekctrodes  to  a  transition  re- 
sistance caused  by  the  formation  of  a  badly  conducting  salt-layer  on  the 
anode  in  strong  sulphuric  acid  ;  (2)  in  the  case  of  platinum  and  gold  in 
sulphuric  acid  and  potash  solution  to  polarization,  this  polarization  being 
of  a  unipolar  nature,  that  is  to  say  it  was  much  greater  at  one  electrode 
than  at  the  other.  We  do  not  believe  that  Ohm  ever  observed  the  phe- 
nomenon of  unipolarity  in  strong  sulphuric  acid  with  electrodes  of  plati- 
num or  gold  due  to  a  transition  resistance.  This  conclusion  is  supported 
by  comparing  Wiedemann,  Elcdricitdt,  Baud  ii.  pp.  629,  657. 

X  Uther  irreciproke  Leitumj  ekctrischcr  Strunie.  Berlin  :  Friedlander 
und  Sohn  (1876).     Contains  174  pages  and  15  plates. 

Phil.  May.  S.  5.  Vol.  26.  No.  159.  Aug.  1888.  K 


130  Messrs.  Clec  ami  Holdeii  on 

pass  more  easily  i'roni  the  lesser  io  the  greater  electrode,  and 
iiice  verm  with  laroe  E.M.F.'s.  This  difference,  he  says,  exists 
after  the  influences  of  ])olari7>ation  and  chemical  transition 
resistance  are  allowed  lor,  meaning  hy  the  latter  term  a  re- 
sistance due  to  the  products  of  electrolysis.  Wo  have  been 
at  some  trouble  to  examine  the  experiments  and  reasoning 
upon  which  the  above  conclusion  is  based,  and  have  arrived 
at  the  opinion  that  they  are  equally  open  to  criticism;  his 
results  and  theory  being,  however,  very  interesting  and  repre- 
senting a  large  amount  of  work,  it  will  hence  be  desirable  to 
notice  them  at  some  k^ngth,  especially  as  his  pamphlet  is  not 
readily  accessible  in  England. 

In  order  to  eliminate  as  much  as  possible  changes  in  the 
electrolyte  caused  by  the  passage  of  the  current,  momentary 
currents  from  an  induction-coil  were  used  throughout  the 
greater  part  of  his  work,  his  object  being  a  study  of  the 
nature  and  causes  of  irreciprocal  conduction,  with  unequal- 
sized  electrodes,  in  electrolytes.  For  this  purpose,  applying 
amomentary  E.M.F.  tothe  voltameter, he  desires  to  measure: — 
(a)  The  quantity  of  electricity  which  is  sent  through  the 
voltameter  by  this  E.M.F.,  and  (h)  the  polarization  which 
opposes  its  passage. 

Fig.  2  shows  the  essential  parts  of  the  arrangement  used 
with  induced  currents.  V  is  the  voltameter  with  a  ])latinum 
plate  and  a  platinum  Wollaston's  point  as  electrodes.  In 
circuit  with  it  are  a  dead-beat  Wiedemann's  galvanometer 
(G)  and  the  secondary  coil  (S)  of  an  induction-coil,  of  which 
P  is  the  primary  coil  in  circuit  with  a  battery.  By  changing 
the  distance  of  S  from  P  (  =  ■2^'),  the  E.M.F.  of  the  induced 
current  can  be  varied.  The  experiments  were  conducted 
somewhat  as  follows  : — By  opening  the  primary  circuit  a 
quantity  of  electricity  (  =  (71)  is  sent  through  the  voltameter, 
and  the  kick  (  =  ^1)  on  Gr  is  noted.  If  the  deflection  does  not 
return  exactly  to  zero,  but  goes  on  the  other  side  of  it,  this 
negative  deflection  (  =  ^1)  is  observed,  and  afterwards,  in  dis- 
cussing the  possible  causes  of  irreciprocal  conduction,  is  taken 
as  a  measure  of  the  jiolarization  opposing  the  passage  of  q-^. 
The  same  induced  E.M.F.  is  now,  by  reversing  the  voltameter 
terminals,  applied  in  the  opposite  direction.  Let  /.'g  and  e^ 
be  the  defl(;ctions  now  obtained,  and  suppose  that  q^  is  the 
quantity  of  elect i-icity  sent  through  the  voltameter  in  this 
dir(>ction  of  the  current.  The  distance  of  S  from  P  is  now 
altered,  generally  by  5  millim.  at  a  time,  and  at  each  new 
position  the  above  jirocedure  is  repeated,  giving  values  of  ^1 
and  k^  for  each  value  of  ,v.  He  finds  that  k^  and  ^2  ^^^ 
enerally  different,  but  for  one  value  of  x  they  are  equal;  for 
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values  of  x  below  this,  one  of  them  is  the  greater;  for  values 
of  X  above  this,  the  other  is  the  greater.  He  then  assumes 
that  /(•,  and  k^  are  proportional  to  <ji  and  </2  respectively,  and 
thus  proves  the  existence  of  irreciprocal  conduction. 

The  assumptions  made,  namely  (1)  that  e^  is  a  measure  of 
the  ])olarization  E.M.F.  which  opposes  the  passage  of  qi,  and 
(2)  that  ki  is  exactly  proportional  to  5'i,do  not  seem  to  be  ad- 
missible. Firstly,  with  regard  to  (1),  ei  is  really  propor- 
tional to  the  depolarization  current  which  exists  a  certain 
time,  conditioned  by  the  time  of  vibration  of  the  galvano- 
meter (kc,  after  the  charging  E.M.F.  has  ceased,  and  is  not 
proportional  to  the  value  of  the  polarization  E.M.F. duringthe 
existence  of  the  charging  E.M.F.,  unless  the  rate  of  depolari- 
zation is  constant,  which  it  usually  is  not.  Also,  as  will  be 
shown  in  a  subsequent  paper,  the  rate  of  depolarization  with 
unequal-sized  electrodes  depends  on  the  direction  of  the 
charging  current.  It  may  also  be  noticed  that  q^  or  ^2  &c. 
do  not  necessarily  bear  any  simple  relation  to  the  value  of 
the  induced  E.M.F.  The  quantity  of  electricity  which  passes 
in  any  time  Jt  during  the  existence  of  the  induced  E.M.F.  is 
proportional  to  the  difference  between  the  values  at  that  time 
of  the  induced  E.M.F.  and  of  the  polarization  ;  and  therefore 
the  relation  between  the  charging  E.M.F.  and  the  quantity  of 
electricity  which  passes  during  its  existence  depends  on  the 
rate  of  increase  of  the  polarization  E.M.F.,  which  can  scarcely 
be  said  to  be  known,  but  is  probably  not  constant,  and  may 
even  vary  according  to  the  direction  of  the  current.  The 
validity  of  assumption  (2)  is  also  doubtful,  for  the  kick  (k) 
on  the  galvanometer  depends  not  only  on  q  (the  quantity  of 
electricity  which  passes  during  the  existence  of  the  induced 
E.M.F.)  but  also  on  the  magnitude  of  the  depolarization  cur- 
rent, since  the  duration  of  the  induced  E.M.F.  is  certainly  over 
before  the  galvanometer-needle  has  moved  from  zero  to  k 
div-isions.  Thus  it  would  seem  that  k  is  only  at  best,  in  the 
case  of  non-polarizable  electrodes,  an  approximation  to  the 
value  of  q;  and  therefore  Christiani's  numbers  are  not  suf- 
ficiently trustworthy  to  serve  as  foundation  for  an  elaborate 
theory. 

Christiani,  however,  assumes  that  k  and  q  are  exactly  pro- 
portional and  plots  curves*  giving  the  relation  between  ^  and 
the  induced  E.M.F.  in  the  two  directions  of  the  current.  The 
point  of  intersection  of  the  two  curves  is  called  the  reciprocal 
point;  its  abscissa  being  proportional  to  the  induced  E.M.F., 

•  These  curves  are  regular  and  never  intersect  in  mure  than  une  point, 
and  with  some  electrolytes  do  not  intersect  within  the  limits  ol"  experiment. 

K  2 
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which  gives  oqunl  kicks  in  the  two  directions,  and  its  ordinate 
equal  to  these  liicks.  The  conditions  for  the  occurrence  of 
reciprocity  are  then  investigated.  He  finds  (1)  that  lessen- 
ing the  size  of  the  point  electrode  causes  reciprocity  to  occur 
with  lower  E.M.F.'s,  hut  that  fairly  large  changes  in  the  size 
of  the  plate  electrode  or  in  the  distance  of  the  electrodes  have 
not  much  influence;  (2)  that  decreasing  the  temperature 
causes  reciprocity  to  occur  with  lower  E.M.F.'s;  and  (3)  that 
the  degree  of  concentration  of  the  solution  is  of  influence. 
A  discussion  of  the  possible  causes  of  irreciprocal  conduction 
follows.  Polarization,  he  says,  cannot  be  the  cause  of  irre- 
ciprocity,  because  he  has  obtained  the  Intter  with  non-polari- 
zable  electrodes.  Further,  some  measurements  of  the  polari- 
zation by  a  wippe  method  show,  as  far  as  such  a  method  is 
satisfactory*,  that  polarization  is  not  the  main  cause  of  irre- 
ci{)rocity.  His  arguments  against  polarization,  based  on  the 
measurements  of  €i  (see  p.  130)  are,  as  before  explained,  of 
no  value.  His  main  argument  against  a  chemical  transition 
resistance  is  the  following  experiment : — A  solution  of  potas- 
sium iodide  is  taken,  and  a  certain  number  of  currents  sent 
through  until  the  E.M.F.  is  found  for  which  reciprocity  occurs; 
the  electrodes  are  then  taken  out  and  cleaned,  and  fresh  solu- 
tion used.  The  same  E.M.F.  is  now  again  applied,  and  it  is 
found  that  reciprocity  still  occurs;  or,  in  other  words,  changes 
in  the  electrolyte  caused  by  the  passage  of  previous  currents 
do  not  affect  the  value  of  the  E.M.F.,  for  w^hich  the  momentary 
currents  are  the  same  in  the  two  directions.  The  direction 
in  which  the  E.M.F.  is  first  applied  is  also  quite  indifferent. 
He  remarks,  however,  that  the  reciprocal  point  in  other 
electrolytes  is,  to  some  extent,  affected  by  the  passage  of 
previous  currents. 

Christiani  to  a  small  extent  makes  use  of  permanent  cur- 
rents, but  only  in  the  case  of  the  so-called  non-polarizable 
electrodes.  The  following  specimen  of  his  results,  with 
amalgamated  zinc  electrodes  in  concentrated  zinc  sulphate, 
will  indicate  their  general  features : — 

*  The  values  of  the  polarization  obtained  by  this  method  are  of  course 
open  to  the  objection  that  they  depend  on  the  rate  of  fall  of  polarization 
after  the  removal  of  the  charging  battery. 
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1st  Experiment. — Plate  electrode  =  P;,  =  37  x  2G  millim. 
Point  electrode  =  Ps=^  size  of  Pp. 


Seconds  after 
making  circuit. 

Deflections. 

P,+. 

r.-. 

0 

120 
GOO 

217 
Begins  to  fall. 
45,  vibrating. 

217-5 
220 

2nd  Experiment. — Pp  =  same  size  as  before.  Ps  =  4  •^ize  of  P^ 


Seconds  after 
making  circuit. 

Deflections. 

P.+. 

P6-. 

0 

40 

180 

600 

ISSO 
Begins  to  fall. 
140,  vibrating. 

1900 
I960 

Here  it  seems  evident  that  the  irreciprocity  is  due  to  the 
gradual  formation  of  a  badly- conducting  film  on  the  anode, 
but  Christiani  does  not  accept  this  simple  explanation,  appa- 
rently because  it  would  not,  as  he  thinks,  explain  the  results 
obtained  Avith  transient  currents. 

Having  rejected  both  polarization  and  a  chemical  transition 
resistance  as  causes  for  the  effects  obtained,  a  theory  of  elec- 
trolysis which  would  afford  an  ex])lanation  of  them  was 
necessary.  The  theory  which  Christiani  evolves  is  a  direct 
development  of  the  idea  that  electrolysis  is  a  convection  of 
electricity  by  the  atoms  of  matter.  He  considers  the  me- 
chanism of  electrolysis  to  consist  in  the  two  ions  of  a  mole- 
cule conveying  equal  and  opposite  quantities  of  electricity  in 
opposite  directions,  but  assumes  (1)  that  the  impulse  causing 
this  motion  takes  place  only  at  the  anode.  He  assumes,  more- 
over, (2)  that  in  a  given  electrolyte  the  number  of  atoms 
{=n)  which  meet  any  unit  area  in  unit  time  only  depends 


134  Messrs.  Gee  and  Holden  on 

on  the  temperature  of  the  electrolyte.  Finally,  he  makes  use 
of"  the  assumption  (3)  that  every  monad  ion  carries  the  same 
quantity  of  electricity  (  =  e).  These  assumptions  are  applied 
finally  to  the  case  of  unequal-sized  electrodes,  a  plate  of  area 
P  and  a  point  of  area  8,  as  follows.  According  to  assump- 
tion (2)  the  number  of  atoms  which  touch  the  plate  in  unit 
time  will  be  nP,  and  therefore  by  (3)  the  greatest  quantity 
of  electricity  which  can  leave  the  plate  by  ordinary  convec- 
tion in  unit  time  is  nVe,  and  similarly  nSe  is  the  greatest 
quantity  of  electricity  which  can  leave  the  point  in  unit  time. 
He  then  argues  that,  although  n  is  a  very  large  quantity,  e  is 
a  very  small  one,  and  that  it  may  thus  happen  that  nVe  and  nSe 
are  quantities  of  electricity  small  enough  to  be  dealt  with  in 
experiment.  He  then  considers  the  effect  of  an  E.M.F.  (=E) 
acting  in  the  circuit  for  a  very  short  time  (  =  0'  Suppose 
that  the  plate  is  the  anode  and  let  such  an  E.M.F.  (  =  E^)  be 
applied  for  a  very  short  time  (  =  0  that  the  quantity  of  elec- 
tricity which  passes  is  equal  to  nYet.  In  this  case,  when  the 
E.M.F.  applied  is  just  sufficient  to  charge  the  n^t  atoms  wliich 
appear  at  the  plate  anode  during  the  time  t  of  charge,  Chris- 
tiani  says,  from  energy  considerations,  that  the  most  favour- 
able conditions  for  the  passage  of  the  electricity  are  attained, 
or,  in  other  words,  the  resistance  of  the  cell  is  now  a  minimum. 
If  the  E.M.F.  applied  be  less  than  E^  the  resistance  of  the  cell 
increases  because  all  the  atoms  which  touch  the  anode  are 
not  engaged  in  carrying  the  electricity;  if,  on  the  other  hand, 
an  E.M.F.  greater  than  Ep  is  used,  the  resistance  of  the  cell 
again  increases  because  a  process  analogous  to  spark-discharge 
has  to  go  on.  Similarly,  if  the  point  is  the  anode,  there  will 
be  a  certain  E.M.F.  ( =E'J)  for  which  the  resistance  of  the  cell, 

(F  \ 
=  — cf  V    Let 

the  E.M.F.  actually  applied  be  E,  there  are  then  three  cases 

possible.     Since  E^<E, 

(l)E<E,<Ep,     (2)E,<E<E^,     (3)  E,<E^<E. 

Now,  according  to  Christiani,  the  resistance  of  the  cell  is 
greater  or  less  {i.  e.  an  additional  electrical  transition  resistance 
is  greater  or  less)  according  as  the  E.M.F.  applied  is  more  or 
less  different  in  value  from  that  giving  the  minimum  resist- 
ance. Thus  in  case  (1),  where  E  is  nearer  to  E,,  the  quantity 
of  electricity  which  passes  will  be  greater  if  the  point  is  the 
anode.  In  case  (2),  where  E  is  between  E,  and  Ep,  there 
will  be  one  value  of  E  which  will  give  equal  quantities  of 
electricity  in  either  direction  of  E.     In  case  (3),  where  E  is 
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nearer  to  Fj,„  the  ciuantity  of  electricity  will  1)0  i;roator  it'  tlie 
plate  is  the  anode. 

The  theory  is  thus  highly  inoeniou.s,  but  its  veritication  is 
a  matter  of  considerable  diiiiculty,  for  we  have  to  distinguish 
the  etiects  of  polarization  and  chemical  transition  resistance 
from  the  electrical  transition  resistance.  As  we  have  pointed 
out,  Christiani's  own  results  are  open  to  doubt,  so  that  unless 
some  better  method  of  experiment  can  be  suggested  the 
hypothesis  of  Christiani  nuist  remain  but  an  interesting 
speculation. 

Section  B.  Descriptive  of  our  Experimental  Work. 

1.  Arrangement  of  Apparatus. 

We  have  found  the  arrangement  shown  in  tig.  3  very  con- 
venient for  the  larger  part  of  our  experimental  work. 

M  is  a  battery  consisting  usually  of  from  1  to  0  secondary 
cells; 

^1  is  a  commutator  for  reversing  the  main  current; 

k^  is  a  four-way  plug-key  enabling  the  voltameter-circuit 
to  be  broken  or  short-circuited,  or  cut  out  of  the  circtiit 
altogether; 

V  is  the  electrolytic  cell ; 

G  is  a  dead-beat  Deprez  and  D'Arsonval  galvanometer; 

^3  is  a  commutator  used  to  reverse  the  current  through  G; 

X.'4  is  a  switch  hinged  at  E.  According  as  the  contacts  D  and 
A  or  those  at  C  and  B  are  made,  then  (1)  the  battery  is  in- 
cluded or  excluded  from  the  voltameter-circuit,  (2)  the  low- 
resistance  galvanometer-shunt  Sp  or  the  high  resistance 
galvanometer-shunt  S*  is  in  use,  and  (3)  the  resistance-box 
Bp  or  Bs  is  employed.  The  switch  k^  enables  us,  there- 
fore, to  study  the  changes  of  current-intensity  when  the 
electrolytic  cell  is  in  circuit  with  the  battery,  and  also 
the  changes  of  the  polarization-current  which  ensue  after 
cutting  the  battery  out  of  the  circuit. 

2.  Experiments  with  strong  H2SO4  and  Pt  Electrodes. 
a.  General  descrijjtion  of  the  Phenomenon  to  he  observed. — 
In  the  opening  paragraph  of  this  paper  it  was  stated  that, 
through  a  given  voltameter,  consisting  of  Pt  electrodes  in 
strong  H2SO4,  currents  of  an  intensity  below  a  certain  maxi- 
mum could  alone  pass,  and  that  if  we  tried  to  increase  the 
current  strength  above  this  maximum,  it  was  found  that  the 
deflection  on  a  galvanometer  in  circuit  diminished  nearly  to 
zero,  and  that  decomposition  nearly  ceased.  Further  inves- 
tigation soon  showed  that  the  size  of  the  electrodes  was  also 
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of  great  influence  in  determining  the  stoppage  of  the  current, 
as  is  well  shown  by  the  following  arrangement  (see  also 
Table  I.).  Take  two  clean  platinum  electrodes,  one  being 
much  larger  than  the  other,  and  place  them  in  strong  pure 
H2SO4.  It  will  be  found  that  a  very  large  current  can  pass 
from  the  larger  to  the  smaller  electrode  (see  tig.  4,  «  direc- 
tion of  current),  giving  a  deflection  say  of  several  hundred 
divisions  on  the  galvanometer.  On  revcu'sing  the  current 
(see  fig.  5,  |8  direction  of  current),  if  it  be  of  suitable  strength, 
after  the  first  sudden  deflection  the  galvanometer-needle  will 
soon  return  nearly  to  zero  ;  in  many  cases  scarcely  a  trace  of 
a  deflection  is  to  be  observed ;  in  fact  the  current  in  the  a 
direction  may  be  more  than  a  thousand  times  as  great  as  that 
obtained  in  the  /3  direction  on  reversing  ki'.  We  desire  to 
ascertain  the  cause  of  this  (almost  total)  stoppage  of  the 
current,  and  to  study  generally  the  conditions  determining 
its  occurrence  ;  and  in  connexion  with  this,  it  may  be  noted 
that  the  formation  of  a  sheath  of  gaseous  bubbles  round  the 
anode  always  attends  this  stoppage  of  the  current  with  Pt 
electrodes. 

b.  Experiments  proving  Existence  and  Locality  of  an  Insida- 
tirtg  Film. — If,  after  the  production  of  the  insulating  condition, 
we  replace  the  kathode  by  a  large  electrode  the  current  is 
still  stopped,  but  if  the  anode  be  similarly  exchanged  the 
current  passes  readily.  This  experiment  proves  that  there  is 
some  obstructing  cause  at  the  anode.  To  determine  its  nature 
attempts  have  been  made  to  measure  the  polarization  and  re- 
sistance of  the  cell  in  the  a  and  /3  directions.  Operating  very 
rapidly  with  the  dead-beat  galvanometer,  and  using  Ohm's 
method,  we  find  that  the  resistance  in  the  /3  direction  (after 
the  insulating  condition  is  produced)  is  very  much  greater 
than  in  the  a.  direction.  Thus  in  one  experiment  the  resist- 
ance in  the  «  direction  was  only  10  ohms,  whereas  on  reversal 
it  rose  to  10,000  ohms,  and  continued  to  increase  for  some 
time  after  the  insulating  condition  was  produced.  The  pola- 
rization, on  the  other  hand,  may  be  regarded  as  equal  in  the 
two  directions,  for,  using  a  compensation  method  in  which  the 
voltameter-circuit  was  momentarily  opened,  and  the  polariza- 
tion balanced  against  a  known  E.M.F.,  we  have  found  2'5 
volts  to  be  the  value  both  when  the  insulating  condition  was 
produced,  and  also  when  it  was  not.  This  result  was  con- 
firmed by  Ohm^s  method.  Thus  the  polarization  is  not  ab- 
normal, and  therefore  cannot  be  a  determining  factor  in  pro- 
ducino-  the  insulatino-  condition.  Such  a  conclusion  was 
from  the  first  to  be  expected,  as  the  stoppage  of  the  current 
bad  been  produced  when  a  battery  having  an  E.M.F.  of  ten 
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volts  and  upwards  bad  been  employed.  Measurements  of  tbe 
resistance  were  also  taken  by  Koblrauscb's  method,  this  being 
done  by  breaking  the  circuit  of  fig.  3  between  a  and  h,  and 
including  the  arrangement  in  one  of  the  arms  of  a  Wheat- 
stone^s  bridge.  It  was  found  very  difficult  to  get  anything 
but  a  very  approximate  value  of  the  resistance  during  the 
insulating  condition,  for  the  passage  of  the  alternate  currents 
apparently  tendetl  to  destroy  the  insulation,  and  caused  con- 
tinual vibration  of  the  needle  of  the  dead-beat  galvanometer. 
This  effect  was  much  less  when  the  current  was  sent  in  one 
direction  through  the  primary  coil  of  the  induction-coil  than 
in  the  other.  The  values  of  the  resistance  obtained,  however, 
fully  confirmed  those  obtained  by  other  methods  ;  so  that  we 
mav  conclude  that  the  insulatino-  condition  is  due  to  a  re- 
sistance  at  the  anode.  In  what  follows  it  will  be  convenient 
to  regard  this  as  due  to  a  film  of  badly-conducting  matter. 

c.  The  Film-forming  Current-density. — If  we  increase  the 
size  of  the  anode  a  greater  current  is  necessary  to  produce  the 
insulating  condition,  hence  the  current-density  at  the  anode 
is  an  important  factor  in  determining  the  formation  of  the 
film  (see  Tal)le  I.).  Calling  C!  the  minimum  current  which 
will  form  the  film  and  S  the  whole  surface  of  the  anode  im- 
mersed, then  CyS  =  A  we  shall  define  as  the  film-forming 
current-density.  The  actual  value  of  A  depends  upon  several 
conditions,  such  as  will  be  best  understood  after  an  examina- 
tion of  Tables  I.  and  II. 

Examination  of  the  following  and  similar  observations  show 
that  A  is  not  perfectly  definite  in  value,  but  is  greatly  in- 
fluenced by  the  previous  treatment  of  the  anode.  For  example, 
if  the  anode  has  been  heated  to  redness  and  washed  before 
putting  in  the  current,  the  film  forms  with  a  less  value  of  A 
than  if  the  anode  had  been  previously  used  for  electro- 
lysis (see  experiments  2  and  3,  Table  I.,  and  5,  6,  7,  and 
21,  Table  II.).  Generally  speaking,  previous  currents  in 
either  direction  cause  A  to  increase,  but  after  the  current  has 
been  on  for  some  time  in  the  ^  direction,  a  reversal  for  a 
short  period  seems  to  assist  tbe  formation  of  the  film.  Ex- 
periment 6,  Table  I.,  shows  very  markedly  the  effect  of  un- 
clean electrodes.  It  is  noteworthy  that,  when  the  current- 
density  in  the  /S  direction  is  at  first  of  a  value  A'  greater  than 
A,  the  rapidity  and  completeness  of  the  film-formation  depends 
upon  A'  — A. 
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Table  I. — Showing  Effect  of  (1)  Size  of  Anodes, 
(2)  Previous  history  of  Electrodes. 

A;  =  constant  of  galvanometer  = '000305  ampere. 
S  =  surface  of  anode=Z  x  '06  sq.  cm.  approximately. 
Z  =  length  of  anode. 

The  electrodes  used  were  of  platinum,  one  of  them  being  a 
plate  40  millim.  x  8'5  millim.,  the  other  a  wire  '2  millim.  dia- 
meter, Avhose  length  was  varied  during  the  experiment.  These 
were  placed  in  strong  pure  H2SO4,  and  a  battery  with  an 
E.M.F.  of  6  volts  employed. 


Eemarks. 


1.  Had  been  passing  current  a  long  time 

in  /3  direction 

2.  Ditto    

3.  Washed  and  heated  electrodes 

4.  Current   on    in   a   direction   for    15 

seconds    

5.  Ditto  for  GO  seconds 

6.  Wiped  electrodes  with  paper.     Shows 

influence  of  unclean  electrodes.., 

7.  Washed  and  heated  electrodes 

8.  Current   on   in   a   direction   for    30 

seconds    

9.  Ditto  for  45  seconds 

10.  Broke  circuit ;    lifted    electrodes  up 

and  down  in  the  liquid  several  times 
Film  evidently  not  thorouglily  re- 
moved by  this  process,  and  there- 
fore easily  reformed  

11.  Broke  circuit;    lifted  electrodes  out 

of  liquid  for  10  seconds,  then  moved 
them  up  and  down  in  liquid  for 
30  seconds  

12.  Mixed  treatment    

13.  Current  on  in  a  direction  for  a  moment 


20 
10 


0. 


>t287  = 
k  140  = 
k  100= 

k  90= 
k    92= 

k  240= 
k  110= 

k  150= 
k  120= 


ampere 


105 

0511 

0365 

0328 
0335 

0876 
0402 

0547 
0438 


k    70 =-0255 


k  130= -0475 
k  63= -0230 
k    67  =  -0245 


ampere 
per  sq.  cm 

■87 
•85 
•61 

•55 
•56 

1-46 
•67 

■91 
•73 


•43 


■79 

•77 
•82 


The  resistance  of  the  voltameter  was,  as  estimated  by  Ohm's 
method,  45  ohms  in  the  a  direction  of  the  current,  and  4500 
ohms  in  the  jB  direction  when  the  film  was  formed.  In- 
creasing the  E.M.F.  of  the  battery  made  no  difference  in  the 
value  of  C. 
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Table  II.— Showinn;  Effect  of  (1)  Change  of  Ourrent- 
strongtli,  (2)  Previous  history  of  Electrodes. 

/:=constant  of  galvanometer  =  "00051  ampere. 

The  electrodes  were  of  platinum,  size  not  noted,  and  the 
electrolyte  was  strong  pure  H2SO4. 


Treatment  of  Elec- 
trodes. 

Ohms  in 
circuit  with 
voltameter. 

Deflection. 

Remarks. 

1.  (During  experiments 

30 

117 

Deflection  steady. 

2.       1-7     the     current 

20 

162 

„         less  steady. 

3.       was  kept  coutinu- 

15 

191-194 

Vibrations  more  marked. 

4.       ously    on    in    the 

10 

235-2.38 

5.       film-forming      (j6) 

5 

315-321 

Vibrations,    which    were 

direction.) 

not  regular. 

6. 

3 

365-370 

>•           I. 

7. 

0 

4 

Film  formed ;  the  deflec- 
tion being  reduced  im- 
mediately to  4. 

8.  Short-circuited    vol- 

tameter for  a  time. 

3 

4 

9.  Current  reversed  for 

an  instant    

3 

4 

10.  Electrodes  heated  to 

" 

redness     

3 

4 

11.  Short-circuited    vol- 

tameter for  a  time. 

G 

4 

12. 

10 

212 

13.  Current  reversed  for 

an  instant    

9 

7 

230-234 
235-250 

14 

15. 

6 

250-20 

Film  formed  ;  deflection 
reduced  to  20. 

16. 

5-5 

270-20 

Deflection  at  first  270, 
then  fell  gradually  to 
150,  and  then  a  rapid 
fall  to  20. 

17.  Electrodes  reheated  . 

5-5 

220-20 

Deflection  fell  graduallv 
to  20. 

18.  Current  reversed  an 

instant    and   then 

voltameter    short- 

circuited  

6 

270-300 

19. 

5-5 

^75-310 

20. 

5-5 

280-300 

21.  Electrodes  reheated.. 

5-5 

200-4 

22.  Current  reversed  an 

instant    and    then 

voltameter    short- 

circuited  

5-5 

270-310 

23.  Electrodes    reheated 

and      allowed      to 

stand  5  minutes  in 

the  acid    

5-6 

4 

Film  quickly  formed. 
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The  method  of  placing  the  anode  in  the  acid  has  an 
important  influence  upon  the  vahio  of  A,  as  the  following 
experiments  show : — 

Exp.  I. — The  end  of  a  Pt  wire  used  as  an  anode  was  im- 
mersed in  the  acid,  and  then  the  film  Avas  formed  by  the 
lowest  value  of  the  current-density.  The  anode  was  then 
gradually  lowered  into  the  acid,  when  it  was  noticed  that  the 
film  was  formed  over  the  whole  wire.  When  the  wire  was 
lowered  rapidly  the  film  remained  on  the  lower  part  for  a 
time,  but  the  upper  portion  was  conducting,  as  evidenced  by 
the  escape  of  gas  from  it. 

Exp.  II. — The  reverse  of  the  previous  experiment  is  not 
easy  to  perform.  If  we  have  at  first  the  whole  length  of  the 
wire  immersed  and  use  a  current-density  just  less  than  A, 
and  then  try  to  form  the  film  by  diminishhig  the  length  of 
the  wire  immersed — the  strength  of  the  current  meanwhile 
being  kept  constant — it  is  difficult  to  do  so. 

d.  Persistence  of  Film. — The  disappearance  of  the  film  was 
generally  tested  for  by  means  of  a  weak  current  as  follows : — 
Knowing  what  deflection  would  be  obtained,  when  the  film 
was  not  formed,  with  a  certain  large  resistance  in  circuit, 
then  after  the  film  had  been  formed  the  resistance  was  in- 
creased to  this  value :  if  the  current  corresponding  to  this 
resistance  without  the  film  was  able  to  pass,  it  showed  that 
the  film  had  been  totally  removed,  and  generally,  from  the 
amount  of  current  which  did  ])ass,  could  be  estimated  the 
degree  of  disappearance  of  the  fihn. 

After  the  formation  of  the  film  there  are  no  signs  of  its  dis- 
appearance as  long  as  the  battery  is  left  in  circuit  with  the 
voltameter,  but  if  the  circuit  be  broken  the  film  tends  to  dis- 
appear, the  rate  of  disappearance  depending  on  the  complete- 
ness with  which  the  film  had  previously  been  formed.  It 
disappears  very  quickly  if  the  voltameter  be  short-circuited, 
and  instantaneously  if  the  current  be  reversed. 

The  film  is  removed  at  once  if  the  anode  be  taken  out  of 
the  liquid  and  wiped,  but  if  the  anode  be  left  in  the  liquid — 
the  electrodes  being  still  in  connexion  with  the  battery — the 
anode  may  be  moved  about  in  the  liquid  or  rubbed  with  a 
glass  rod  without  destroying  the  film.  If  the  rubbing  be 
vigorous  the  film  will  be  partially  destroyed^  but  on  ceasing 
the  friction  the  film  immediately  reforms.  The  anode  may 
be  removed  from  the  liquid  and  held  in  the  air  some  time 
without  thoroughly  destroying  the  film.  When  in  the  liquid 
a  stream  of  air-bubbles  may  be  blown  violently  against  the 
anode  without  destroying  the  film,  but  if  the  anode  is  removed 
from  the  liquid  a  moderate  current  of  air  blown  against  it 
removes  the  film. 
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Vibrating  the  anode,  when  the  film  is  on  the  point  of  being 
formed,  certainly  helps  its  formation,  but  after  the  film  has 
formed  violent  agitation  does  not  atfect  it,  though  by  this 
means  the  outer  layers,  at  least,  of  the  sheath  of  bubbles 
round  the  anode  may  be  removed.  We  have  tried  the  efFect 
of  mounting  the  voltameter  on  a  whirling  table,  the  electrodes 
being  kept  tixed,  and  find  that  we  can  form  the  film  when 
the  voltameter  is  raiiidly  rotating.  The  value  of  A  with  the 
rotating  voltameter  was  little,  if  any,  different  from  that 
obtiiined  when  it  was  stationary.  Touching  the  anode  with 
an  iron  wire  immediately  destroys  the  film;  this  is  also  the 
case  if  a  platinum  wire  is  used  to  touch  the  anode,  but  when 
the  platinum  wire  is  not  too  large  the  film  reforms. 

According  to  our  measurements  the  E.i\[.F.  of  polarization 
is  about  '2'b  volts;  if  after  the  film  has  been  formed  we  re- 
duce the  battery  E.M.F.  to  a  value  rather  less  than  this  without 
breaking  circuit,  we  find  that  the  film  disappears  more  slowly 
than  if  the  circuit  is  broken. 

e.  Influence  of  Degree  of  Concentration  of  Acid. — A  small 
percentage  of  water  appears  to  exercise  but  little  influence 
on  A,  but  when  the  liquid  contains  as  much  as  70  per  cent, 
water  by  volume  we  have  been  unable  to  produce  the  film. 
The  general  efFect  of  dilution  is  exhibited  in  the  following 
tables;  the  variations  of  A  for  percentages  of  acid  between 
98  and  87  being  probably  due  to  accidental  causes.  The 
dilution  seems  also  to  diminish  the  rate  at  which  the  film  is 
formed. 

Table  III.  —  Showing  EfFect  of  Concentration. 


A.  Impure  H2SO4. 
Temperature  9^-2  C. 

B.  Pure  H.SO^. 

Percentage  of 

Relative  values 

Percentage  of 

Temperature. 

Relative  values 

acid  by  vol. 

of  A. 

acid  by  vol. 

of  A. 

98 

248 

70 

+  11°  0. 

25 

97 

273 

60 

+  13=5  C. 

62 

96 

272 

50 

+  14°-3  0. 

150 

95 

272 

40* 

+  15°-8C. 

500 

93 

242 

30 

-10°0. 

No  Clm. 

90 

250 

87 

250 

82 

.34(J 

78 

360 

*  The  production  of  the  film  in  acid  of  this  degree  of  dilution  effectually 
disposes  of  any  idea  that  hydroxyl  can  have  any  in6uence  in  forminsr  the 
film.     See  footnote  of  our  former  paper  (Phil.  Mag^.  April  1888,  p.  279). 
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f.  Influence  of  TemperaUire. — Inspection  of  the  curves 
(figs.  (),  7,  and  8),  giving  the  variation  of  the  fihn-forining 
current-density  with  the  temperature  will  show  that  A  is 
markedly  aftected  by  a  change  of  temperature,  and  particu- 
larly so  at  the  higher  temperatures ;  an  increase  in  the 
temperature  requiring  a  corresponding  increase  in  A,  the  rate 
of  increase  of  A  with  temperature  being  greater  at  the 
higher  temperatures.  The  observations  from  which  the 
curves  are  drawn  were  obtained  in  the  following  manner: — 
The  anode  and  kathode  were  placed  in  separate  beakers,  each 
containing  strong  pure  H2SO4.  Connexion  was  made  be- 
tween the  two  vessels  by  means  of  several  inverted  U-tubes 
filled  with  acid.  The  beaker  containing  the  kathode  was 
kept  at  a  constant  temperature  throughout.  Starting  with 
both  beakers  at  about  15°  C.  the  current  was  put  on  in  the 
yS  direction,  and  the  current-resistance  varied  until  the  film 
was  formed  and  the  corresponding  value  of  A  noted.  The 
current  was  then  reversed  for  a  moment  in  order  to  remove 
the  film,  the  beaker  containing  the  anode  heated,  and  for 
every  few  degrees  of  rise  of  temperature  A  was  found  as 
just  described.  In  the  case  of  falling  temperatures  the  pro- 
cess was  somewhat  different  and  yielded  more  regular  results. 
After  A  had  been  found  for  the  highest  temperature,  the 
resistance  in  circuit  was  slightly  increased,  the  film  being 
removed  by  reversing  for  an  instant,  and  the  anode  vessel 
allowed  to  cool.  The  temperature  was  then  noted  at  which 
the  film  again  formed  with  the  slightly  diminished  current. 
This  procedure  was  repeated  until  the  anode  vessel  had  cooled 
down  to  the  desired  extent. 

g.  Influence  of  Viscosity. — It  was  thought  probable  that  if 
we  made  dilute  H2SO4  (say  10  per  cent,  acid)  sufficiently 
viscous  that  the  film  would  be  produced  ;  but  negative  results 
have  accompanied  the  addition  of  both  glycerine  and  gelatine 
to  the  dilute  acid.  With  a  50  per  cent,  acid  to  which  2  per 
cent,  of  gelatine  had  been  added,  the  value  of  A  was  reduced 
to  one  third  by  this  addition.  Addition  of  glue  to  strong 
H2SO4  has  a  similar  effect  in  lessening  the  value  of  A  *. 

h.  Effect  of  Platinizing  the  Electrodes. — Some  difficulty  has 
})een  experienced  in  trying  to  estimate  the  effect  which 
platinizing  a  platinum  electrode  has  on  the  value  of  A,  on 
account  of  the  impossibility  of  accurately  measuring  the 
surface  of  the  platinized  wire.  There  is  no  doubt  that  after 
platinizing  a  few  moments  much  greater  currents  than  that 

*  It  is  perhaps  worth  mentioning  that  a  jelly  made  of  glue  and  water 
gave  the  film  at  the  kathode.  In  one  case,  when  the  electrodes  were  a 
wire  and  a  Wullaston's  point,  the  resistance  was  2000  ohms  when  the  wire 
was  kathode,  and  45,000  ohms  with  the  point  as  kathode. 
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which  produced  the  fihii  before  platinization  are  now  unable 
to  do  so,  but  whether  the  surface  of  the  anode  has  increased 
by  phitinizincr  in  the  same  ratio  we  are  unable  to  say.  In 
one  case,  in  which  before  platinizing  the  film  was  formed 
with  a  current  of  70  divisions,  after  a  few  moments'  platiniz- 
ing the  film  would  not  form  with  currents  as  high  as  300 
divisions. 

3a.  Ea'periments  loith  H2SO4  and  Carbon  Electrodes    . 

In  these  experiments  we  at  lirst  found  considerable  difficulty 
owing  to  the  disintegration,  during  electrolysis,  of  the  various 
kinds  of  carbon.  Carre-prepared  carbons,  gas-carbons,  and 
graphite  (from  lead-pencils)  all  behaved  in  the  same  way. 
On  making  circuit  no  gas  at  first  comes  from  the  anode,  but 
eventually  the  outer  shell  breaks  off"  and  gas  is  evolved*.  It 
occurred  to  us  that  the  coherent  carbon  filaments  used  in 
incandescent  lamps  might  be  free  from  this  objection,  and 
this  conjecture  was  found  to  be  justified.  At  first  filaments 
from  Swan  lamps  were  used,  and  afterwards  some  kindly  sup- 
plied by  Messrs.  Woodhouse  and  Rawson.  With  either  of 
these  carbons  we  were  able  to  electrolyze  strong  H2SO4 
without  any  disintegration  or  coloration  of  the  liquid. 

Using  these  carbon  filaments  we  were  able  to  readily  pro- 
duce a  film  at  the  anode  which  had  the  same  general  properties 
as  that  obtained  with  platinum.  To  make  sure  that  the  film 
was  not  due  to  any  coating  of  oxidizable  material  the  fila- 
ments were  boiled  in  aqua-regia  and  well  washed,  but  this  had 
no  influence  in  preventing  the  formation  of  the  film.  Plati- 
nized carbon  behaves  as  regards  the  film-formation  exactly 
like  platinized  platinum.  The  insulating  condition,  with 
carbon  filaments,  is  accompanied,  as  in  the  case  of  platinum, 
by  the  formation  of  a  gaseous  sheath  round  the  anode. 

3  b.  Experiments  icith  H0SO4  ayid  Gold  Electrodes. 

Some  fine  gold  wire,  sold  to  us  as  pure  by  Messrs. 
Johnson,  Matthey,  &  Co.,  and  a  piece  of  platinum  foil  were 
used  together  as  electrodes  in  strong  pure  H2SO4;  the  pla- 
tinum and  gold  being  placed  in  separate  limbs  of  a  U-tube. 
The  behaviour  of  this  combination  was  very  peculiar.  The 
film  readily  formed  when  the  gold  was  anode,  but  no  sooner 

♦  This  behaviour  of  carhon  has  been  noticed  by  Gore  and  others,  and 
more  recent!}'  studied  by  Debray  andPechard  ( Compt.  Rend.  cv.  pp.  27-30). 
These  observers,  usinp:  fras  and  other  kinds  of  carbon  puritied  by  CI  at  high 
temperatures,  found  that  the  gas  evolved  at  the  anode  during  the  electnj- 
lysis  of  112804  was  a  mixture  of  CO,  and  O.  The  black  powder  formed 
on  disintegration  ( after  being  wa.-hed  and  dried)  deflagrated  at  a  tempera- 
ture below  red-heat,  evolving  Cr)  and  CO^. 
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had  it  formed  than  it  hofran  to  disappear  again,  and  did  not 
reform  until  the  circuit  had  been  broken.  On  making  the 
gold  wire  the  anode,  after  the  current  had  been  in  the  previous 
direction,  it  was  noticed  that  one  of  two  things  happened, 
either  (I)  the  deflection  at  first  was  large,  and  decreased 
rather  quickly  to  a  small  value,  then  increased  gradually  to 
its  former  value,  or  (2)  the  deflection  at  first  was  small  and 
then  made  a  sudden  jump  to  a  high  value,  at  which  it  remained. 
The  gold  wire  used  was  very  rapidly  eaten  away. 

4.    Experiments   icilh  other  Electrolytes  and  Platinum 
Electrodes. 

a.  JPhosphoric  Acid. — Efforts  to  produce  a  definite  film  have 
been  unavailing.  We  have  tried  various  solutions  (including 
some  quite  viscous),  and  although  we  have  found  that  there 
is  a  difference  of  deflection  in  the  two  directions  of  the 
current,  the  electrodes  being  a  point  and  a  plate,  we  are  dis- 
posed to  attribute  this  mainly  to  polarization.  At  the  same 
time  there  certainly  is  evidence  of  a  difference  of  transition 
resistance  in  the  two  directions,  for  in  one  case,  using  a 
battery  E.M.F.  of  about  18  volts,  the  deflection  when  the 
point  was  anode  was  double  that  with  the  current  reversed. 
This  indicates  that  in  the  latter  direction  there  is  a  higher 
transition  resistance,  for  any  diff"erence  of  polarization  in 
the  two  directions  would  probably  be  small  relative  to 
the  E.M.F.  employed. 

b.  Caustic  Potash. — Differeut  strengths  of  solution  up  to 
saturation,  and  a  battery  E.M.F.  up  to  ten  volts  were  used, 
but  no  definite  film  could  be  obtained.  On  adding  glycerine 
to  the  solution,  in  order  to  increase  its  viscosity,  the  transition 
resistance,  as  measured  by  Ohm's  method,  was  greater  with 
the  point  anode  than  when  kathode  ;  in  one  experiment  the 
resistances  were  37  and  3'5  ohms  respectively.  Attempts 
were  afterwards  made  to  repeat  the  elfects  obtained  by  Ohm, 
with  solutions  of  caustic  potash,  and  for  this  purpose  a  battery 
of  3  Daniells  was  employed.  The  differences  of  the  de- 
flections in  the  two  directions,  and  also  the  fall  of  the 
deflection  obtained  after  making  circuit,  were  generally  to  be 
attributed  to  polarization;  but  using  certain  currents  a 
tendency  towards  the  formation  of  a  transition  resistance 
could  be  traced,  as  evidenced  by  the  table  below,  the  numbers 
of  which  were  obtained  by  Ohm's  method. 
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Table  IV. — Irrceiprocity  witli  Platinum  Electrodes 
ill  KHO  *. 


Point  anode. 

Plate  anode. 

Resistiiuce  of  voltixiueter,  Exp.  1... 

111-3  ohms. 

33"5  ohms. 

2 

120 

32 

Polarization           „             „     1..- 

2G5  volts. 

2-12  volts. 

2... 

2-65     „ 

210     „ 

Current  through    ,,             „     1... 

•002G5  ampere. 

•0178  ampere. 

2... 

■00247        „ 

■OU'J 

c.  Other  Liquids. — No  film  was  obtained  with  platinum 
electrodes  in  the  following  liquids  : — (l)Pure  fuming  HNO3; 
(2)  a  mixture  of  HNO3  and  H2S0ji,  the  former  being  in 
excess  ;  (3)  strong  HCl ;  (4)  a  mixture  of  HNO3  and  HCl 
in  equal  parts.  The  film  was  obtained  with  strong  H2SO4 
in  which  CrOs  had  been  dissolved,  but  no  remarkable  features 
were  noticed. 

5.  Eajperimenis  on  Soap  and  Sodium  Benzoate. 

A  piece  of  common  white  soap  was  cut  in  the  form  of  a 
cylinder  4  cm.  long  and  1  cm.  diameter.  It  was  protected 
by  a  glass  tube,  and  mounted  so  that  platinum  plates  pn^ssed 
against  its  two  ends.  The  resistance,  as  measured  by  Ohm's 
method,  showed  a  gradually  increasing  value,  the  battery  being 
kept,  in  circuit,  from  1080  to  23,000  ohms,  at  which  it  re- 
mained constant.  The  polarization  was  taken  for  various 
times  of  charge,  but  showed  but  little  variation.  Measure- 
ments of  the  resistance  of  the  soap  with  a  battery  in  its  circuit 
were  also  made  b}'  Kohlrausch's  method,  the  results  confirm- 
ing those  previously  obtained  by  Ohm's  method.  ^Vith 
solutions  of  soap  the  solid  soap  acids  were  separated  out,  but 
there  were  no  signs  of  any  film-formation. 

In  many  respects  a  solution  of  sodium  benzoate  resembles 
soap,  for  benzoic  acid  is  but  little  soluble  in  water,  hence  it 
was  thought  that  an  electrolytic  deposit  at  the  anode  might 
stop  the  current.     This  was  found  to  be  the  case  ;    different 

*  Further  measurements  are  being  made  both  with  KIIO  and  other 
liquids  by  means  of  the  method  of  Fuchs,  which  with  certain  precautious 
now  appears  to  us  to  be  the  one  best  adapted. 
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strengtlis  of  sodium  benzoate  giving  tlic  film  without  diffionlty. 
Careful  observation  showed  that  with  weak  currents  the 
oxygen  produced  at  the  anode  was  able  to  break  tlirough  the 
layer  of  benzoic  acid,  and  thus  prevent  the  film-formation  ; 
but  with  strong  currents  the  solid  acid  obtained  the  mastery, 
the  oxygen  then  not  being  able  to  break  through  and  so  dis- 
perse the  acid.  Hence,  with  strong  currents  a  film,  consisting 
of  solid  ])enzoic  acid  in  which  oxygen  bubbles  were  entangled, 
was  formed  round  the  anode,  thus  stopping  the  current. 

6.  Discussion  of  the  possible  Causes  of  the  Film. 

The  film  in  H2SO4  with  platinum  electrodes  is  in  many 
respects  very  analogous  to  tliose  obtained  in  the  same  liquid 
with  oxidizable  electrodes,  and  also  to  that  which  causes  the 
passivity  of  iron,  in  which  cases  a  solid  oxide  or  sulphate 
layer  on  the  anode  is  acknowledged  to  be  the  cause  of  the 
insulation.  The  non-formation  of  the  film  with  platinum 
electrodes  in  H2SO4  below  a  certain  strength,  the  increase 
of  A  with  the  temperature,  the  fact  that  the  film  disa})pears 
gradually  on  breaking  the  circuit,  and  immediately  on  re- 
versing the  current,  all  point,  it  may  be  argued,  to  a  solid 
oxide  or  sulphate  layer  on  the  platinum  anode  ;  the  so- 
lubility of  this  layer  varying  with  the  concentration  and 
temperature  of  the  acid,  and  its  disappearance  being  im- 
mediately caused  by  a  deposit  of  nascent  H  on  it.  For 
although  platinum  is  usually  regarded  as  non-oxidizable,  yet 
under  the  condition  of  electrolysis,  which  is  attended  by  the 
production  of  ozone  in  quantity  at  the  anode,  it  seems  quite 
possible  for  an  oxide  of  platinum  to  be  formed.  This  view 
was  strongly  upheld  by  De  La  Rive.  In  his  '  Electricity,' 
vol.  ii.  p.  410,  he  says  that  "the  part  played  by  platinum  is 
very  remarkable,  for  although  it  passes  for  being  not  oxidizable, 
yet  it  comports  itself  like  the  metals  that  are  so,  but  in  a 
feeble  degree."  The  blackening  of  platinum  electrodes  in 
dilute  H2SO4  caused  by  the  passage  of  alternate  or  direct 
intermittent  currents  (the  former  being  more  effective)  is 
urged  as  a  proof  that  platinum  is  attackable  by  the  electro- 
lytic gases,  De  La  Rive  insists  upon  the  view  that  the 
blackening  is  due  to  a  series  of  oxidations  and  reductions  of 
the  platinum,  the  oxidation  with  the  direct  currents  being 
due  to  the  0  dissolved  in  the  acid.  Another  view,  mentioned 
by  Wiedemann,  is  that  the  alteration  of  the  surface  is  caused 
by  the  mechanical  action  of  the  hydrogen,  which  is  first 
occluded  and  then  evolved  again  from  the  electrode  when  the 
current  is  diminished  or  reversed.  De  La  Rive  gives  other 
evidence  in  sujtport  of  his  theory  of  the  successive  oxidation 
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and  reduction  of  platinum,  and  explains  the  catalytic  action 
of  platinum  according  to  this  view.  Schonhein,  on  the  other 
lianil,  quite  as  tirmly  uphold  the  theory  that  the  oxygen  did 
not  combine  ^vith  the  j)latinum,  but  formed  a  condensed 
gaseous  film  on  its  surface.  Faraday  also  seems  to  have 
shared  this  view*. 

Again,  it  should  be  mentioned  that,  using  large  current- 
densities,  McLeod  t  found  that  very  fine  platinum  wires  were 
destroyed  during  the  electrolysis  of  H2SO4  of  density  1*3;  but 
whether  this  was  due  to  actual  solution  of  the  platinum  or 
to  its  disaggregation  or  to  traces  of  CI  is  doubtful.  If  solu- 
tion of  the  platinum  really  occurs,  it  would  support  the 
theory  that  the  film  is  due  to  a  solid  oxide  or  sulphate  layer, 
as  in  the  case  of  the  oxidizable  electrodes.  In  this  relation 
an  experiment  of  ours  may  be  quoted.  A  platinum  wire  was 
carefully  cleaned  and  weighed,  and  then  used  as  anode  in 
strong  HoSO|,  the  film  being  then  formed  on  it.  It  was 
taken  out  quickly,  and  wiped  (with  asbestos),  which,  as  said 
previously,  removes  the  film.  The  anode  was  then  replaced, 
the  film  again  formed  and  again  wiped  off.  Tliis  was  repeated 
a  great  number  of  times,  but  no  variation  of  the  weight  of 
the  anode  could  be  detected  after  the  experiment,  nor  was 
there  any  difference  in  the  ajipearance  of  the  wire.  We  have 
further  electrolyzed  suljjhuric  acid  with  platinum  electrodes 
continuously  for  many  hours  without  finding  any  variation 
in  the  weight  of  the  electrodes.  Negative  experiments  of 
this  nature,  however,  cannot  be  regarded  as  having  much 
value. 

In  endeavouring  to  ascertain  the  nature  of  the  film  we  are 
met  by  the  difficulty  that  removal  from  the  acid  speedily 
brings  about  the  destruction  of  the  film,  and  other  evidences 
of  its  instability  have  been  previously  given.  Thus,  there  is 
no  possibility  of  applying  the  direct  tests  that  have  led  to 
the  generally  accepted  view  in  the  case  of  the  oxidizable  elec- 
trodes, and  although  the  film  sticks  with  some  firmness  when 
in  the  electrolyte  and  the  battery-ctirrent  is  not  broken,  yet 
there  are  no  chemical  tests  which  can  be  directly  applied 
under  these  conditions  that  can  be  thought  very  satisfactory. 
We  may,  however,  mention  that  the  film  remains  undisturbed 
when  a  stream  of  hydrogen  is  passed  in  small  bubbles  over  the 
anode,  but  is  speedily  removed  if  the  acid  round  the  anode  be 
diluted  by  a  stream  of  water.     The  formation  of  the  film  with 

*  Exp.  Res.  vol.  i.  p.  IGo.  It  may  be  noted  that  Dulong  and  Tbenard 
have  shown  in  a  re.^earch  (Ann.  de  Chiin.  vol.  xxiii.  p.  440,  1823,  and  vol. 
xxiv.p.  380,  1823)  that  all  bodies  have  the  catalytic  power,  more  or  less. 

t  Journ.  Chem.  Soc.  vol.  xlix.  p.  591. 
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carbon  electrodes,  the  non-formation  of  the  fihn  with  platinum 
electrodes  in  varions  oxidizing  agents,  and  other  minor  pro- 
perties, which  will  be  found  in  the  j)revious  part  of  the  paper, 
have  led  us  to  doubt  the  accuracy  of  the  oxide  theory  in  the 
case  of  platinum  or  carbon  electrodes,  and  to  provisionally 
ado])t  another  theory,  as  indicated  below. 

The  behaviour  observed  at  the  anode  in  the  case  of  the 
electrolysis  of  sodium  benzoate  solution  suggests  that  the 
badly-conducting  sulphuric  acid  which  appears,  in  electro- 
lyzing  that  liquid,  at  the  anode,  may  under  certain  conditions 
be  able  to  stop  the  current.  In  discussing  such  a  hypothesis 
we  have  to  remember  : — 

(1)  That  the  specifio  resistance  of  H2SO4  increases  very 
rapidly  with  the  degree  of  concentration. 

(2)  That  the  concentration  of  the  acid  at  the  anode  during 
electrolysis  is  partially  prevented  (a)  by  the  evolution  of 
oxygen  (as  we  have  pointed  out  in  Phil.  Mag.  April  1888, 
p.  283),  and  also  (/>)  by  its  dilution,  the  rapidity  of  which 
depends  on  the  viscosity  and  strength  of  the  acid  solution 
used. 

(3)  That  a  certain  amount  of  oxygen  forms  a  gaseous  layer 
on  the  anode. 

Bearing  these  points  in  mind,  we  will  examine  whether 
they  are  suflficieut  to  explain  our  experiments. 

Firstly.  With  low  current-densities  the  concentrated  acid 
will  be  formed  in  quantity  too  small  to  withstand  the  two 
causes  tending  to  cause  its  dispersion. 

Secondly.  With  greater  current-densities  the  rate  of  forma- 
tion of  the  concentrated  acid  will  overcome  the  rapidity  of  its 
dilution,  and  the  resistance  of  the  layer  of  acid  round  the 
anode  may  increase  so  rapidly  as  to  form  an  insulating  film, 
before  enough  gas  has  been  evolved  to  cause  its  destruction  ; 
the  gas  which  has  been  produced  becoming  entangled  in  the 
viscous  concentrated  layer,  which,  once  formed,  will  not  be 
easily  removed  by  friction,  &c. 

Thirdly.  With  still  higher  current-densities,  though  there 
will  be  a  greater  tendency  towards  the  formation  of  this  layer 
immediately  the  circuit  is  made,  yet  it  is  conceivable  that 
more  gas  will  be  produced  in  the  same  time  than  can  be  pre- 
vented from  escaping,  and  thus  destroying  the  non-conducting 
layer  ;  for  it  would  be  expected  that  the  tendency  of  the  gas 
to  escape  would  increase  at  a  greater  rate  than  the  tendency 
of  the  acid  layer  to  prevent  the  escape.  An  upper  limit  to 
the  current-density  ought  therefore  to  be  discoverable  beyond 
which  no  film  can  be  produced.  In  the  case  of  foil  elec- 
trodes placed  hoikcontally  with  only  the  lower  surface  exposed 
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to  tlie  at'id,  wo  liavo  succoeded  in  olitaining  such  an  upper 
limit.  The  discoverv  of  an  upper  limit  makes  some  of  our 
experiments  of  less  value,  for  where  we  liave  stated  that  no 
iilm  has  been  obtained,  the  non-success  may  be  due  to  failure 
in  fixino;  on  the  ri^ht  limits  of  current-density.  It  also 
explains  the  peculiar  jumps  in  the  current  which  we  have  at 
times  observed  in  usino-  platinum  electrodes  in  strong  H2SO4. 
These  jumi)S,  which  were  of  a  similar  kind  to  those  which 
we  obtained  with  gold  electrodes,  are  probably  due  to  the 
current-density  used  being  near  the  uj)per  limit  when  small 
causes,  such  a?  the  heating  of  the  liquid,  would  involve  the 
disappearance  of  the  film*. 

This  |)rovisional  hypothesis  likewise  accounts  for  the  non- 
formation  of  the  film  in  dilute  H2S04t.  Here  the  rate  of 
dilution  (even  if  the  electrolyte  be  made  viscous  by  the 
addition  of  glycerine)  of  the  concentrating  layer  will  be  more 
rapid,  and  hence  a  greater  length  of  time  M'ould  be  requii-ed 
to  produce  a  thoroughly  concentrated  layer.  But  the  longer 
the  time  that  elapses  before  this  is  attained,  so  much  the 
greater  must  be  the  quantity  of  oxygen  produced.  Thus,  just 
as  in  the  case  of  current-densities  above  the  upper  limit  in 
strong  H2SO4,  the  formation  of  film  will  be  prevented. 

The  less  rapid  increase  of  the  specific  resistance  with  the 
degree  of  concentration  in  the  cases  of  H3PO4  and  KHO 
probably  explains  the  difficulty  found  in  obtaining  such  a 
high  degree  of  insulation  as  we  have  observed  with  H2SO4. 

Some  other  aspects  of  transition  resistance,  evidenced  by 
some  experiments  not  included  here,  will  be  considered  in  a 
subsequent  paper. 


X^'^II.    On  a  Practical  Constant-  Volvme  Air-  Tliermometer. 
By  J.  T.  BoTTOMLEY,  M.A.,  F.R.S.X 

IN  the  fourth  M^moire  of  his  celebrated  Relation  des  Ex- 
periences, published  in  1847,  Regnault  gives  cogent 
reasons  for  preferring  the  air-thermometer  before  any  other 
as  the  instrument  by  means  of  which  temp(!rature  may  be 

*  "We  are  not  disposed  to  think  that  the  jiinips  obtained  witli  gold  are 
due  to  the  same  cause.  Gold  really  conies  under  the  head  of  attackable 
electrodes,  and  the  phenomena  with  it  are,  therefore,  probably  of  a  more 
complicated  character  than  with  either  platinum  or  carbon.  I'alladium, 
in  this  respect,  must  be  classed  with  gtild,  for  when  used  as  anode  in 
moderately  strong  sulphuric  acid,  it  dissolves. 

t  The  results  obtained  by  Christiani,  we  believe,  may  also  be  explained 
by  this  hypothesis. 

X  Communicated  by  the  Author,  bein^  a  paper  read  before  the  Roj^al 
Society  of  Edinburgh,  Jan.  G,  18is,  with  au  addition  of  June  -5,  18S>i. 
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defined,  and  hi^b  t(Mnperatnres  deteiMnin(Ml.  Tlie  thermo- 
dynamic researches  of  Sir  WilHam  Thomson  have  furnished 
an  absohite  thermodynamic  definition  of  temperatures  ;  and 
tlie  experimental  researches  of  Dr.  Joule  and  Sir  William 
Thomson  have  established  the  practical  agreement  of  Reg- 
nault's  air-thermometer  with  the  thermodynamic  scale  of 
temperatures.  Lastly,  the  air-thermometer  is  the  only  in- 
strument known  at  present,  with  the  exception  of  a  mercurial 
thermometer  which  has  been  compared  with  an  air-ther- 
mometer, by  means  of  which  temperatures  higher  than,  say, 
150°  C.  or  200°  C.  can  be  determined  within  '6°  C.  or  4°  C* 

In  experimenting  on  the  resistance  of  platinum  and  carbon 
filaments  at  high  teniperatures,  in  connexion  with  a  research 
on  thermal  radiation  with  which  I  have  been  engaged,  I  have 
used  air-thermometers  of  various  forms  ;  and  I  have  recently 
been  using  a  constant-volume  air-thermometer,  which  I  first 
described  to  Professor  Grray,  of  University  College,  Bangor, 
just  two  years  ago  (January  188G),  and  partially  constructed 
for  him  at  that  time.  It  is  this  instrument,  greatly  improved 
as  to  practical  details,  which  I  now  desire  to  bring  before  the 
Royal  Society. 

The  best  known  constant-volume  air-thermometer  is  that  of 
Jolly  of  Vienna.  It  is  a  convenient  instrument,  and  is  fairly 
accurate  for  moderate  temperatures  ;  but  for  high  tempera- 
tures a  correction,  which  it  is  necessary  to  apply  on  account 
of  expulsion  of  air  from  the  heated  part  of  the  thermometer, 
becomes  serious,  at  any  rate  with  the  dimensions  commonly 
given  to  the  instrument.  It  has  also  some  other  defects, 
among  which  may  be  mentioned  difficulties  as  to  the  capillary 
surfaces  of  the  mercury,  want  of  flexibility  or  adaptability  for 
various  positions,  and  the  proximity  of  the  manometric  column 
to  the  heated  regions. 

The  modifications  which  I  have  made  in  the  construction 
of  the  air-thermometer  have  a  threefold  object,  one  part  of 
which  is  to  improve  on  the  accuracy  of  the  instrument,  and 
reduce  to  the  minimum  that  is  practicable  the  correction  above 
referred  to  for  the  air  expelled  by  heat  from  the  thermometer- 
bulb  or  air-reservoir.  A  second  object  is  to  increase  the  range 
of  the  instrument  by  giving  it  a  form  in  which  the  hard 
Bohemian  glass  can  be  used  in  the  construction  of  the  part  to 
be  heated.  The  third  object  is  to  make  that  part  of  the  ther- 
mometer whicli  is  to  be  heated,  and  which,  in  the  use  of  the 

*  Mr.  II.  L.  Callendar  has  proposed  to  use  the  resistance  of  platinum 
for  thermonietrie  purposes;  but  in  this  case  a^o  the  final  standard  of 
reference  is  the  air-thermometer. 
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instrument,  must  bo  put  in  position  with  other  ))ieces  of  ex- 
perimental apparatus,  of  such  a  form  as  to  ho  easily  handled. 

For  all  these  objects  1  find  it  most  convenient  to  construct 
separately  the  manometric  columns,  and  the  air-reservoir  with 
its  volume-indicator  ;  connecting  these  two  parts  of  the  in- 
strument only  by  flexible  tubing.  This  arrangement  neces- 
sitates an  apparatus  for  regulating  the  pressure  under  which 
the  air  in  the  thermometer  is  maintained. 

The  conii)lete  instrument  is  shown  in  fig.  1.  A  is  the  air- 
reservoir  and  volume-indicator,  B  is  the  manometric  gauge, 
and  C  is  the  pressure-apparatus. 

Fi-.  1. 


The  air-reservoir  and  volume-indicator  I  shall  call,  for 
brevity,  the  volume-gauge.  It  is  made  in  two  forms  (figs.  2 
and  3) — the  form  shown  in  fig.  2  for  the  lower,  and  the  other 
for  the  higher  temperatures.  The  bulb,  a,  which  is  generally 
either  globular  or  cylindrical,  is  connected  by  a  very  fine  ca- 
pillary tube,  c,  with  a  somewhat  wider  tube,  d.  Atb,  h'  there 
are  two  cylindrical  bulbs  of  the  same  size.  The  tubes  dd  and 
d'd'  are  of  precisely  the  same  diameter,  being  cut  from  the 
same  length  of  uniform  glass  tubing.  The  diameter  of  this 
tube  is  about  1  millim.     It  is  such  tubing  as  is  used  for  the 
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full-tubes    in    a    Sprengel    pump,     t    and    t'    are    two    stop- 
cocks ;  t  being  a  three-way  stopcock,  connecting  together  the 

Fig.  2. 


volume-gauge,  the  manometric  gauge,  and  the  pressure-pump; 
and  t'  is  a  stopcock  used  for  adjusting  the  quantity  of  liquid 
in  the  volume-gauge. 

The  object  of  the  two  cylindrical  reservoirs  b  and  b'  in  the 
volume-gauge  is  to  give  space  into  which  the  air  in  the  bulb 
a  may  expand  during  heating,  or  in  which  a  supply  of  the  air 
may  be  kept  during  the  cooling  of  the  thermometer.  The 
tube  d  is  very  small  in  capacity  in  comparison  with  the  bulb ; 
and  were  it  not  for  these  reservoirs,  a  very  small  change  in 
temperature  would  cause  the  air  to  be  driven  out  round  the 
bend  of  the  U,  or  the  liquid  in  the  bend  to  be  drawn  over  into 
the  bulb,  unless  the  observer  were  incessantly  on  the  watch  to 
prevent  this  occurring  by  regulating  the  pressure. 

The  U  of  the  volume-gauge  is  filled  so  full  of  liquid  that 
the  equilibrium  reading  is  taken  at  the  points  pp  of  the  tubes 
d  and  d';  and  both  in  the  selection  of  the  tubes  c  and  d,  and 
in  the  glass-blowing  at  the  junction,  as  well  as  in  the  adjusting 
of  the  quantity  of  liquid  in  the  bend,  the  endeavour  is  made 
to  keep  the  volume  of  the  air-space  between  the  bulb  and  the 
point  p  as  small  as  ])ossfible,  consid(>ration  being  given  to  the 
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capillarity  of  the  tube  d.     Either  mercury  or  sulphuric  acid 
may  be  used  iu  the  volume-gauge.     I  prefer  sulphuric  acid  on 


Fij?.  3. 


account  of  its  smaller  density.  The  greatness  of  the  density 
of  mercury,  and  the  uncertainty  of  its  capillary  action,  make 
its  use  very  liable  to  produce  serious  errors  in  reading.  But, 
on  the  other  hand,  in  the  case  of  sulphuric  acid,  the  wetting 
of  the  tubes,  which  constitutes  its  advantageous  quality  so  far 
as  capillarity  is  concerned  and  gives  regularity  of  capillary 
action  which  mercury  never  possesses,  renders  watchfulness 
necessary  to  keep  the  acid  well  clear  of  the  fine  tube  c.  If 
once  the  acid  is  allowed  to  enter  that  tube,  it  tends  to  form 
beads  and  to  make  its  way  along  it  towards  the  bulb. 

The  manometric  tube  is  simply  a  U-tube  capable  of  giving 
a  difference  of  levels  of  from  100  to  150  centimetres  of  mer- 
cury, and  wide  enough  to  make  capillarity  very  small  and 
difference  of  capillarities  in  the  two  tubes  negligible.  With 
a  tube  giving  a  difference  of  levels  of  150  centimetres,  a 
temperature  of  about  550°  (J.  may  be  reached,  starting  with 
air  at  normal  density  at  common  temperatures.  The  difference 
of  levels  may  be  read  by  means  of  a  kathetometer,  or,  what  is 
preferable,  the  tubes  themselves  may  be  graduated  to  milli- 
metres.    The  tubes  which  I  use  are  graduated  from  a  zero 
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line  wliich  is  ut  the  middle  of  tbe  loii"^  branch  of  the  U  (see 
fig.  1).  The  longer  tube  is  numbered  upward  and  downward, 
and  the  shorter  downwards,  from  the  zero  line,  and  the 
mercury  is  filled  in  so  as  to  stand  at  the  zero  in  both  branches 
when  there  is  no  difference  of  pressure,  and  thus  the  sum  of 
the  readings  of  the  two  tubes  is  equal  to  the  difference  of 
pressures  when  any  difference  of  pressure  exists. 

The  pressure  apparatus  consists  of  a  simple  pressure-syringe 
which  forces  air  into  a  small  air-bag  of  india-rubber  fortified 
with  canvas.  The  air-bag  is  ])laced  between  two  boards,  which 
are  connected  by  a  leather  hinge  and  pressed  together  by 
means  of  a  nut  which  works  on  a  wooden  screw.  The  air- 
bag  is  also  connected  by  means  of  a  T-tube  with  the  three- 
way  stop-cock  i';  and,  by  means  of  this  stop-cock,  the  air 
presses  both  on  the  liquid  in  the  volume-gauge,  and  on  the 
shorter  column  of  the  uianometer.  The  india-rubber  tubes 
used  for  these  connexions  require  to  be  strengthened  with 
canvas  to  resist  the  pressure. 

The  form  of  volume-gauge  shown  in  fig.  3  is  designed  for 
use  at  very  high  temperatures.  It  is  made  in  two  })arts, 
Avliich  are  connected  together  at  the  cup  e  (shown  enlarged, 
fig.  4).  The  bulb  and  tubes  c,  d,  and  h 
are  made  of  hard  Bohemian  glass;  the 
remaining  part  of  the  g:vug(?  is  of  German 
glass  or  English  flint  glass.  The  sto])per 
of  the  cup  e  is  made  to  fit  the  throat  of 
the  cup  closely,  and  just  below  the  throat 
an  enlargement  /  is  blown  out,  through 
which  the  elongated  part  of  the  stopper 
passes.  The  stopper  is  fastened  air-tight 
into  tlie  cup  with  Grerman  "  Siegelwachs ;" 
and  the  object  of  the  enlargement  is  to 
furnish  a  cushion  of  air  which  prevents 
the  liquid  of  the  volume-gauge  from 
coming  in  contact  with  the  cement.  The 
makiuir  of  this  ioint  is  a  little  trouble- 
some,  and  it  requn-es  to  be  protected 
air;iinst  radiation  from  the  hot  sotirce. 
There  are  various  stoppers  and  jomts 
M'ell  known,  which  prevent  leakage  in- 
wards from  without;  but  it  is  much  more 
difficult  to  find  an  efficacious  stopper 
which  will  act  against  pressui'e  from 
within  outwards. 

The  thermometer-bulb    is   filled    with 
perfectly  pure  dry  air,  and   it  is  desirable  to  have  the  bulb 
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filled  ^vith  such  a  quantity  of  air  that  the  pressure  is  ajiproxi- 
niately  that  of  a  normal  atmosphere  when  the  temperature  is 
freezinn^.  For,  if  the  (piantity  of  air  he  considerahly  f^reater 
than  corresponds  with  this  condition,  there  is  a  loss  of  raiu'-e 
in  the  instrument;  whereas,  if  there  l)e  but  a  small  (juantity 
of  air,  there  is  a  tendency  for  the  liquid  of  the  volume-gauCTe 
to  be  drawn  over  into  the  bulb  when  the  temperature  of  the 
room  comes  down  (as  in  winter  it  may)  to  about  the  freezing- 
point,  unless  the  instrument  be  left  with  the  three-way  stop- 
cock closed  and  the  air  under  diminished  pressure.  For 
special  circumstances  the  quantity  of  air  may  be  made  to  suit 
the  conditions;  for,  as  Regnault  has  shown,  the  results 
obtained  with  the  instrument  are  but  very  slightly  affected  by 
the  initial  pressure  of  the  air,  and  this  with  very  wide  limits; 
and  by  commencing  at  common  temperatures  with  air  of 
small  density,  very  low  pressure,  the  upper  limit  of  the  range 
may  be  extended  without  increasing  the  length  of  the  mano- 
metric  tubes. 

The  filling  I  accomplish  in  the  following  way: — The  proper 
quantity  of  liquid  is  first  introduced  into  the  volume-gauge, 
and  the  stop  cock  t  helps  in  introducing  the  liquid  and  in 
adjusting  the  quantity.  For  this  and  the  subsequent  opera- 
tions I  use  a  good  Bunsen  water-aspirator,  with  a  Woulfe's 
two-necked  bottle  interposed  between  the  aspirator  and  the 
work,  and  a  good  length  of  small-bore  non-collapsible  india- 
rubber  tubing.  With  the  india-rubber  tubing  the  apparatus 
to  be  exhausted  can  be  turned  into  any  required  position 
while  the  exhaustion  is  being  carried  on,  and  air-bubbles  can 
be  got  rid  of  with  ease. 

When  the  volume-gauge  has  been  supplied  with  liquid,  I 
connect  the  three-way  stop-cock  t'  to  the  aspirator,  and  draw 
the  whole  of  the  liquid  up  into  the  bulb  h'  and  the  tube  lead- 
ing up  to  the  stop-cock  itself.  The  size  of  the  bulbs  and  of 
the  tubes  is,  as  has  been  explained,  such  that  when  this  has 
been  done  the  bulb  h  is  empty  as  well  as  the  tubes  on  the  left- 
hand  side  of  the  gauge  almost  down  to  the  bend.  The  three- 
way  stop-cock  is  then  closed,  and  the  aspirator  disconnected. 

I  now,  with  the  help  of  a  temporary  three-way  stop-cock, 
connect  together  the  tail-piece  of  the  bulb  shown  in  ficr.  3^ 
the  aspirator,  and  a  train  of  drying  and  purifying  tubes 
(sulphuric  acid  and  caustic  potash).  The  arrangement  is 
such  that,  on  turning  the  tap  of  the  three-way  stop-cock  into 
position  Ko.  1,  the  aspirator  draws  the  air  out  of  the  bulb; 
while,  on  turning  it  into  position  No.  2,  air  flows  into  tli(< 
bulb  passing  through  the  drying  tubes.  The  bulb  is  enqjtied 
and  refilled  nuiny  times;  and  during  the  process  the  bulb  antl 
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all  the  tubes  are  heated  with  a  Biinsen  flame  very  nearly  to 
the  nieltino-point  of  the  glass*.  When  it  is  perfectly  certain 
that  there  is  nothing  but  pure  dry  air  in  the  bulb  and  tubes, 
these  are  allowed  to  cool  with  tree  passage  to  the  atmosphere 
through  the  drying-tubes.  The  bulb  is  then  surrounded  with 
broken  ice,  and  the  three-way  stop-cock  t'  is  opened.  The 
hquid  of  the  volume-gauge  now  finds  its  level ;  and,  noting 
the  barometer  roughly  (merely  to  know  approximately  the 
pressure),  I  seal  the  tail-piece  at  the  extremity.  The  bulb 
now  contains  about  the  quantity  of  air  required,  and  it  is 
only  necessary  to  remove  the  tail-piece.  For  this  purpose 
the  ice  is  taken  away,  and  the  li(|uid  of  the  gauge  is  once 
more  drawn  back  to  a  considerable  extent,  thus  making  a 
partial  vacuum  to  avoid  blowing  out  of  the  air  during  sealing. 
The  blowj^ipo-flame  can  then  be  applied,  and  the  sealing 
finished  oif  as  in  fig.  2.  Finally,  the  manometer  and  pressure- 
apparatus  are  connected  to  the  volume-gauge,  and  the  con- 
stant of  the  instrument  is  obtained  by  determining  the 
pressures  required,  including  the  barometric  pressure,  to 
bring  the  liquid  of  the  volume-gauge  into  the  marked  position, 
first  at  the  temperature  of  melting  ice,  and  then  at  the 
temperature  of  steam  at  normal  pressure.  When  reading  the 
standard  barometer,  1  also,  in  accordance  with  a  most  con- 
venient suggestion  by  Professor  Quincke,  read  at  the  same 
time  my  standard  aneroid  ;  and  this  for  most  purposes,  with 
occasional  comparison  with  the  standard  mercurial  barometer, 
is  amply  sufficient  to  give  the  barometric  variations.  As  in 
the  case  of  the  mercurial  thermometer,  so  also  in  the  air- 
thermometer  there  is  sure  to  be  a  secular  contraction  of  the 
bulb  ;  and,  with  the  large  bulbs  used  for  the  air-thermometer, 
it  is  quite  possible  that  tlie  redetermination  of  the  constant  of 
the  air-thermometer  from  time  to  time  may  be  necessary. 

Convenient  formulae  for  calculating  temperatures  from  the 
indications  of  the  air-thermometer  are  easily  obtained.  Such 
formulae  were  given  by  Jolly  (Jubelband  von  Poggendorff's 
Annalen),  who  also  made  fresh  determinations  of  the  expansion 
of  air  and  other  gases.  Some  of  these  formulae  are  quoted  in 
the  Leitfaden  der  Praktischen  Physik  of   Kohlrausch  ;    but 

*  Bj'  this  process  evei'v  trace  of  moisture  and  condensed  air  is  driven 
up  from  the  walls  of  the  tube  ;  and,  the  bulb  being  tilled  with  perfectly 
dry  air,  it  seems  certain,  from  the  experiments  of  Bunsen  and  from  some 
whiih  I  have  myself  carried  out,  that  there  is  no  subsequent  per- 
ceptible condensation  of  air  at  the  surface  of  the  glass,  such  as  has  some- 
times been  supposed  to  vitiate  the  readings  of  the  air-thermometer.  Air 
only  condenses  on  the  surface  of  the  glass  when  there  is  moisture  present 
— at  any  rate  in  such  quantity  as  would  be  perceptible  in  a  case  liifo  the 
present. 
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curiously  cnoucrh  there  is  nothing  said  in  the  description  of 
the  air-thermometer  by  Kohlrausch  as  to  determination  of 
the  boiling-point,  the  "ice  ])oint"  merely  being  determined. 
An  experimental  determination  of  each  point  is,  however, 
absolutely  essential. 

Addition,  June  5,  1888. 

Shortly  after  the  reading  of  the  foi*egoing  paper,  I  com- 
menced to  use  thc^  coal-gas  oxygen  blo\vj)ipe — employing 
Fletcher's  oxygen  blowpipe  and  oxygen  supplied  in  steel 
cylinders  by  the  Scotch  and  Irish  Oxygen  C'ompany  (Brin 
Process).  For  convenience  these  cylinders,  with  the  auto- 
matic apparatus  sup])lied  by  the  company  for  reducing  the 
pressure  of  the  gas,  leave  nothing  to  be  desired  ;  and  the  use 
of  the  oxvgen  blowpipe  makes  easy  and  simple  many  opera- 
tions which  were  formerly  all  but  impossible.  In  particular, 
the  working  of  Bohemian  tubing  becomes,  without  the 
slightest  exaggeration,  as  easy  as  that  of  common  flint  or 
soft  German  glass ;  and  in  addition  it  is  a  perfectly  simple 
matter  to  make  a  junction  betw'een  flint  glass  and  Bohemian 
glass  tubing  (Bohemian  glass  does  not  join  well  with  soft 
German  tubing).  Another  great  advantage  in  the  use  of 
oxygen  with  the  Bohemian  glass  is,  that  the  glass  does  not 
become  porcelain  ised  when  worked  with  this  flame,  as  it  does 
when  worked  wdth  the  ordinary  flame. 

With  this  new  power  to  assist  I  have  now  abandoned  com- 
pletely the  form  of  gauge  shown  in  fig.  3,  and  instead  I  am 
using  a  gauge  in  which  the  main  part  is  made  of  flint  glass 
(stop-cocks  of  Bohemian  glass  cannot,  so  far  as  I  know,  be 
procured),  but  in  which  the  air-bulb  a  and  capillary  tube  c 
are  made  of  Bohemian  glass,  and  the  two  glasses  joined 
together  a  little  below  the  bend  at  the  top  of  the  tube  dd.  I 
liave  not  yet  been  able  to  obtain  from  any  of  the  first-class 
makers  of  Bohemian  tube  a  supply  of  fine  capillary  tubes,  but 
these  I  make  for  myself  by  fusing  u})  a  piece  of  thick  wide 
Bohemian  tul»in(r  and  drawing  it  down. 


XVIII.  Note  on  Contiuiious-cnrrent  Transformers. 
By  Professor  Silvakus  P.  Thompson*. 

IT  has  often  been  proposed  to  distribute  electric  energy 
from  central  stations  to  local  distributing  stations  by 
means  of  transformers,  which  receive  small  currents  at  high 
potential    and    transform    them    into  large  currents    at   low 

*  Communicated  bv  tin-  l*llv^ical  vSucietv :  read  June  23.  1888. 
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potential.  When  alternating  currents  are  employed,  induction- 
coils  of  appropriate  construction  are  used  as  transformers. 
But  the  use  of  such  currents  is  attended  by  two  disadvantages: 
namely,  that  alternate  currents  cannot  be  used  for  electro- 
chemical purposes,  and  that,  pending  the  invention  of  a  satis- 
factory alternate-current  motor,  they  cannot  be  used  for  tlie 
actuating  motive  machinery.  When  continuous  currents  are 
used,  the  appropriate  transformer  may  be  one  of  two  types 
— (I)  the  motor-generator,  (2)  the  connnuting-transformer. 

The  motor-generator  in  its  primitive  form  consists  of  a 
motor  to  receive  the  incoming  current,  geared  mechanically 
to  a  generator  which  produces  the  outgoing  current.  A  more 
specialized  form  consists  of  a  single  machine  with  one  field- 
magnet  and  two  armatures  ;  one  to  recei^^e  the  primary 
current,  the  other  to  generate  the  out-going  or  secondary 
current.  If  the  two  sets  of  armature-windings  are  coiled 
around  the  same  core,  each  set  of  windings  being  furnished 
with  an  appropriate  connnutator  and  collecting-brushes,  the 
development  has  reached  its  extreme  case,  the  only  remaining 
point  being  the  proper  method  of  excitation  of  the  field- 
magnet. 

The  commuting-transformer  is  a  more  complex  apparatus, 
and  has  been  much  misunderstood.  It  does  not  necessarily 
involve  any  greater  amount  of  sparking  than  any  ortlinary 
dynamo.  The  general  principle  of  this  species  of  transformer 
may  be  explained  by  reference  to  a  particular  type.  Suppose 
that  an  armature  double-wound  with  a  primary  coil  to  receive 
the  incoming  current,  and  a  secondary  coil  to  generate  the 
outgoing  current,  have  been  provided  as  in  the  previous  case, 
each  coil  having  its  appropriate  commutator.  To  enable  this 
piece  of  apparatus  to  transform  the  currents,  it  must  either  be 
allowed  to  rotate  in  a  magnetic  field  between  the  poles  of  a 
field-magnet,  or  else  the  field-magnet  (and  collecting-brushes) 
must  be  arranged  to  rotate,  in  the  opposite  sense,  around  it. 
But  there  is  a  third  possible  arrangement,  namely  to  rotate 
around  it  the  magnetic  polarity  while  itself  remains  fixed. 
This  may  be  done  either  by  rotating  the  brushes  which  bring 
in  the  primary  current,  the  magnetic  circuit  being  completed 
by  a  mass  of  iron  external  to  the  ring,  or  by  rotating  also  the 
polarity  of  a  fixed  field-magnet  constructed  specially  for  this 
purpose.  An  external  fixed  ring  of  C^ramme  or  Pacinotti  pat- 
tern, provided  with  a  commutator,  will  answer  for  this  purpose, 
the  current  being  supplied  by  a  pair  of  brushes  which  is  ro- 
tated. In  such  a  machine  obviously  all  the  parts  are  stationary 
save  the  revolving  brushes,  which  must  be  driven  by  some 
mechanical  device.  Various  modifications  of  this  idea  have 
from  time  to  time  b(^en  su^jfjested. 
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The  theory  of  alternate  current-transformers  has  been  in- 
vestit^ated  by  various  authorities.  It  was  first  shown  by 
Maxwell  that  where  there  is  mutual  induction  between  two 
circuits,  the  effect  upon  the  secondary  circuit  of  the  presence 
of  the  primary  circuit  is  tlircefold  : — (a)  to  transform  in  a 
certain  ratio  the  electromotive  force  ;  {Ji)  to  add  to  the  resist- 
ance of  the  secondary  circuit  an  a])parent  resistance  equal  to 
that  of  the  primary  multiplied  by  the  square  of  the  same  ratio; 
((•)  to  deduct  from  the  coefficient  of  self-induction  of  the 
secondary  circuit  a  quantity  equal  to  the  coefficient  of  self- 
induction  of  the  primary  circuit  multiplied  by  the  square  of 
the  same  ratio.  The  ratio  in  question  was  found  to  be  the 
quantitv 

2Tr/iM  ^ 

where  M  is  the  coefficient  of  mutual  induction,  n  the  number 
of  alternations  per  second,  Li  and  R,  the  coefficient  of  self- 
induction  and  the  resistance  respectively  of  the  primary 
circuit.  In  a  communication  made  last  year  to  this  Society 
I  showed  how,  assuminoj  the  proper  conditions  of  good  con- 
struction to  have  been  observed,  this  ratio  was  equal  to  the 
ratio  of  the  number  of  secondary  windings  to  the  number  of 
primary  windings  in  the  transformer  ;  which  ratio  is  known 
as  the  "coefficient  of  transformation." 

The  object  of  the  present  paper  is  to  show  that  in  continuous 
current-transformers  effects  of  the  same  kind  exist.  The 
investigation  is  of  an  elementary  character,  secondary  reac- 
tions being  assumed  to  be  negligibly  small. 

Consider  a  motor-generator,  with  double-wound  armature 
of  ring  or  drum  type,  arranged  to  rotate  between  the  poles  of 
a  common  fixed  field-magnet.  The  magnetism  of  the  latter 
may  be  considered  for  present  purpose  constant :  the  effect  of 
variation  in  the  magnetization  will  be  afterwards  considered. 
Let  the  number  of  armature-conductors  of  the  primary  or 
motor  part,  as  counted  all  round  the  periphery,  be  called  Cj, 
and  that  of  the  secondary  jjart  be  called  C2.  The  ratio  of  O2 
to  Ci  we  may  call  the  coefficient  of  transfoymat'ion,  and  we  shall 
use  X:  as  the  symbol  of  this  ratio. 

Kow  let  ^^,  r^,  and  Ei  stand  respectively  for  the  current, 
the  resistance,  and  the  induced  electromotive  force  in  the 
coils  of  the  primary  armature,  and  i^,  r^,  Eg  for  the  corre- 
sponding quantities  for  the  coils  of  the  secondary  armature. 
Write  N  for  the  whole  number  of  magnetic  lines  passing 
through  the  armature-core.  Also  write  €1  and  e<i  for  the 
respective  differences  of  ])otential  at  the  terminals  of  the 
primary  and  secondary  parts. 
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We  sluill  then  have 

Ei=nCiN.10-«, 

E2  =  nC2N.10-8; 
Avhcnce 

E2/Ei=CyC,  =  X:, 

whatever  the  values  of  speed  and  field  may  be.     Further, 
Ei  =  e,— ?vi, 

Eo  =  i'o  +  ?'2'2 ; 
whence 

e^  =  hex  —  ?*2?2 — kr^ii. 

Now  assume  that  the  work  wasted  in  the  armature  in  mecha- 
nical and  magnetic  friction,  and  in  producing  eddy-currents, 
is  negligibl)^  small  compared  with  the  work  done  in  driving 
the  generator  part.  This  is,  in  fact,  merel}-  assuming  that 
the  machine  is  properly  designed  and  constructed  ;  for  in 
such  machines,  there  being  no  driving-belt,  the  only  forces 
except  gravity  are  centrally  balanced,  and  mechanical  friction 
at  the  bearings  is  a  minimum  ;  and  further,  if  the  iron  core 
is  of  proper  quality  and  quantity,  and  properly  laminated  and 
insulated,  the  losses  due  to  hysteresis  and  eddy-currents  are 
very  small*.  We  shall  then  have  the  work  Ei?i  done  by  the 
primary  current  (in  unit  time)  equal  to  the  work  E2/2  done  on 
the  secondary  current.  Consequently  Zi  =  A,'?2.  Inserting  this 
value,  we  at  once  get 

^2  =  k^i  —  ('^'2  -f- ^^ri)k. 

This  shows  that  everything  goes  on  in  the  secondary  circuit 
as  though  the  induced  electromotive  force  was  transformed 
from  the  difference  of  potentials  at  the  terminals  of  the  pri- 
mary circuit  in  proportion  to  the  respective  numbers  of 
windings  on  the  armature,  and  as  though  there  were  then 
added  to  the  real  internal  resistance  of  the  secondary  circuit 
a  resistance  equal  to  that  of  the  primary  winding  multiplied 
by  the  square  of  the  coefficient  of  transformation.  If  there 
are  equal  weights  of  copper  in  the  primary  and  secondary 
windings,  the  actual  resistances  of  the  two  wiudinos  will  be 
proportional  to  the  squares  of  the  numbers  of  turns  :  hence 
the  effect  of  multiplying  ?'i  by  P  is  to  make  it  equal  to  r^  ',  in 
other  words,  the  added  virtual  resistance  is  equal  to  the  real 
internal  resistance. 

•  If  F  be  the  waste  work  done  against  mechanical  and  magnetic  fric- 
tion, the  I'oiniula  becomes 

e.,=  1iex  —  i^{r.,-\-k'')\-\-Yli./). 
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With  respect  to  self-induction  and  its  effects  in  such 
machines,  it  may  be  remembered  that,  in  an  ordinary  single- 
wound  dynamo,  the  effect  of  self-induction  is  to  add  to  the 
armature  a  s{)urious  resistance,  owing  to  the  successive  stop- 
page and  restarting  twice  in  every  revolution  of  the  current 
in  each  section.  Now  if  matters  were  so  arranged  in  the 
double-wound  machine  that  comuuitation  of  the  current  in 
any  one  section  of  the  primary  should  occur  exactly  at  the 
same  instant  as  commutation  of  the  current  in  that  section  of 
the  secondary  wire  which  was  wound  over  the  same  part  of 
the  common  core,  it  is  clear  that,  as  the  currents  in  the  pri- 
mary and  secondary  circulate  around  the  core  in  opposite 
senses,  the  stopping  of  the  current  in  the  one  would  tend  to 
stop  the  (inverse)  current  in  the  other,  and  the  starting  again 
of  the  current  in  the  one  would  tend  to  start  the  inverse 
current  in  the  other.  In  other  words,  the  mutual  induction 
between  the  two  sections  would  tend  to  counteract  in  both 
the  effects  of  self-induction.  In  practice  it  is  impossible  to 
fully  realize  this  neutralizing  effect  ;  but  that  it  is  very  nearly 
realized  is  evidenced  by  the  almost  complete  absence  of 
sparking  in  such  machines. 

In  the  above  argument  it  has  been  assumed  that  the  mag- 
netism of  the  field -magnet  was  constant  in  amount ;  but 
incidentally  it  was  noticed  that  the  expressions  were  indepen- 
dent of  the  magnetic  fielil.  The  more  powerful  this  is,  the 
slower  need  the  armature  run  to  generate  the  respective 
electromotive  forces.  Assuming  that  the  transformer  is 
supplied  at  constant  potential  at  its  primary  terminals,  and 
that  the  internal  resistance  of  the  secondary  winding  is  small, 
it  will  be  self-regulating,  giving  a  constant  potential  at  its 
secondary  terminals  quite  irrespective  of  the  variations  of  its 
speed  with  the  load. 

In  yet  one  other  respect  does  the  action  of  the  motor- 
generator  resemble  the  alternating  transformer:  when  supplied 
at  constant  potential  it  is  almost  exactl}'  self-regulating  in 
respect  of  its  automatic  action  in  adjusting  the  amount  of  the 
inflowing  primary  current,  in  proportion  to  the  outflowing 
secondary  current.  When  the  secondary  circuit  is  entirely 
opened,  the  motor  part  runs  just  so  fast  that  the  back  electro- 
motive force  Ej  in  the  primary  part  increases  and  dams  back 
the  primary  current;  only  just  so  much  flowing  through  as 
will  suffice  to  drive  the  machine  against  the  reactive  forces  of 
mechanical  and  magnetic  friction. 

Precisely  similar  relations  to  those  traced  out  for  motor- 
generators  hold   good  in  the  comnmting-transformers.     The 
reactions  between  the  primary  and  secondary  windings  go  on 
Fhil.  May.  S.  5.  Vol.  2G.  No.  159.  Amj.  1888.  M 


162  Dr.  W.  F.  Magie  on  the 

exactly  the  same,  whether  the  successive  displacement  in  the 
polarity  of  the  magnetization  through  the  common  core  of 
the  armature  be  accomplished  by  mechanically  rotating  it,  or 
by  electrically  shifting  the  polarity  of  the  surrounding  field- 
magnet  in  a  rotatory  fashion.  With  equal  weights  of  copper 
in  the  primary  and  secondary  coils  of  the  armature  part,  the 
effect  of  mutual  induction  will  here  also  be  approximately  to 
double  the  internal  resistance  and  to  neutralize  the  self- 
induction  of  the  secondary  winding. 


XIX.    The  Contact -Angle  of  Liquids  and  Solids. 
By  W.  F.  Magie,  PhJ)* 

Introduction. 

GAUSS,  in  his  discussion  of  the  theory  of  Capillarity, 
demonstrates  that  the  surface  of  any  liquid  in  contact 
with  a  solid  will  make  with  the  solid  a  definite  angle  at  the 
line  of  contactf .  The  assumptions  at  the  foundation  of  his 
theory  are  the  same  as  those  made  by  Laplace — that  the  force 
betw^een  two  molecules  diminishes  very  rapidly  as  the  distance 
between  them  increases,  and  that,  nevertheless^  the  radius  of 
molecular  force  is  such  as  to  include  within  it  a  large  number 
of  molecules.  The  expression  for  the  contact-angle  A  (that 
is,  the  angle  between  the  normal  to  the  solid  surface  and  the 
normal  to  the  liquid  surface  at  the  line  of  contact,  or,  more 
strictly,  at  a  distance  from  the  solid  equal  to  the  radius  of 

'2&'^  —  a? 
molecular  force)  is  cos  A=  - — -^5 — .     The  quantities  a?  and  S^ 

a" 

are  constants  for  each  liquid  and  solid,  depending  respectively 
upon  the  forces  between  the  elements  of  the  liquid  and  those 
between  the  elements  of  the  liquid  and  the  solid.  Upon  the 
hypothesis  that  the  laws  of  these  forces  as  functions  of  the 
distance  between  the  elements  are  the  same,  or  that  the  ratio 
of  the  functions /(A')  and  F(,i')  representing  them  is  indepen- 
dent of  the  value  of  x,  these  constants  a?  and  /i^  are  propor- 
tional to  the  forces  upon  which  they  depend.  Upon  this 
hypothesis,  then,  there  will  be  an  obtuse  contact-angle  when 
the  force  between  two  liquid  elements  is  greater  than  twice 
that  between  a  liquid  and  a  solid  element.  When  the  force 
between  two  liquid  elements  is  less  than  twice  and  more 
than  once  the  force  between  a  liquid  and  a  solid  element  there 
will  be  an  acute  contact-angle,  which  is  not  zero.     Such  an 

*  Communicated  by  the  Author. 
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angle  I  call,  in  distinction  from  the  infinitesimal  contact-angle 
existing  when  or  is  less  than  /3",  a  finite  acute  contact-angle. 

It  seems  not  unlikely  that  such  a  relation  may  exist  in  many 
cases  between  the  force-functions  as  will  give  rise  to  a  finite 
acute  contact-angle.  Even  if  the  force-functions  are  not  of 
the  same  form,  so  that  the  proportionality  assumed  between 
them  and  the  constants  or  and  /3-  does  not  exist,  they  are 
probably  of  the  same  order  of  magnitude  ;  so  that,  for  certain 
relations  between  them,  the  constant  a?  will  lie  between  the 
limits  2p-  and  /3-,  and  the  contact-angle  be  finite  and  acute. 
While  there  is  thus  no  theoretical  reason  against  the  existence 
of  a  finite  acute  contact-angle,  yet  no  indubitable  evidence 
has,  in  my  opinion,  yet  been  presented  of  the  existence  of  such 
an  angle.  Such  as  has  been  given  is  based  upon  the  use  of 
methods  so  open  to  objection  that  it  cannot  be  accepted  as 
final.  I  have  endeavoured,  by  the  use  of  methods  so  modified 
as  to,  as  far  as  possible,  remove  those  objections,  to  establish 
the  presence  or  absence  of  an  acute  finite  contact-angle  in  the 
cases  of  the  liquids  which  were  examined.  For  many  of  them 
the  investigations  of  Quincke  and  Traube  have  indicated  the 
possibility  of  the  existence  of  such  an  angle. 

Prof.  Quincke's  conclusions  were  based  upon  the  compa- 
rison of  the  results  of  his  measurements  of  the  dimensions  of 
air-bubbles  formed  under  a  horizontal  glass  plate  in  the  various 
liquids  examined  with  those  of  the  measurements  of  the  rise 
of  the  same  liquids  in  capillary  tubes*.  His  observations  and 
methods  of  calculation  have  been  criticised  by  Volkmannf, 
WorthingtonI,  Stieg§,  and  myself  ||,  and  it  will  not  be  neces- 
sary to  discuss  them  here.  A  word  may  be  said,  however,  in 
reference  to  a  recent  paper  by  Prof.  Quincke H,  in  which  he 
calls  attention  to  his  use  of  an  empirical  correction  by  which, 
in  his  opinion,  the  defects  of  his  earlier  method  of  calculation 
are  removed.  This  correction  is  obtained  by  the  measurement 
of  bubbles  100  millim.  in  diameter,  and  is  based  upon  the 
assumption  that,  at  a  point  in  the  contour  of  the  greatest 
horizontal  section  of  such  a  bubble,  the  radius  of  curvature 
of  that  section  is  infinite  in  comparison  with  the  radius  of 
curvature  of  the  vertical  section.  The  value  of  the  capillary 
constant  a^,  computed  on  this  assumption,  is  used  as  the  basis 
for  the  correction  of  results  obtained  from  the  measurement 

*  Quincke,  Pogg.  Ann.  cxxxix.  p.  1  (1870). 

t  Wied.  Ann.  xvii.  p.  355  (1882). 

X  PhU.  Mag.  XX.  p.  (35  (1885). 

§  Trans.  Berlin.  Phvs.  Soc.  Nov.  25,  1888. 
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of  much  smaller  bubbles.  That  this  assumption  is  not  admis- 
sible can  be  soon  at  once,  from  a  computation  of  the  correction- 
term  involving  the  semidiamoter  of  the  bubble  in  the  formula 
for  cf  which  is  given  by  Poisson,  and  jn'esented  later  in  this 
paper.  It  will  be  found  that,  for  a  bubble  of  the  diameter  of 
100  millim.,  the  correction  to  bo  applied  to  reduce  the  value 
of  a^  obtained  on  the  assumption  made  by  Prof.  Quincke, 
amounts  for  water  to  more  than  5  per  cent.,  for  alcohol  to 
nearly  3  per  cent.,  and  for  other  liquids  to  similar  percentages 
of  their  respective  values  of  aP.  Further,  the  application  of 
such  a  correction,  or  indeed  of  Poisson's  formula,  as  used  by 
Prof.  Quincke  in  his  study  of  the  capillary  constants  of  mer- 
cury*, to  bubbles  of  which  the  diameters  are  rarely  greater 
than  30  millim.,  is  at  least  questionable  t-  In  no  case  does 
the  application  of  Poisson's  formula  to  the  measurements 
given  by  Prof.  Quincke  reduce  the  values  of  a^,  which  in  the 
first  approximation  are  too  great,  to  an  agreement  with  the 
results  obtained  from  similar  measurements  of  large  bubbles, 
to  w^hich  the  application  of  Poisson's  formula  is,  w^ithout 
doubt,  admissible. 

Dr.  Traube  presents,  as  evidence  of  the  existence  of  a  finite 
acute  contact-angle  and  of  its  variability  with  temperature, 
his  measurements  of  the  heights  of  the  meniscus  in  capillary 
tubes|.  This  height  was  always  less  than  the  radius  of  the 
tube,  and  diminished  as  the  temperature  rose.  Similar  results 
were  obtained  by  MM.  Haiiy  and  Tremery§,  and  by  Dr.  SchifF|| . 
With  regard  to  the  results  of  MM.  Haiiy  and  Tremery, 
Laplace  showed  that  a  slight  error  in  determining  the  point 
of  contact  of  the  liquid  surface  with  the  tube  would  account 
for  the  discrepancy  observed,  and  ho  concludes  that  the  expe- 
riment offers  no  proof  of  a  finite  contact-angle.  The  experi- 
ments of  Dr.  Traube  are  open  to  a  serious  objection.  The 
diameters  of  the  tubes  employed  were  so  great,  that  not  only 
is  the  first  approximation,  which  Dr.  Traube  adopts,  that,  in 
case  the  contact-angle  is  zero,  the  surface  of  the  meniscus  is 
a  hemisphere,  and  the  height  of  the  meniscus  equal  to  the 
radius  of  the  tube,  entirely  inadmissible,  but  even  the  closer 
approximation,  given  by  Poisson  %  cannot  be  legitimately 
applied,  except  possibly  in  the  one  case  of  water.  This  ap- 
proximation is  based  upon  the  assumption  that  the  radius  of 
the  capillary  tube  is  very  small  compared  with  the  capillary 

*  Quincke,  Pogg.  An7i.  c\.  p.  1  (1858). 
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constant  o.  In  tlio  experiments  witli  water,  given  l)y  Dr. 
Traube,  the  radius  of  the  tube  employed  was  1'72  miUim., 
and  the  value  of  a  may  be  taken  as  about  3*87.  In  the 
cases  of  the  other  liquids  employed,  for  which  the  value  of 
a  is  in  every  case  less  than  that  for  water,  the  ratio  of  the 
radius  to  the  value  of  a  is  almost  unity.  Clearly  in  these  cases 
the  approximation  is  no  longer  applicable.  A  calculation  by 
Poisson's  formulas  of  the  height  of  the  meniscus  formed  by 
water  in  a  tube  of  radius  1*72  millim.,  gives  as  that  height 
1*51  millim.  The  height  observed  by  Dr.  Traube  was  1'45 
millim.  The  aorreemeut  of  the  calculated  and  observed  results 
is  such  that  the  difference  may  be  explained  as  due,  perhaps, 
partly  to  the  difficulty  of  observation  noticed  by  Laplace, 
partly  to  the  inadequacy  of  the  approximation  in  tubes  of  such 
a  diameter,  and  not  necessarily  to  the  existence  of  a  finite 
contact-angle.  The  diminution  in  the  height  of  the  meniscus 
as  the  temperature  rises  may  be  explained  from  the  well- 
known  fjict  that  the  value  of  a^  decreases  as  the  temperature 
rises,  and  does  not  demonstrate  the  existence  of  a  variable 
contact-angle. 


Method. — The  method  employed  in  the  investigation  here 
presented  was,  in  general,  that  used  by  Prof.  Quincke''^.  It 
consists  in  the  comjtarison  of  the  values  of  a^,  for  the  different 
liquids  examined,  determined  by  two  independent  methods. 
One  of  the  methods  is  independent  of  any  assumption  about 
the  contact-angle,  and  the  other  involves  the  assumption  that 
the  contact-angle  is  zero.  The  formulas  show  that,  in  case 
this  assumption  is  untrue,  the  value  of  a^  given  by  the  latter 
method  should  be  less  than  that  given  by  the  other;  while  the 
results  of  the  two  methods  should  be  in  substantial  agreement 
if  the  assumption  is  justifiable. 

Both  methods  employed  were  based  upon  measurements  of 
the  dimensions  of  large  air-bubbles  formed  in  the  liquid  under 
a  horizontal  glass  plate.  In  the  first  method  the  distance 
measured  was  the  vertical  distance  from  the  bottom  of  the 
bubble  to  the  horizontal  plane  containing  the  greatest  section 
of  the  bubble.  This  distance,  in  the  subsequent  formulas  and 
tables,  is  called  q.  In  the  second  method  the  distance  measured 
was  the  vertical  distance  from  the  bottom  of  the  bubble  to  the 
horizontal  plane  containing  the  circle  in  which  the  bubble- 
surface  is  in  contact  with  the  glass  plate.  This  distance  is 
called  k.  In  both  cases  a  measurement  of  the  diameter  of  the 
greatest  horizontal  section  of  the  bubble,  designated  by  /,  was 

*  Pofrjr.  Ann.  cxxxix.  p.  1  (1870). 
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made  for  use  in  tlie  correction-terms  of  the  formulas  ;  and  for 
use  in  the  second  method,  an  estimate  of  the  difference  between 
that  diameter  and  the  diameter  of  the  circle  of  contact  of  the 
bubble  with  the  glass  was  also  necessary.  The  contact-angle 
0)  was  assumed  to  be  0. 

The  formulas  used  in  the  computation  of  a^  from  these 
measurements  are  slight  modifications  of  those  given  by 
Poisson"^.     They  are 

«'  =  '^'+7^-g](^^/2-l), (I.) 

a= 4- (1—  sm-^  ,,  ).    (Ila.) 

v2cos-      /iv/2cos—      o/vzcos''^ 

Formula  (II  a),  on  the  supposition  that  co  =  U,  becomes 

k  a~  a~  /it;  X 

In  these  formulas  yu.  denotes  the  radius  of  curvature  at  the 
centre  of  the  under  surface  of  the  bubble.  Since  the  bubbles 
used  were  in  every  case  so  large  that  their  under  surfaces 
could  be  considered  plane,  the  term  containing  /x  could  be 
neglected  in  both  formulas.  The  computation  is  made  in  both 
cases  by  using  the  value  of  d^  given  by  the  first  term  of  the 
formula  in  the  calculation  of  the  correction-term.  One  such 
approximation  is  usually  sufiicient. 

Apparatus. — The  liquids  examined  were  contained  in  a 
tank,  about  25  ceutim.  square,  formed  of  heavy  plates  of  plate 
glass,  mounted  in  an  iron  frame  furnished  with  levelling 
screws.  The  tank  and  all  parts  of  the  apparatus  that  came 
in  contact  with  the  liquids  were  carefuUy  cleaned,  first  with 
dilute  nitric  acid,  next  with  a  mixture  of  alcohol  and  a  strong- 
solution  of  caustic  potash,  and  lastly,  with  dilute  hydrochloric 
acid.  They  were  also  repeatedly  w^ashed  under  the  tap,  and 
fiiually  rinsed  with  distilled  water.  As  this  process  was  tedious 
and  did  not  seem  to  be  in  every  case  necessary,  washing  with 
alcohol  and  ether  was  sometimes  substituted  for  it.  The 
bubble  w^as  formed,  in  a  w^ay  kindly  suggested  to  me  by  Mr. 
Worthington  and  recommended  by  Gauss  f,  under  the  slightly 
concave  face  of  a  plano-concave  lens.  The  lens  was  placed 
on  three  small  porcelain  supports,  and  the  liquid  poured  in 
until  its  level  was  above  the  lower  surface  of  the  lens,  yet  so 
that   the  upper  plane  surface  of  the  lens  was  not  covered. 

*  NoKv.  Th.  de  VAvt.  Cap.  p.  217. 
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The  bubbk'  was  blown  from  a  glass  pipette.  By  means  of  the 
levelUng-screws  of  the  tank  the  bubble  could  readily  bo  placed 
central  under  the  lens.  Its  horizontal  section  appeared  always 
to  be  strictly  circular.  The  curvature  of  the  lens'  surface  was 
such  that  bubbles  with  diameters  ranging  from  25  millim.  to 
150  millim.  could  be  examined.  In  all  the  experiments  the 
liquids  seemed  to  readily  and  completely  wet  the  lens,  and  the 
bubbles  formed  moved  freely  and  without  distortion  for  slight 
changes  of  the  levelling-screws. 

The  tank  stood  on  a  heavy  slate  slab  mounted  on  a  levelling- 
table.  To  the  slab  was  cemented  a  plane  plate  of  plate  glass, 
which  was  set  horizontal  by  means  of  the  levelling-screws  of 
the  table.  Upon  this  plate  slid  freely  a  smaller  plate  of  glass 
carrying  a  pair  of  Y's,  in  which  rested  a  microscope.  By 
reversals  and  adjustments  of  the  Y's,  the  axis  of  the  micro- 
scope was  placed  horizontal.  The  microscope  carried  a  4-inch 
object-glass,  and  was  furnished  with  an  eyepiece-micrometer. 
The  arrangement  was,  in  fact,  a  simple  microscope-catheto- 
meter*.  With  it  the  measurements  of  the  distance  5- were 
made.  At  about  two  or  three  metres  from  the  tank,  and  at 
the  same  level  as  the  bubble,  the  collimator  of  a  spectroscope 
was  set  up  with  the  slit  horizontal,  and  illuminated  by  a-gas- 
flame  or  b^  an  incandescent  electric  lam{).  An  image  of  the 
sht  was  formed  by  reflexion  at  the  surface  of  the  bubble, 
along  the  line  in  Avhich  that  surface  was  met  by  the  greatest 
horizontal  section.  The  position  of  this  image  was  deter- 
mined by  the  eyepiece-micrometer.  Slight  variations  in  the 
height  of  the  slit  made  no  measurable  changes  in  the  apparent 
position  of  the  image.  To  enable  the  position  of  the  bottom 
of  the  bubble  to  be  determined,  use  was  made  of  a  fine  glass 
index  or  pointer.  This  was  carried  in  a  clamp  attached  to 
the  tank,  and  could  be  moved  vertically  by  means  of  a  fine 
screw  until  its  point  came  in  contact  with  the  bottom  of  the 
bubble.  The  position  of  the  point  of  contact  could  be  very 
exactly  determined  by  the  eyepiece-micrometer  from  the 
apparent  contact,  at  that  point,  of  the  pointer  and  of  its  imago 
reflected  from  the  surface  of  the  bubble.  The  distance  from 
the  image  of  the  slit  to  the  point  of  contact  of  the  pointer, 
measured  by  the  eye-piece  micrometer,  is  the  distance  q. 

The  measurements  of  the  distance  k  were  made  by  a 
method  which  I  have  elsewhere  described  f.  A  vertical  mi- 
croscope mounted  on  an  arm  carried  on  the  sliding  piece 
of  a  cathetometer  was  placed  so  as  to  be  as  nearly  as  possible 
over  the  centre  of  the  lens  and  of  the  bubble.     On  the  face 
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of  the  object-glass  was  fastenod  a  small  piece  of  white  paper, 
the  images  of  which,  reflected  at  tli(^  under  surface  of  the 
lens  and  at  the  surface  of  the  l)ubble,  could  be  observed  by 
the  microscope.  The  paper  was  illuminated  by  the  rays  from 
a  gas-flame  or  an  incandescent  electric  lamp,  concentrated  by 
a  lens  and  reflected  upon  the  paper  by  a  mirror.  The  mirror 
was  a  glass  plate,  silvered  on  the  front  surface,  backed  with 
black  paper,  and  pierced  with  a  small  hole  through  w'hich  the 
reflected  images  were  observed.  Light  was  thus  largely  ex- 
cluded from  the  interior  of  the  bubble.  The  cathetometer 
was  furnished  with  a  micrometer-screw  reading  directly  to 
hundredths  of  a  milHmetre.  To  make  a  measurement  of  k  a 
Imbble  was  formed  under  the  lens,  and  observations  were 
sus})ended  until  the  liquid  film  had  evaporated  from  the 
centre  of  the  lens  under  the  microscope.  Five  settings  were 
then  made  on  the  sharpl}^  focused  image  of  the  paper  re- 
flected at  the  under  surface  of  the  lens,  and  five  settings  on 
the  image  reflected  at  the  bottom  of  the  bubble.  The  dis- 
tance between  the  two  positions,  determined  from  the  means 
of  these  settings,  is  the  distance  A— N  of  formula  III.  which 
ibllows.  To  form  a  new  bubble,  most  of  the  air  contained  in 
the  one  already  measured  was  removed  with  the  pipette,  yet 
not  so  much  that  the  liquid  again  wetted  the  portion  of  the  lens 
under  the  microscope.  The  bubble  was  then  enlarged  by  the 
introduction  of  more  air.  In  this  way  the  delay  occasioned 
by  waiting  for  the  evaporation  from  the  lens'  surface  was 
avoided,  and  an  accuracy  in  the  settings  obtained  which  was 
not  })ossible  when  the  reflexions  were  observed  before  the 
reflecting  portion  of  the  lens  became  dry. 

Calculation  of  \i  from  Measurements. — If  the  measurements 
described  were  made  upon  a  bubble  formed  under  a  plane 
glass  plate,  it  can  easily  be  shown  that  the  measured  distance 
A— N  Avould  be  the  desired  distance  k.  Since,  however, 
the  bubble  is  formed  under  a  lens,  three  corrections  are 
necessary  : — 

1.  The  first  of  these  arises  from  the  fact  that  in  the  first 
observation  the  rays  from  the  object  pass  through  the  thick 
lens,  are  reflected  at  a  convex  surface,  and  pass  out  through 
tlie  lens.     If  we  express  by 

A,  the  distance  from   the  object  to   the   lens  in  the  first 

observation, 
e,  the  thickness  of  the  lens  at  its  centre, 
n,  the  index  of  refraction  of  the  glass,  and  by 
y"  a  distance  such  that  (n— 1)  /'=1\,  the  radius  of  curvature 

of  the  concave  face  of  the  lens, 
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it  may  bo  easily  sliown  that  the  distance  in  air  from  the  object 
mounted  on  the  end  of"  the  object-glass  to  a  point  seen  clearly 
and  in  orood  focus,  -svlnch  distance,  in  this  method  of  obser- 
vation, is  taken  as  a  constant,  is  expressed  by 

2  A  -\-2e .  >— -.-^ . 

n  —  i         J 

2.  llie  second  correction  arises  from  the  fact  that  in  the 
second  observation  the  rays  from  the  object  pass  twice  throutrh 
the  thick  lens,  once  before  and  once  after  reflexion  at  the 
surface  of  the  bubble.  By  the  use  of  the  formulas  given  by 
Grauss  *,  if  we  represent  further  by 

N,  the  distance  of  the  object  from  the  lens  in  the  second 

observation,  and  by 
/<,  the  distance  from  the  centre  of  the  concave  surface  of 

the  lens  to  the  bottom  of  the  bubble, 

we  may  express  the  same  constant  distance  between  object 
and  sharply  focused  point  by 

This  expression  is  an  approximation  obtained  by  neglecting 
terms  containing  the  second  and  higher  powers  of  N//. 
From  these  formulas  the  value  of  A  is  found  to  be 

,      A_x ^    (A-hQ''      N(.+  2/0  +  K^  +  2/0^ 

'       '       n-V      f  f  '^       '^ 

3.  To  obtain  the  value  of  k,  the  value  of  h  must  be 
diminished  by  the  distance  from  the  centre  of  the  concave 
face  of  the  lens  to  the  horizontal  plane  containing  the  circle 
of  contact.  This  is  the  height  of  the  arc  of  Mhich  the  chord 
is  the  diameter  of  the  circle  of  contact.  This  diameter  was 
found  by  diminishing  the  measured  diameter  of  the  greatest 
horizontal  section  of  the  bubble  by  a  constant  found  by 
observation  for  each  liquid. 

To  calculate  these  corrections  a  knowledge  is  necessary  of 
the  thickness  and  index  of  refraction  of  the  lens,  and  of  the 
radius  of  curvature  of  its  concave  face.  The  thickness  of  the 
lens  used  in  the  experiments  was  determined  with  a  sphero- 
meter  to  be  7*859  millim.  The  index  of  refraction  of  the 
lens  was  found  from  its  polarizing-angle  to  be  1-539.  By  the 
use  of  the  concave  face  as  a  mirror,  its  radius  of  curvature 

*  Gauss,  iJiop.   Unters.,  Wcrke,  vol.  v.  p.  2G1. 
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\v;i.s  (letennined  to  be  3742  millim.  The  value  of  A  is  14'63 
millim.,  and  the  value  of  N  is  found  from  it  when  A  — N  has 
been  measured.  From  these  quantities  the  first  correction 
was  conif)uted  once  for  all  to  be  O'lOO  millim.  The  second 
correction  varies  with  each  value  of  h;  it  may  be  calculated  by 
the  use  of  the  approximate  value  for  h  obtained  by  omitting 
the  second  correction.  Its  value  differs  for  different  liquids, 
but  varies  so  little  for  any  one  liquid  that,  after  it  has  been 
calculated  for  one  bubble,  it  may  be  estimated  for  the  others. 
It  usually  amounts  to  between  0"03  and  0'04  millim.  For 
the  third  correction  a  table  was  prepared  giving  the  heights 
of  the  arcs  for  a  series  of  values  of  chords  such  as  those 
ordinarily  obtained  in  the  experiments,  and  the  corrections 
were  obtained  by  interpolation.  This  correction  was  the 
one  of  most  importance,  its  values  ranging  from  0"3  millim. 
to  0*7  millim. 

In  the  conqiutation  of  a^  from  the  value  of  k  thus  obtained, 
the  value  of  to,  the  angle  made  by  the  surface  of  the  bubble 
with  the  horizontal  plane  passing  through  the  circle  of  con- 
tact, was  assumed  to  be  zero,  although  strictly  it  should  have 
been  taken  to  be  the  angle  made  with  that  plane  by  the  lens' 
surface  at  the  circle  of  contact.  The  cosine  of  that  angle 
was  so  nearly  equal  to  unity  that  the  slight  difference  was 
neglected. 

Results. 

The  results  obtained  by  the  use  of  the  above  described 
methods  of  measurement  are  presented  in  the  following 
tables.  The  first  column  contains  the  values  of  q,  expressed 
in  divisions  of  the  eyepiece-micrometer.  One  division 
of  this  micrometer  was  found,  l)y  comparison  Avith  a  Roger^s 
stage-micrometer,  to  be  equal  to  0'02()o8  millim.  The 
second  column  contains  the  values  of  A  —  N  in  millimetres, 
A  and  N  being  each  positions  determined  by  the  mean  of 
five  settings  of  the  micrometer-screw  of  the  cathetometer. 
The  third  column  contains  the  computed  values  of  k;  the 
fourth  the  semidiameters  of  the  bubbles  in  millimetres;  the 
fifth  and  sixth  the  values  of  cr,  computed  from  q  and  from  k 
respectively.  The  constant  of  diameter  given  is  the  length 
to  be  subtracted  from  the  measured  semidiameters  to  obtain 
the  semichords  used  in  the  computation  of  the  third  correc- 
tion for  k.  The  temperatures  of  the  liquid  and  of  the  air  just 
above  the  liquid  are  also  given  sufficiently  often  to  indicate 
their  values  during  a  set  of  observations.  The  temperatures 
are  put  together  in  brackets,  the  upjxT  one  being  the  tempe- 
rature ol'  the  li(iuid. 
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DidilU'd  Water.     March  7,  1888. 
Specific  density  TO.     Constant  of  diameter  1*2  niillim. 


?• 

A->'. 

k: 

/. 

«,-. 

ak\ 

T. 

150-5 

6137 

5-550 

54 

15-28 

14-87 

149-75 

6-310 

5-580 

64 

15-26 

15-11 

15025 

58-75 

15-28 

152-5 

6063 

5-434 

57-7 

15-72 

14-29 

149-5 

6-081 

6-493 

55 

1510 

14-58 

148-75 

6045 

5-478 

53-5 

14  93 

14-49 

147-8 

6-213 

5-376 

70 

14-91 

14-08 

148-2 

6-406 

5-513 

73 

15-00 

14-80 

149-2 

5-985 

5-382 

56 

15-04 

14-01 

148-5 

5964 

5-452 

49-5 

14-82 

14-32 

o 

149-3 

6-136 

5-472 

60 

15-11 

14-59 

r22-5 
126 

Omitting  the  first  four  bubbles,  the  large  results  from  Avhicb 
are  probably  owing  to  a  lower  temperature  at  the  beginning 
of  the  observations,  the  means  of  the  remaining  seven  are  aq 


14-99  and  a/  14-41 


Probable  errors  of  means 


i 


V  0-025 

au^  0-068. 


The  same.     April  3,  1888. 


q.       !    A-N. 

k. 

I.             ag\ 

ak'. 

T. 

146-9 

147-5 
147-9 
147-2 
147-8 
147-9 
148-0 
146-9 
147-2 
147-0 
147-2 

146-8 

6-161 

6-105 
6-134 
6-239 
6004 
6-119 
6-279 
6-063 
6-280 
6-195 
6-018 

6-117 

5-481 

5-489 
5-4H6 
5-500 
5-445 
5-487 
5-479 
5-4()9 
5-472 
5-491 
5-445 

5-461 

61 

57 

59 

64-5 

53 

58 

68 

55-5 

68-5 

62-5 

54 

59-5 

14-62 

14-73 
14-82 
14-75 
1473 
14-81 
14-92 
14-56 
14-78 
14-68 
14-64 

14-61 

14-57 

14-57 
14-57 
14-70 
1432 
14-57 
14-61 
14-46 
14-58 
14-64 
14-32 

14-46 

r  21-6 
1 230 

[21-8 
123-6 

[22-9 
124-5 

(23-6 
125-3 

Means  . . . 

14-72 

14-53 

Probable  errors  of  means 


2  0-018 
2  0-022. 
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Ethyl-Alcohol  (Squibb's  Absolute).     March  10,  1888. 
Specific  density  0*793.     Constant  of  diameter  1*5  millim. 


?• 

A-N. 

i: 

/. 

aq\ 

«.^- 

T. 

'JOO 

4024 

3-3G9 

GO-5 

5-584 

5-570 

89-5 

4-001 

3-321 

G2 

5-52G 

5-420 

912 

3-8f>7 

3-4G3 

52 

5-GOl 

5-895 

o 

'22 

900 

4-270 

3-337 

G9-5 

5-708 

5-452 

91-0 

3-921 

3-285 

59-25 

5-704 

5-295 

900 

4165 

3-474 

G2 

5-587 

5-920 

90-5 

3-947 

3-417 

52 

5622 

5-712 

;22-i 

91-5 

3-857 

3-370 

48-75 

5-733 

5-551 

91-5 

4-120 

3-440 

G2 

5-772 

5-803 

910 

3-936 

3-378 

54 

5-G90 

5-589 

90-8 

3-972 

3-392 

55-5 

5-G70 

5-636 

90-5 

3-997 

3-402 

5G-5 

5-G30 

5-669 

1  23-2 
1 

Means  ... 

5-652 

5-626 

Probable  errors  of  means 


{ 


a,/  0-013 
ai;'  0-035. 


The  same.     April  6,  1888. 


<7- 

A-N. 

k. 

I. 

aj-. 

ajc\ 

T. 

89-3 

4065 

3-439 

59 

5-495 

5-774 

r24-2 
126-4 

89-7 

3-973 

3-365 

57-5 

6-539 

5-526 

89-4 

4-001 

3-421 

[xro 

5-498 

6-706 

88-3 

4-138 

3-366 

67-5 

5-390 

5-54() 

(■24-8 
1271 

90-2 

3-911 

3-359 

53-5 

6-590 

5-497 

87-9 

4001 

3-3G2 

59-5 

5-327 

5-51() 

88-8 

3-981 

3-348 

59 

5-434 

5-4(59 

88-0 

4-053 

3-372 

62 

5-344 

5-559 

89-9 

3-983 

3-418 

54-5 

5-556 

5-697 

88-9 

4021 

3-392 

58-75 

5-445 

5-611 

89-5 

3-975 

3-366 

57-5 

5-5]  5 

5-530 

4-221 

3-348 

73 

5-493 

r25-4 
127-3 

Means  . . . 

5-467 

5-576 

Probable  errors  of  moans  /  %  ?'^}l 


Uk'  0-018. 
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17:3 


?• 

A-N. 

k. 

/. 

aq-. 

5-674 

T. 

90-15 

4028 

3-402 

58-5 

5-591 

/16-2 
\17-5 

90  2 

40?9 

3-439 

60 

5-607 

5-798 

90-5 

4-()28 

3-428 

5675 

5-6;;6 

5-755 

/18 
1 19-5 

90-45 

4-U60 

3-379 

62 

5-642 

5-612 

9()-2 

4-214 

3-396 

70 

5-627 

5-074 

90-45 

4047 

3-443 

57 

5-631 

5-798 

90-55 

4024 

3-450 

55 

5-637 

6-818 

90-5 

4050 

3-410 

59-5 

5-642 

5-707 

f  19-5 
120-5 

90-3 

4-141 

3-4:^6 

63-5 

5-627 

5-794 

90-3 

4-0:« 

3-4-28 

57-5 

5-612 

5-755 

90  2 

4095 

3-455 

59-5 

5-606 

5-852 

90-15 

4056 

3-446 

57-5 

5-589 

5-823 

[20 
I2I 

1                   Means... 

5-621 

6-755 

The  same.     April  24,  1888. 


Chloroform.     March  31,  1888. 
Specific  density  1*482.     Constant  of  diameter  1*5  millim. 


I- 

A-N. 

k. 

/. 

aq^. 

ak'. 

T. 

73-2 

71-3 
74-8 
73-5 
74-3 
74-0 
71-3 

72-0 

3-344 

3-478 
3-292 
3-323 
3-246 
3-316 
3-653 

3017 

2-729 

2-764 
2-096 
2-705 
2-715 
2-748 
2-775 

2-729 

58 

64-5 

57 

58-5 

52-6 

55 

73-5 

74 

3-708 

3-527 
3-868 
3-739 
3-811 
3-783 
3-535 

3-603 

3-663 

3-764 
3-570 
3-606 
3-025 
3-713 
3-802 

3-675 

0 

r22 

.20 

r23-2 
.26-3 

(24 
126-7 

1 

1 

Means... 

3-C97 

3-678 

Probable  errors  of  means 


a''  0-027 


(Ik 


0017. 
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Acetic  Acid  (No.  8).     April  2,  1888. 
Specific  density  1-038.     Constant  of  diameter  1-2  millim. 


<?• 

A-N. 

k. 

I. 

a,\ 

«.^- 

T. 

112-2 

11-2-6 
111-6 
111-5 
112-0 
112-5 
1118 
112-1 
111-7 

111-3 

4-772 

4-684 
4-810 
4-795 
4804 
4-712 
4-881 
4-712 
4-767 

4-843 

4-143 

4-093 
4172 
4-111 
4-167 
4-135 
4128 
4-128 
4-115 

4-141 

68 

56 

59 

62 

59 

55 

66 

55-5 

60 

63 

8-613 

8-664 

8-528 
8-511 

8-589 
8-644 

8-587 
8-586 
8-547 

8-500 

8-376 

8-174 
8-497 
8-265 
8-474 
8-341 
8-347 
8-311 
8-277 

8-387 

f  18-6 
I 

f20-2 
122-6 

f21-6 
123-2 

Means... 

8-577        8-345 

Probable  errors  of  means 


r       2 


2  0-011 
0-019. 


Methyl-Alcohol.     April  5,  1888. 
Specific  density  0-812.     Constant  of  diameter  1-5  millim. 


I- 

A-N. 

k. 

l. 

o,\ 

-,'• 

T. 

95-2 

94-6 
92-8 
94-6 
939 
93-6 
93-3 
92-4 
93-3 
94-2 
94-0 

93-3 

4180 

4-177 
4-233 
4-081 
4-3-22 
4-108 
4-167 
4-287 
4-124 
4-168 
4-103 

4183 

3-505 

3-532 
3-499 
3-487 
3-564 
3-514 
3-517 
3-.502 
3-543 
3-503 
3-480 

3-543 

61-5 

59-75 

65 

56-5 

66-5 

56-5 

60 

68 

55-5 

61 

58-5 

59-5 

6-242 

6-159 
5-943 
6-159 
6-086 
6  022 
5-994 
5-899 
5-982 
6-111 
6-079 

5-993 

6-022 

6-116 
6-012 
5-958 
6-240 
6-047 
6-066 
6-027 
6-140 
6017 
5-939 

6-150 

fl9-6 
123 

r20-8 
123-8 

J  21-6 

|24 

Means... 

6-056 

6-061 

Probable  errors  of  means  I  ^« 


4" 


2     0-019 


au^     001  fi. 
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Formic  Acid  (commercial).     April  7,  1888. 
Specific  density  1'148.     Constant  of  diameter  1"0  millim. 


9- 

A-N. 

/?-. 

/. 

aq^. 

«.^- 

T. 

102-3 

4-562 

3-856 

63 

7-215 

7-279 

o 

246 

99-3 

4-404 

3-747 

60 

6-778 

6-875 

f23-2 
124-5 

103-2 

4-585 

3-845 

65 

7-329 

7-247 

99-9 

4-387 

3-753 

58-5 

6-855 

6-901 

103-6 

4-611 

3-860 

65-5 

7-387 

7-301 

r23-6 
124-6 

99-3 

4-315 

3-720 

56 

6-775 

6-775 

103-9 

4-623 

3-854 

66-75 

7-432 

7-284 

101-5 

4-420 

3-779 

59 

7-074 

6-991 

103-45 

4-585 

3-878 

63 

7-361 

7-360 

103-5 

4-586 

3-879 

64 

7-368 

7-361 

100-5 

4-340 

3-758 

55 

6-939 

6-907 

/24-4 
125-3 

Means... 

7137 

7-117 

The  variations  in  the  results  show  changes  in  the  value  of 
a^,  and  hence  the  probable  errors  of  the  means  were  not 
calculated. 


Turpentine.     April  9,  1888. 
Specific  density  0'863.     Constant  of  diameter  1"0  millim. 


a. 

A-N. 

k. 

/. 

aq-. 

«i-'- 

T. 

96-5 

96-8 

96  35 

97  2 
970 
97-05 
96-55 
96-45 
97-0 
96-2 

96-45 

4-369 

4-210 
4-227 
4-133 
4-239 
4-424 
4-163 
4-229 
4-323 
4-352 

4193 

3-602 

3-592 
3  561 
3-588 
3-557 
3-558 
3-567 
3-555 
3-584 
3-593 

3-584 

66-5 

57-5 

60-5 

525 

61-5 

72 

56 

61 

65 

66 

57 

6-423 

6-444 
6-388 
6-474 
6-476 
6-508 
6-400 
6-403 
6-486 
6-383 

6-391 

6-370 

6-320 
6-220 
6-290 
6-200 
6-225 
6-225 
0-195 
6-3U0 
6-335 

6-290 

ri7-4 

1  19-6 

r  19-6 
121-2 

/21-0 
.22-1 

Means... 

6-434 

6-270 

Probable  errors  of  means 


( 


fik' 


0-009 
0-012. 
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Petroleum  (refined).     April  9,  1888. 
Specific  density  0*782.     Constant  of  diameter  1  -0  millim. 


<?• 

A-N. 

k. 

I. 

a^. 

«A^- 

T. 

100-5 

99-3 

98-6 

99-4 

99-25 

98-65 

98-5 

98-85 

99-2 

99-2 

99-85 

98-75 

4-305 

4-440 
4-292 
4-267 
4-465 
4-257 
4-265 
4-274 
4-135 
4-132 
4-243 

4-250 

3-648 

3-638 
3-687 
3-626 
3-636 
3-617 
3-601 
3-610 
3-590 
3-622 
3-602 

3-615 

60 

68-5 

5()-5 

59 

70 

59 

60-5 

60-5 

52-5 

50 

59 

58-5 

6-940 

6-801 
6-()73 
6-789 
6-79S 
6-688 
6-672 
6-719 
6-738 
6-728 
6-849 

6-701 

6-518 

6-497 
6-6-20 
6-447 
6-497 
6-421 
6-366 
6-396 
6-295 
6-401 
6-355 

6-406 

r  20-8 
[22-2 

r22  4 
.23-4 

123 

[23 

123 
[23 

Means... 

6-758 

6-435 

Probable  errors  of  means 


0-015 
0-016. 


BenAne.     April  11,  1888. 
Specific  density  0'698.     Constant  of  diameter  1-0  millim. 


q- 

A-N. 

k. 

/. 

a,\ 

"k'- 

T. 

91-75 

91-1 

89-8 
91-16 

90-85 
90-85 

89-8 

91-3 

4-013 

4-058 
4-130 
4-026 
4-055 
4-016 
4-088 

4-023 

3-396 

3-403 
3-417 
3-423 
3-438 
3-399 
3-432 

3-393 

57-5 

60 

635 

56-5 

57-5 

57-5 

60 

58-5 

5-792 

5-693 
5-566 
5-716 
5-681 
5-681 
5-561 

5-739 

6-650 

5-679 
5-731 
6-741 
5-794 
5-660 
5-770 

5-636 

ri9  2 

[20-2 

J  20 
121 

1202 
[21-5 

Means... 

5-678 

5-707   1 

Probable  errors  of  means 


c 

l<-l 


/     0-018 
a^^     0016. 
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Et/,er.     April  11,  1888. 
Specific  density  0-725.     Constant  of  diameter  I'O  niilliin. 


q.         A-N. 

/.-. 

/.              ag\ 

ak^. 

T. 

84-0 

85'55 

84-3 

84-65 

85-15 

84-65 

85-45 

85-5 

84-75 

85-2 

85-5 

84-6 

3-848 

3759 
4-002 
3-736 
3-696 
3-818 
3-768 
3-705 
3-802 
3-696 
3-795 

3-848 

3-151 

3-156 
3  165 
3-120 
3-102 
3-151 
3-129 
3-153 
3-163 
3-1 33 
3-140 

3-161 

62  5 

56-5 

70-5 

575 

55 

62-5 

59 

53 

59 

53-5 

60 

62 

4875 

5-043 
4-923 
4-940 
4993 
4-950 
5-035 
5-029 
4-955 
4-995 
5-039 

4-943 

4-880 

4-889 
4-o:i3 
4-779 
4-718 
4-880 
4-809 
4-875 
4-911 
4-827 
4-844 

4-911 

f  19-2 
121-5 

ri9-4 

121-8 

1  19-4 
l22 

1 

Means...)     4-977 

4-855 

Probable  errors  of  means 


2     0-010 
0011. 


Sources  of  Error. — Before  discussing  the  bearing  of  tliese 
results  upon  the  question  of  the  existence  of  a  finite  contact- 
angle,  it  is  important  to  consider  the  possible  sources  of  con- 
stant error  in  a  set  of  observations.  These  mostly  affect  the 
measurement  of  g.  If  the  tank  is  so  placed  that  the  wall 
through  which  the  observations  are  made  is  not  vertical,  or 
nearly  so,  the  distance  measured  by  the  microscope  and  the 
value  of  y  deduced  from  it  will  be  a  little  too  small.  The 
same  result  will  follow  if  the  microscope  is  not  horizontal  in 
its  supports.  If  the  microscope  does  not  move  in  a  horizontal 
plane,  the  value  of  g  will  be  in  error.  A  flaw  or  a  series  of 
striffi  in  the  glass  wall  will  also  possibly  aifect  a  set  of  obser- 
vations as  a  whole  ;  for  the  limitations  as  to  the  size  of  the 
bubbles  used  and  the  position  of  the  pointer  are  such  that  any 
one  set  of  observations  is  made  practically  through  the  same 
parts  of  the  wall  of  the  tank. 

The  value  of  k  may  be  measured  at  less  than  its  true  value 
if  the  vertical  microscope  is  not  placed  over  the  centre  of  the 
lens.  It  is,  however,  easy  to  set  it  so  that  the  error  shall  not 
exceed  one  hundredth  of  a  millimetre.  An  error  in  the  esti- 
mation of  the  constant  of  diameter  also  introduces  an  error  in 
the  determination  of  k.  The  estimation  would  have,  however, 
to  be  in  error  by  2'5  millim.  in  order  to  explain  the  smallest 
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differences  from  wbicli  the  existence  of  a  contact-angle  is 
inferred. 

The  variations  in  single  readings  of  the  value  of  q  arise 
partly  from  the  foct  that  the  image  of  the  slit  is  not  all  in  focus 
at  once,  and  spreads  out  at  the  ends.  It  is  sometimes  difficult 
to  avoid  setting  on  a  wrong  portion  of  the  imago,  es[)ecially 
after  the  field  has  been  illuminated  to  enable  the  eyepiece- 
micrometer  to  be  read.  The  proper  illumination  of  the  pointer 
also  offers  difficulties,  which  may  result  in  some  cases  in 
faulty  focusing  and  consequent  errors  of  setting.  The  read- 
ings of  k  are  made  uncertain  from  the  adaptability  of  the  eye. 
The  faintness  of  the  reflected  images  makes  it  impracticable 
to  use  the  method  of  determining  the  focus  by  the  parallax  of 
the  image  with  a  spider-line  in  the  eyepiece.  In  the  five 
settings  from  which  a  position  was  determined,  the  extreme 
readings  of  the  micrometer-screw  differed  usually  by  three  or 
four  hundredths  of  a  millimetre. 

Criterion  of  the  Ea-istence  of  a  Contact-angle. — Although 
these  sources  of  error,  and  possibly  real  differences  in  the 
values  of  cr  for  different  bubbles  in  the  same  liquid,  render 
the  separate  results  in  a  series  sometimes  widely  discrepant, 
and  the  small  number  of  results  included  in  the  mean  seems  to 
make  the  ordinary  rules  for  obtaining  the  probable  error 
scarcely  applicable,  yet  I  have  thought  it  worth  while  to  ap- 
pend to  the  means  their  probable  errors.  I  think  that  the 
probability  of  constant  errors  of  importance  is  slight,  and  the 
accuracy  of  the  observations  sufficient  to  warrant  the  belief, 
when  the  results  by  the  two  methods  differ  by  more  than  the 
sums  of  their  probable  errors,  that  the  difference  is  a  real  one. 
Iji  all  cases  but  that  of  alcohol,  the  difference,  when  it  exists, 
is  such  that  the  result  by  the  "  k  "  method  is  less  than  that  by 
the  "  <7  "  method.  In  these  cases  I  have  concluded  that  the 
observations  indicate  a  finite  contact-angle. 

Water. — The  results  for  water  point,  though  doubtfully, 
toward  a  finite  contact-angle.  The  difference  between  the 
"  5' "  and  "  ^; "  values  in  the  first  set  of  observations  is  very 
striking.  The  difference  in  the  second  set  is  much  less,  but 
still  evident.  The  large  difference  in  the  first  set  may  per- 
haps be  explained  by  the  dift'erence  of  temperature  between 
the  water  and  the  air,  as  discussed  later  in  this  paper.  From 
the  second  set  of  observations  alone  I  should  hardly  be  willing 
to  draw  the  conclusion  of  a  finite  contact-angle  for  water,  if 
it  were  not  that  the  results  of  these  observations  are  substan- 
tiated by  those  of  a  number  of  preliminary  measurements. 
By  a  modification  of  the  "(/"  method,  in  which  ^^  q"  was 
observed  by  an  ordinary  cathetometer,  I  obtained  a^  equal  to 
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15-28  at  21°-5,  and  a^ain  lo-oD  at  16°-7,  and,  hy  the  method 
of  this  paper,  15'17  at  '23°"2.  The  vahies  of  a-  obtained  on 
the  same  (hiys  by  the  "  k  "  method,  in  the  first  two  cases  with 
bubbles  formed  under  a  flat  plate,  and  in  the  third  under  the 
lens  as  described,  are  respectively  15*18,  14*93,  and  14*96. 
The  e\adenco  atlbrded  by  these  consistent  differences  of  the 
results  by  the  two  methods  is  strengthened  by  the  fact  that 
experiments  on  the  rise  of  water  in  capillary  tubes  by  Gay- 
Lussac*,  Frankenheim  and  Sondhausf,  and  Brunnorj,  give 
for  tr  at  20^  the  value  14*80,  and  those  of  Volkniann§  give 
14'y0.  Assuming  that  the  "9'"  values  are  correct,  these 
values  are  such  as  would  follow  from  the  method  of  capillary 
tubes  if  there  were  a  small  finite  contact-angle,  and  if  in  the 
computations  the  contact-angle  were  assumed  to  be  zero. 
The  differences  in  the  values  of  a"  are,  however,  so  small,  and 
the  difficulty  of  obtaining  surfaces  of  glass  really  clean  so 
great,  that,  while  these  experiments  point  to  a  finite  contact- 
angle  between  water  and  glass  as  probable,  yet  1  do  not  feel 
that  they  demonstrate  its  existence. 

Ethyl- Alcohol. — The  results  for  ethyl-alcohol  have  been 
presented  fully,  although  those  of  April  6  and  April  23  evi- 
dently contain  some  error.  I  am  satisfied  that  the  magnitude 
of  the  ^^  k"  results  on  those  days  is  not  due  to  any  constant 
error  of  observation,  and  suggest  the  following  as  its  probable 
explanation.  The  observations  of  those  days  were  made,  as 
has  been  described,  after  the  centre  of  the  lens'  surface  was 
cleared  of  liquid  by  evaporation.  It  seems  to  mo  probable 
that,  owing  to  evaporation  at  the  circle  of  contact,  in  the  way 
discussed  later,  the  water  taken  up  by  the  alcohol  from  the  air 
blown  into  the  bubble  was  left  behind  on  the  lens  by  the  more 
rapid  evaporation  of  the  alcohol,  as  explained  by  Prof.  J. 
Thomson  ll,  and  that  there  was  thus  formed  in  the  upper  por- 
tion of  the  surface  of  the  bubble  a  film  of  liquid  with  a  higher 
surface-tension  than  that  of  the  pure  alcohol.  The  bubble 
was  thus  made  higher  than  it  would  have  been  if  the  surface- 
tension  had  been  throughout  that  of  pure  alcohol,  and  the 
value  of  a^,  calculated  from  its  height,  was  greater  than  the 
true  value.  Since  precipitation  of  alcohol-vapour  w-as  going 
on  upon  the  cooler  lower  surface  of  the  bubble,  that  portion  of 
the  bubble  was  not  similarly  affected,  and  the  constant  obtained 
by  the  "  <j  "  method  was  that  of  pure  alcohol.     This  explana- 

*  Laplace,  M4c.  Cel.  Suppl.  a  la  Th.  de  I' Act.  Cap.  p.  54. 
t  Pogp-.  Ann.  Ixxii.  p.  211  (1847). 
X  Berlin  Berichte,  184G,  p.  181. 
§  Wied.  Ann.  xvii.  p.  353  (1882). 
II  Maxwell,  '  Theory  of  Heat,'  p.  293. 
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tion  is  supported  by  the  observations  of  March  10  and  April  24. 
The  measurements  were  then  made  while  the  film  of  liquid 
still  covered  the  lens'  surface,  so  that  the  supposed  irregula- 
rities at  the  circle  of  contact  were  fur  less  likely  to  occur. 
The  settings  were  more  difficult  and  the  Headings  not  quite  so 
accordant,  but  the  agreement  of  the  results  by  the  two  methods 
is  such  as  to  indicate  that  the  cause  of  the  discrepancy  in  the 
results  of  the  other  days  was  not  operative. 

This  view  obtains  further  sup})ort  from  the  results  of  another 
series  of  measurements  on  ethyl-alcohol*.  By  the  "  q  "  method 
the  value  then  obtained  for  d~  was 5*576  at  23°.  By  the  ^^ k" 
method,  in  which  the  bubbles  were  formed  under  a  flat  plate, 
the  values  were  5*803  and  578(>  at  22°.  From  the  ordinary 
method  by  the  use  of  capillary  tubes  the  value  was  5*805  ; 
and  by  a  method  in  which  the  radius  of  curvature  of  the 
meniscus  in  a  capillary  tube  was  measured  directly,  and  which 
did  not  involve  the  contact-angle  f,  the  value  was  5*859.  In 
the  last  two  methods  the  disturbing  eflf'ect  of  the  water  in  the 
surface-film  would  be  felt  as  well  as  in  the  "A^"  method. 
Hence  arises,  I  think,  the  substantial  agreement  of  the  results 
by  the  last  three  methods,  and  also  the  ditFerence  between  them 
and  the  results  by  the  "  ^y  "  method. 

The  results  of  March  10  offer  no  evidence  of  a  finite  contact- 
angle  ;  and  though  those  of  April  24  differ  by  more  than  one 
per  cent.,  yet  this  difference  is  mostly  due  to  the  values  given 
by  the  last  bubble.  If  these  be  omitted,  the  means  from  the 
four  others  are  5*592  and  5*560.  The  difference  is  too  slight 
to  demonstrate  the  existence  of  a  finite  contact-angle. 

Other  Liquids. — In  the  cases  of  chlorofoi-m,  methyl-alcohol, 
formic  acid,  and  benzine,  the  agreement  of  the  results  is  such 
as  not  to  indicate  a  finite  contact-angle.  The  variations  of 
the  values  of  d^  in  the  case  of  formic  acid,  and  the  way  in 
which  those  variations  were  shown  by  both  methods  of  obser- 
vation, are  worthy  of  notice. 

In  the  cases  of  acetic  acid,  turpentine,  petroleum,  and  ether, 
the  results  indicate  the  existence  of  a  finite  contact-angle.  A 
rouiih  calculation  of  the  value  of  that  anojle  was  made  in  each 
case  by  taking  the  value  of  k  which  would  give  the  mean  value 
of  a?  given  by  the  "  k  "  method,  and  using  it  with  the  mean 
value  of  a^  given  by  the  "  q  "  method  to  calculate  the  value 
of  (33  from  formula  II a.  In  the  numerical  values  thus  ob- 
tained little  confidence  can  be  placed.  They  are  only  given 
as  rough  a])proximations.  The  results  are  collected  in  the 
following  table  : — 

*  Magie,  Proc.  Am.  Ass.  New  York,  1887,  p.  79. 
t  Magie,  "Wied.  Ann.  xxv.  p.  4*21  (188oj. 


Contact-Angle  of  Lijuid,^  and  Solids.  181 


Angle  zero. 

Angle  finite. 

Value  of  0). 

Ethyl-:ilcohol. 

AVater  (?)      . 

.      .     Small. 

Metbyl-aloobol. 

Acetic  acid    . 

.     .       20°. 

Chlorotorm. 

Turpentine    . 

.     .       17°. 

Formic  acid. 

Petroleum     . 

.     .       26°. 

Beuziue. 

Ether       .     . 

.       10°. 

Discussion  of  tlie  Residts. — The  close  agreement  of  the  "5'" 
and  "A'"  results  in  those  cases  in  which  no  finite  contact- 
angle  is  inferred,  by  showing  the  general  validity  of  the 
method  of  experimentation,  is  such  as  to  force  me  to  rely 
with  some  confidence  on  the  evidence  of  the  existence  of  a 
finite  contact-angle  in  the  other  cases.  It  is  more  difficult  to 
decide  if  this  contact-angle  is  due  to  the  relations  among  the 
molecular  forces  in  equilibrium  at  the  line  of  contact,  as  was 
assumed,  in  the  statement  of  the  problem,  would  be  the  case. 
Another  possible  explanation  may  be  given,  in  favour  of 
which  the  experiments  here  presented  oflfer  some  evidence. 
In  experiments  conducted  on  the  plan  here  described,  the 
temperature  of  the  liquid  is  almost  necessarily  a  little  lower 
than  that  of  the  air  above  the  lens.  Presumably  the  lens, 
the  uj)per  surface  of  which  is  not  covered  by  the  liquid,  is 
also  at  a  slightly  higher  temperature  than  the  liquid.  The 
evaporation  from  its  under  surface  will  therefore  be  more 
rajiid  than  from  the  cooler  lower  surface  of  the  bubble.  After 
the  interior  of  the  bubble  has  become  saturated  with  the 
vapour  of  the  liquid,  evaporation  will  go  on  from  the  lens  and 
precipitation  will  occur  upon  the  surface  of  the  bubble.  This 
evaporation  will  cut  away  the  thin  liquid  surface  at  its  line  of 
contact  with  the  glass;  and  unless  the  facility  with  which  the 
liquid  travels  over  glass  is  such  that  new  particles  move  up 
to  completely  supply  the  deficiency,  there  will  not  be  perfect 
replacement  of  the  surface,  and  it  will  meet  the  glass  with  a 
finite  contact-angle.  Tlie  marked  difference  between  the 
"  q"  and  "  k"  results  of  March  7  for  the  values  of  a^  for 
water,  indicating  a  large  contact-angle,  taken  in  connexion 
with  the  large  difference  between  the  temperature  of  the 
water  and  that  of  the  air,  points  towards  the  explanation  just 
given  as  a  possible  one.  The  liquids,  too,  for  which  no  finite 
contact-ungle  was  indicated  are  either  not  veiy  volatile  or  are 
extremely  mobile,  and  bubbles  formed  in  them  move  freely 
under  the  lens.  Bubbles  in  those  li(juids  for  which  a  finite 
contact-angle  appears  are,  in  every  case  except  that  of  ether, 
umch  less  free  in  their  movements  under  the  lens.  The 
extreme  volatility  of  the   ether  may  explain  the  presence  of 
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the  finite  contact-angle  found  for  it,  notwithstanding  its  great 
mobility. 

It  must  be  admitted,  however,  that  the  temperature  dif- 
ferences assumed  in  the  preceding  explanation  are,  for  some 
of  the  liquids,  very  slight,  especially  for  those,  like  turpentine 
and  petroleum,  for  which  the  results  indicate  large  contact- 
angles.  On  the  whole,  I  am  inclined  to  believe  that  the 
finite  contact-angles  indicated  are  duo  to  the  relations  among 
the  molecular  forces  at  the  line  of  contact.  If  this  view  be 
accepted,  we  might  assign  a  limit  to  the  molecular  forces 
between  the  molecules  of  glass  and  those  of  the  liquids  for 
which  the  finite  contact-angle  appears,  by  the  help  of  Gauss's 
hypothesis  as  to  the  similarity  in  form  of  the  force-functions 
representing  the  forces  between  liquid  elements  and  between 
liquid  and  solid  elements.  Doubt  is,  however,  thrown  on 
that  assumption  by  the  values  of  a?  obtained  for  the  liquids 
examined. 

Law  of  Afolecidar  Force. — The  expression  for  the  force 
between  two  elements  of  a  liquid  is,  in  Laplace's  and  Gauss's 
theories,  J)^f{x)dv^,  where  D  represents  the  density  of  the 
liquid,  dv  the  volume  of  an  element,  and  f{x)  a  function  of 
the  distance  x  between  the  elements.  In  the  operation  by 
which  Laplace's  capillary  constant  H  =  a^D  is  determined  in 
terms  of/(^),  the  only  property  of  this  function  of  which  use 
is  made  is  that  it  diminishes  with  extreme  rapidity  as  the 
distance  x  increases,  and  becomes  insensible  for  measurable 
values  of  x.  No  assumption  is  made  as  to  whether  it  is  the 
same  for  all  kinds  of  molecules.  In  Gauss's  discussion  of  the 
contact-angle  ho  makes  the  assumption,  to  which  reference 
has  already  been  made,  that  the  two  functions /(.r)  and  F{x\ 
the  one  of  which  is  proportional  to  the  force  between  two 
elements  of  the  liquid  separated  by  the  distance  x,  and  the 
other  })roportional  to  the  force  between  an  element  of  the 
liquid  and  one  of  the  solid,  are  in  a  ratio  independent  of  x; 
that  is,  that  they  haxQ  the  same  form.  If  this  assumption  be 
true  for  the  relation  between  these  forces,  it  seems  likely  that 
it  would  be  true  for  the  different  values  of  f{x)  for  different 
liquids.  Indeed,  if  the  molecular  force  varies  inversely  as 
some  power  of  the  distance,  it  seems  the  most  probable  sup- 
position that  this  power  is  the  same  for  all  liquids.  If  this 
were  so,  the  integral  \zdz^jr(z)  contained  in  the  expression  for 
the  c;.])illary  constant  H,  since  -^i-)  is  a  function  ultimately 
depending  on  f(x),  should  then  be  the  same  for  all  liquids. 
Since  H   equals   27rl)^^zdzf(z),  the  values  of  H/D^   for  dif- 
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ferent  liquids  should  be  constant.     In  the  following  table  are 
presented  the  values  of  a-,  D,  H,  and  H/D^ : — 


a\ 

D. 

H. 

14-99 
4-484 
5-479 
8-903 
4-918 
8193 
5-552 
5-285 
3-963 
3-608 

14-99 
7-124 
2-495 
8-263 
7-458 
6-217 
7-455 
8-642 
8-135 
6-863 

■Water     

14-90 
5-652 
3-697 
8-577 
6  056 
7-137 
G-434 
6-758 
5-678 
4-977 

1-0 

0-7934 

1-482 

1-038 

0-812 

1-148 

0-863 

0-782 

0-698 

0-725 

Ethvl-Alcohol   

Chlorufurm    

Acetic  Acid   ...  

Methjl-Alcohol 

Turpentine     

Benzine 

Ether 

There  is  no  relation  among  these  values  of  H/D^  which 
permits  the  conclusion  that  the  functions  f{x)  for  different 
liquids  have  the  same  form  or  are  connected  by  any  simple 
relation.  This  result  shows  further  that  Gauss's  hypothesis 
is  probably  in  error.  We  are,  therefore,  precluded  from 
drawing  a  conclusion,  which  would  otherwise  follow  from 
Gauss's  equation  for  the  contact-angle,  as  to  the  limits  within 
which  the  molecular  forces  nmst  lie  in  case  the  liquid  makes 
with  the  solid  a  finite  acute  contact-angle. 

In  conclusion  it  may  be  noted  that  the  values  of  a^  obtained 
by  the  "§'"  method  are  probabh'  fairly  accurate  for  the 
liquids  used.  As,  however,  the  investigation  was  not  under- 
taken with  the  purpose  of  obtaining  these  values  as  physical 
constants,  no  especial  pains  were  used  to  employ  liquids  which 
wore  chemically  pure. 

I  desire  to  express  my  thanks  to  Mr.  Taylor  Reed  and  Mr. 
A.  H.  Scofield,  Fellows  of  the  College,  for  the  assistance 
which  they  have  given  me  in  the  observations. 

Physical  I  iaboratoiy,  Princeton  College, 
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Maxwell's  Theory  of  the  Viscosity  of  Solids  and  its 
Plnjsical  \  erif  cation.  By  Cakl  Bakus,  Assistant  Geolo- 
gist, U.S.  G.  S.* 

1.  npHE  vi.scosity  of  solids  has  been  theoretically  discussed 

JL      in  more  or  less  elaborate  memoirs  by  0.  E.   Meyer, 

Boltzmann,  Neesen,  Warburg,  Maxwell,  and  Butcher.    Views 

of    a    distinctly   theoretical   kind    have  also  been   given  by 

•  Communicated,  -with  the  permission  of  the   Director  of  the  U.S. 
Geological  Survey,  by  the  Author. 
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Weber  and  Kolilraiiscli,  and  more  recently  by  Nissen.  In 
almost  all  cases,  excc^ptinn;  idone  Butelier's  work  *,  which 
formulates  tlie  theory  of  Maxwell  t?  the  problem  lias  been 
approached  from  distinct  points  of  view. 

Des])ite  the  diversity  of  methods  of  discussion  and  the 
ekboration  of  evidence,  the  results  arrived  at  do  not  in  any 
case  so  fully  represent  the  phenomenon  as  to  lead  to  general 
acquiescence  in  one  elementary  ])hysical  liypothesis.  Boltz- 
mann^s  theory  is  perhaps  the  most  ])0werful,  and  is  elegantly 
Avork(Hl  out  ;  but  it  is  purely  mathematical  in  character. 
MaxwelFs  theory  has  the  soundest  physical  basis,  although 
left  by  its  author  in  shape  merely  of  a  terse  verbal  sketch. 

Now  it  seems  to  me,  if  indeed  1  may  venture  on  any  asser- 
tion, that  this  theory  is  a  version  of  Williamson's  %  theory  of 
etherifi(?ation,  and  of  Clausius's  §  theory  of  electi'olysis  :  for 
viscosity  in  Maxwell's  conception  is  a  ])henomenon  evoked  by 
certain  changes  of  molecular  structure,  the  inherent  nature  of 
which  is  ultimately  chemical.  1  say  chemical,  because  if  mole- 
cular break-up  occur,  cardinal  questions  at  once  arise  as  to  the 
manner  of  removal  of  the  debris  ;  and  the  phenomenon  thus 
depends  not  only  on  the  past  history,  but  on  the  immediate 
future  history  of  the  typical  mean  configuration. 

The  analogy  of  the  three  theories  is  very  close,  so  that  they 
admit  of  generic  classification.  They  are  examples  of  the 
invasion  of  statistical  method  into  liquid  and  solid  molecular 
kinetics. 

The  behaviour  of  steel  when  regarded  as  a  viscous  solid  and 
in  the  light  of  known  facts  ||  is  convincingly  in  favour  of  the 

•  Butclier,  Proc.  Lond.  Math.  Soc.  iii.  1878. 

t  Maxwell,  "  Constitution  of  Bodies,"  Encyclop.  Brit.  Otli  ed.  p.  310, 
1876. 

X  "Williamson,  Ann.  der  Cfievi.  nnd  Pharm.  Ixxvii.  p.  37,  1851. 

§  Clausius,  Pogg.  Ann.  c.  p.  353,  1857  ;  ibid,  ci,  p  338,  1857. 

jl  I  refer  in  particular  to  the  work  of  Dr.  Strouhal  and  myself.  Hard- 
ness (temper),  its  electrical  and  other  cliaracteristics,  cf.  Barns,  Phil. 
Mag.  [5]  viii.  p.  341,  1879  ;  AVied.  Ann.  vii.  p.  383,  187U ;  Strouhal  and 
Barus,  Wied.  Ayin.  xi.  p.  930,  1880 ;  ibid.  xx.  p.  525,  1883.  Hardness 
and  magnetization,  cf.  8.  and  B.,  Wied.  Ann.  xx.  pp.  5.37,  602,  1883. 
Density  and  (internal)  structure  of  hard  steel  and  of  quenched  glass, 
c/.  Barus  and  Strouhal,  American  Journ.  [3]  xxxi.  p.  380,  1886;  ibid. 
p.  439;  Am.  Journ.  xxxi.  p.  181,  1886.  Temper  and  chemical  composi- 
tion, cf.  B.  and  S.,  Am  Journ.  [3]  .xxxii.  p.  27(),  1886.  Temper  and  vis- 
cosity, cf.  B.  and  S.,  Am.  Journ.  [3]  xxxii.  p.  444,  1886;  «'6/(/.  xxxiii.  p.  20, 
1887";  Barns,  ibid,  xxxiv.  p.  1,  1887;  ibid,  xxxiv.  p.  175,  1887.  The.^e 
papers,  systematically  discussed  and  enlarged,  are  emhodied  with  new 
matter  in  the  Bulletins  of  the  United  States  Geological  Survey,  viz.  : — 
Bull.  no.  14,  pp.  1-226,  1885;  Buh.  no.  27,  pp.  30-61,  lt86 ;  Bull. 
no.  35,  pp.  11-60,  1886;  Bull.  no.  42,  pp.  98-131,  1887.  Others  are 
forthcomiug.  The  Bulletins  can  be  obtained  by  addressing  the  Director 
of  the  U.S.  Geological  Survey. 
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view  to  be  advocated  ;  and  it  was  tlie  direct  bearing  of  some 
of  the  results  on  Clausins's  theory  of  electrolysis,  that  led  me 
to  suspect  a  chemical  explanation  *,  before  I  became  aware  of 
the  existence  of  MaxwelPs  article.  To  show  how  clearly 
]\Iaxwell's  theory  interjjrets  the  complex  and  almost  anomalous 
pluMiomena  of  viseosity  exhibited  by  tempered  steel,  is  the 
chief  endeavour  of  the  jiresent  paper  ;  but  1  shall  also  add 
other  matter. 

2.  It  is  desirable  to  pass  in  brief  review  the  divers  hypotheses 
on  the  nature  of  viscosity  in  solids,  to  which  I  have  referred. 

0.  E.  Meyer's  theory  t  is  the  earliest  and  the  most  direct. 
It  discusses  the  action  of  elastic  forces  in  a  medium  of  im- 
perfect elasticity,  and  develops  formula}  to  express  the 
diminution  of  stress  in  virtue  of  the  occurrence  of  internal 
friction  J.  The  results  to  which  Meyer^s  theory  eventually 
leads  are  incomplete,  and  were  not  fully  verified  by  subsequent 
experiment.  The  theory  is  therefore  sharply  {intagonized  by 
Boltzmann  §,  by  Streintz  ||,  and  by  Kohlrausch  1[.  In  a 
later  paper  Meyer  **  partially  assents  to  these  adverse  views, 
acknowledging  that  the  theory  does  not  reproduce  the 
phenomenon  actually  observed.  It  also  fails,  as  Kohlrausch 
(/.  c.)  pointed  out,  in  predicting  an  insufficiently  slow  time  of 
occurrence.  After  giving  reasons  for  dissenting  from  Boltz- 
niann's  and  from  Neeseu^s  hypotheses,  Meyer  proceeds  to  a 
partial  development  of  an  old  hypothesis  of  Weber  ff.  This 
phvsicist  referred  viscosity  in  solids  to  partial  molecular 
rotation,  a  view  adopted  by  Kohlrausch  U,  by  whom  it  has 
been  more  clearly  interpreted.  The  rotations  underlying 
Weber's  phenomenon  are  considered  identical  with  the 
rotation  of  molecules  postulated  by  Clausius  §§  in  discussing 

*  Am.  Journ.  [3]  xxxiii.  p.  28,  1887.  It  is  much  to  be  regretted  that 
3Iax%vell's  theory  was  published  out  of  the  line  of  a  physicist's  usual 
routine  reading. 

t  Meyer,  Pogg.  Ann.  cli.  p.  108,  1874. 

I  Following  tlie  usage  of  the  word  by  Navier,  Cauchy,  Poisson,  St. 
Tenant,  Stokes,  Stefan.     Cf.  Meyer,  I.  c. 

§  Pogg.  Ann.  Ergjinzb.  vii.  p.  624,  187G. 

II  Pogg.  Ann.  civ.  p.  588,  1875  ;  ibid,  cliii.  p.  405,  1874. 
%  Pogg.  Ann.  clx.  p.  225,  1877. 

••   Wied.  Ann.  iv.  p.  24!),  1878. 

tt  Weber,  Pogg.  A7m.  xxxiv.  p.  247,  1835  ;  ibid.  liv.  p.  1,  1841. 

XX  Pogg.  Ann.  cxxviii.  p.  413,  186G  ;  cf.  also  ibid.  cxix.  p.  337,  1863; 
ibid,  clviii.  p.  3;>7,  1876. 

§§  Clausius,  Pogg.  /4«n.lxxvi.  p.  46, 1849.  Shearing  .stress  is  referred  to: 
"  W'enn  ein  solcher  Korpor  fremden  Krilften  unterworfen  wird,  die  voa 
veschiedenen  Seittn  un^leich  auf  ihn  wirlion,  tr  also  z.  IJ.  nach  ein(  r 
Dimension  gedehnt  wird,  wjihrend  er  nacli  auderon  Dinien.-^ioneii  fiei 
bleibt  oder  gar  zu.>ammengedriiclit  wird,  dann  die  Molekiile  nebeu  ihrer 
Verschiebung  sich  auch  etwas  drelien  koimeii,  indem  sie  iu  Bczug  auf 
ihre  Kraftrichtungen  den  ungleichen  Spannungen  etwas  folgeu  .  .  .'"  (p.  66). 
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certain  problems  in  solid  elastics.  Following  Meyer  and 
others,  "  elastische  Madiwirhmg  "  is  a  possible  occurrence  in 
liquids. 

Boltzmann^s  *  theory,  amplifying  deductions  of  Lamy  and 
of  Clebsch,  is  based  on  the  assumption  that  the  elastic  forces 
are  dependent  not  only  on  the  present  but  on  the  preceding 
deformations  of  the  body.  The  efi'ect  of  earlier  states  of  stress 
on  the  existing  stress  diminishes  with  the  intervening  time, 
but  is  independent  of  the  intervening  states  of  stress.  More- 
over different  viscous  deformations  are  superposable.  Boltz- 
mann's  theory  ther(^fore  subserves  a  mathematical  purpose,  as 
Kohlrauschf  remarked,  and,  by  presupposing  the  phenomena, 
brings  the  laws  of  solid  viscosity  tersely  into  formulse.  If  « 
is  an  interval  of  time  reckoned  back  from  t  to  t  —  co  when  the 
strain  ^<_„  existed,  then  Boltzmann's  law  may  be  most  clearly 
exhibited,  perhaps,  in  its  application  to  the  problem  of  vibration 
of  a  viscous  solid.  Given  a  wire  of  the  solid  of  length  I  and 
radius  R.  Let  its  upper  end  be  fixed  and  the  lower  end  be 
attached  to  a  heavy  bob  whose  moment  of  inertia  for  the 
given  conditions  is  K.  Then  the  equation  of  motion  is  (slow 
oscillation  premised) 

where  D  is  the  moment  of  the  applied  couple,  fi  Lamy's 
constant,  and  yjr  some  function  of  co. 

Replying  to  Meyer^s  critique  that  a  theory  of  this  kind  is 
at  variance  with  the  present  state  of  knowledge  in  atomistics, 
Boltzmann  |  disclaims  all  present  purpose  to  connect  his 
theory  with  definite  physical  hypotheses.  He  points  out, 
however,  that  the  assumed  dependence  of  the  existing  states 
of  strain  on  the  foregoing  deformations  is  easily  justified 
when  the  simultaneous  chanoes  of  molecular  confi"uration 
are  taken  into  account.  For  it  is  not  necessary  to  suppose 
that  the  elastic  forces,  as  such,  have  any  dependence  on 
preexisting  stress.  The  changes  of  configurations  in  question 
are  closely  similar  to  Maxwell's,  so  that  in  this  respect  Boltz- 
mann^s  theory  may  be  looked  upon  as  one  form  of  mathema- 
tical development  of  Maxwell's  ])hysical  hypothesis.  I  may 
add  that  Boltzmann  himself  tested  his  theory  with  data  of 
Kohlrausch,  Neesen,  and  Streintz.  A  special  series  of  experi- 
ments subsequently  undertaken  by  Kohlrausch  §   give  addi- 

*  Boltzmann,  Pogg.  Ann.  Ergjinzb.  vii.  p.  G24,  1876. 
t  Kohlriuu^ch,  Pogg.  Anii.  clx.  p.  227,  1877. 
t  J'>oltzniaiin,  Wied.  Ann.  v.  p.  4.'}0,  1878. 
§   Ivolilrausch,  P(>gg.  Ann.  clx.  p.  225,  1877. 
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tional  strength  to  Boltzinann's  deductions.  The  theory, 
however,  does  not  predict  permanent  set. 

A  theory  similar  to  Boltzmann's,  but  of  an  atomistic  kind, 
is  due  to  Neesen  *.  It  also  assumes  the  occurrence  of  solid 
■viscos^ity.  Neesen  distinguishes  the  forces  producing  and 
retarding  motion  and  the  tinal  purely  elastic  forces  which 
obtiiin  after  motion  has  subsided.  Neesen  j^ractically  postu- 
lates a  change  of  the  constants  of  elasticity.  Warburg  f 
objects  to  Neesen's  deductions  because  they  contain  no 
reference  to  the  form  of  the  molecule.  Meyer  fails  to  find  in 
it  definite  causal  relations  to  the  observed  viscous  motion. 

Braun's  research!,  though  largely  experimental  in  character, 
deserves  mention  here,  because  of  special  light  which  it 
throws  on  the  superposition  of  ditferent  viscous  deformations. 
Excepting  glass,  he  finds  that  these  molecular  motions  do  not 
take  place  independently  of  each  other.  He  concludes  that 
elastic  and  viscous  deformation  owe  their  occurrence  to  forces 
of  different  origin,  and  he  refers  the  viscous  deformations  to 
the  partial  molecular  rotation  postulated  by  Weber  and  by 
Kohirausch. 

Warburg  §,  following  out  the  suggestions  contained  in 
Braun's  results,  formulates  a  new  theory  in  which  viscosity 
is  the  result  of  partial  rotations  of  finite  molecules  of  a  form 
other  than  spherical. 

Nissen's  ||  theory  is  unique.  He  considers  the  ?ether  in  the 
space  surrounding  the  body,  in  its  relations  to  the  rether 
within  the  intermolecular  spaces  of  the  body  ;  and  he  bases 
his  theory  of  viscosity  on  the  conditions  under  which  the 
external  sether  enters  the  said  intermolecular  spaces,  when  the 
body  is  deformed  by  stress.  He  thus  obtains  both  a  time  and 
a  thermal  effect.  In  many  respects  this  curious  theory  seems 
to  me  to  anticipate  Osborne  Reynolds's^  in  recognizing  the 
importance  of  the  "  dilatancy  "  of  a  granular  medium. 

6.  Maxwell's ■^'^  theory  would  require  more  extended  com- 
ment ;  but  the  terms  in  which  his  views  are  expressed  are  so 
precise  that  it  is  impossible  to  abbreviate  them.  The  reference 
must,  therefore,  here  suffice  ;  cf.  §§9,  14.  Aside  from  the 
remarks  of  the  next  paragraph,  the  ideas  underlying  Maxwell's 

*  Neesen,  Pogg.  Ann.  clvii.  p.  579,  1870. 

t  Warburg,  Wied.  A^in.  iv.  p.  2?jZ,  1878. 

X  Braun,  I'ogg.  Ann.  clix.  p.  3.37,  1876 ;  cf.  Kohirausch,  Pogg.  Ann. 
clx.  p.  227,  1877. 

§  Warburg,  Wied.  Ann.  iv.  p.  232, 1878. 

II  Nissen,  Lnaug.  Dissert.,  Jionn,  1880.    (Not  accessible  in  Washington.) 

il  Revnold.s,  Kep.  Brit.  Assoc.  188o,  p.  80U  j  Phil.  iMag.  [.0]  xx.  p.4(;(», 
188.5. 

••  Maxwell.  I.e.  p.  .'Jll. 
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tlieory  have  been  given  by  many  others,  indeed  by  almost  all 
the  chief  writers  on  solid  viscosity  ;  but  Maxwell  carries  them 
thronoh  consistently  to  a  complete  theory. 

1  have  stated  that  Maxwell's  theory  of"  viscosity  is  the  ana- 
logon  of  Clausius's  theory  of  electrolysis.  Where  the  latter 
uses  ''  Theilmolekule "  and  electromotive  forces  to  effect 
chemical  decomposition,  Maxwell  has  unstable  configurations 
and  stress  available  to  produce  permanent  deformation.  In 
(Jkiusius's  case  the  number  of  decomposable  molecules  («'.  e. 
unstable  configurations  as  regards  the  action  of  electromotive 
force)  in  any  given  case  of  actual  electrolysis  is  practically 
infinite.  This  corresponds  to  Maxwell's  viscous  Huid,  hard  or 
soft.  In  a  viscous  solid  molecular  configurations  are  present 
in  all  degrees  of  stability,  with  a  sufficient  prej)onderance  of 
stable  configurations  to  constitute  a  solid  framework.  The. 
relative  number  of  unstable  configurations  varies  with  the 
viscosity  of  the  material.  If,  therefore,  I  conceive  the  case  of 
an  electrolyte  exhausting  itself  in  respect  to  electrical  conduc- 
tivity by  the  chemical  decomposition  induced  by  current,  until 
conduction  cease,  I  have  the  analogon  of  a  solid  which  is 
reaching  the  limit  of  viscous  deformation. 

From  this  analogy  it  follows  that  a  solid  (?)  electrolyte  is 
necessarily  viscous  ;  whereas  a  viscous  solid  is  only  an  elec- 
trolyte when  the  configurations  break  up  into  parts  oppositely 
charged.  Again,  a  viscous  solid  (?)  is  probably  more  viscous 
when  undergoing  electrolytic  decomposition  than  when  no 
current  passes  through  it.  Experiments  to  the  same  effect 
can,  however,  be  made  with  greater  facility  if  the  solid  operated 
on  is  such  that  special  instability  of  molecular  configuration 
can  be  superinduced  by  heat  instead  of  electrical  action.  !Such 
a  solid  is  hard  steel,  in  which,  in  addition  to  the  ordinary  thermal 
instability,  what  may  bo  called  a  carburation  instability  of  mo- 
lecular configuration  asserts  itself,  even  at  mean  atmospheric 
temperatures.  Inasmuch,  therefore,  as  the  gist  of  Maxwell's 
theory  is  stability  of  molecular  configuration,  it  follows  that 
the  evidence  which  can  be  derived  with  reference  to  it  from 
hard  steel  must  be  unique  in  character:  for,  despite  the  extreme 
hardness  and  rigidity  of  tempered  steel,  instability  of  molecular 
configuration  demonstrably  exists*  and  is  distributed  uniformly 
throughout  the  metal ;  moreover  the  number  of  unstable  mo- 
lecular groups  can  be  made  to  vary  over  an  enormous  range 
at  pleasure. 

4.  Perhaps  the  experiments  already  made  on  the  viscosity 

*  J'arus  and  Strouhal,  American  .Journ.  ['■i']  xxxii.  p.  :?7<'>,  1866. 
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of?teel*are  a  sufficient  ouaranteo  for  tlie  remarks  of  tliis 
paper;  but  as  the  above  ])ara<j,ra])lis  clearly  show  that  data 
tendino;  to  throw  light  on  the  ultimate  nature  of  viscosity  are 
urgently  called  for,  I  shall  add  some  further  experimental 
results.  To  obtain  these  I  made  use  of  a  ])erfected  form  of  the 
ditlerential  apparatus  described  elsewhere f. 

For  several  })urposes  touched  upon  in  the  course  of  tho 
present  work  it  is  necessary  to  indicate  the  theory  of  the  said 
ditlereutial  apj^aratus  more  fully  than  was  done  in  the  earlier 
paper.     This  I  will  brictly  do  here. 

Given  a  continuous  straight  steel  wire,  of  length  L,  to  which 
a  convenient  rate  of  twist,  t,  has  been  imparted.  Consider 
two  right  sections  whose  distance  apart  is  the  unit  of  length, 
and  let  '1<^  be  the  amount  of  viscous  angular  motion  of  the 
first  relative  to  the  second  during  the  given  small  time  /  and 
for  the  fixed  rate  of  twist  t.  To  fix  the  ideas,  let  the  wire  be 
adjusted  vertically,  and  provided  with  an  index  to  register 
angular  motion  at  a  distance  /'  above  the  lower  end.  Then 
will  the  motion  at  the  index  due  to  the  viscous  detorsion  of 
two  sections  whose  position  is  x,  and  whose  distance  apart 
is  da:  (.i->/'),  during  the  time  t  be 

/' 
d-*lr=—ii)dx. 

X 

For  at  every  section  the  viscous  motion  is  such  that  if  the 
contiguous  parts  immediately  below  the  section  slide  in  a  given 
direction,  the  parts  immediately  above  it  slide  in  equal  amount 
in  the  opposite  direction.  Again^  of  the  two  equal  and  opposite 
viscous  motions  which  take  place  at  any  section,  only  the 
motion  of  the  part  nearest  the  index  will  influence  it. 

This  premised,  suppose,  furthermore,  that  the  parts  of  the 
wire  below  the  index,  the  parts  whose  position  is  0  to  I' ,  be 
kept  at  a  given  constant  temperature  and  be  of  the  same  temper 
throughout.  Let  those  parts  also  of  the  wire  above  the  index 
be  of  the  same  or  any  other  uniform  temper,  but  let  them  be 
heated  to  different  constant  temperatures.  Thus  let  the  viscous 
detorsion  between  ^  =  0  and  x=l'  be  typified  by  ^';  between 
x=-l'  and  ^•  =  /3  by  (^3;  between  x-=^  and  x=^a.  by  <^;  between 
x=a.  and  a"  =  L  by  0i  :  in  which  the  difference  of  ^j,  <^,  ^3  are 
evoked  by  differences  of  temperature  of  the  parts  of  the  wire 
to  which  these  data  refer,  whereas  </>'  may  differ  from  all  these 
by  an  increment  of  temper  of  any  value,  as  well  as  of  tempe- 
rature.    Then  the  influence  of  the  viscous  detorsion  in  each  of 

•  Amer.  .loiirn.  [3]  xxxii.  p.  444,  1886 ;  ibid,  xxxiii.  p.  20,  1887. 
t  Amer.  Jouru.  [oj  xxxiv.  p.  2,  1887. 
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the  parts  in  question,  on  the  index  whose  position  is  .?;  =  /', 
will  bo 

"4;^^'  ''C^'  "4.T'  4'i^-^ 

where  l  =  L  —  l'. 

Henco  thu  motion  of  the  index,  ^,  is 

Now,  if  the  experiment  is  so  conducted  that  <p^^  =  (f)^  =  (f)'  and 
l=zl'  =  ^lj,  which  implies  uniformity  of  temper  throughout  the 
wire  from  0  to  L,  then 

.|r=/((^-c/>')ln-^, 

which  suggests  the  most  convenient  method  of  experiment. 
If  it  is  possible  to  heat  the  upper  wire  uniformly  throughout 
its  length,  this  e(|uatiou  takes  the  simpler  form 

A|r  =  /(0-0O  In  2. 

If  0'  is  negligible  relatively  to  0,  this  method  leads  to  absolute 
results. 

There  is  another  casci  which  facilitates  experiment.  Let 
<P^  =  (f)s,cf>' =  0,1=1'.     Then 

>/r  =  /c/>iln2  +  /(0-(^O]n|. 

If  the  behaviour  of  the  wires  for  0  =  0i  (/.  e.  for  the  case  in 
which  the  upper  wire  has  the  uniform  temperature  corre- 
sponding to  0,)  be  known,  this  equation  is  similar  to  the  pre- 
ceding. In  general  and  intermediate  cases  correction  members 
must  be  investigated. 

If  a  series  of  detorsions,  (f),  be  observed  at  6°,  and  another 
series,  $,  be  observed  at  ©°  ;  if  (f>  =  (po,  F{d)  and  i/r  =  n/2R 
(Gauss's  method  of  angular  measurement),  then 

where  R  is  the  distance  between  Gauss's  mirror  and  scale  in 
centimetres,  and  where  N  and  n  are  the  scale-parts  (centims.) 
corresponding  to  ©°,  0°,  respectively.  Hence,  whatever  be 
the  function  F,  the  distance  of  the  individual  curves  for  ®° 
and  6°  a])art  varies  directly  as  0o-  This  result,  though  simple 
enough,  has  special  bearing  on  certain  data  below. 
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5.  The  following  tables  exhibitthe  new  results  for  hard  steel. 
About  20  rods  (diameter  2p  = -081  centim.)  were  examined. 
Table  I.,  after  enumerating  the  rod  ("  No.")  and  stating  the 
temperature  at  which  it  was  annealed  ("  An  ")  from  glass- 
hardness,  gives  the  amount  of  twist  t  (radians)  temporarily- 
imparted  per  unit  of  length,  and  2  {(f)  +  <f>')  the  mean  amount 
of  viscous  detorsion,  in  radians,  per  unit  of  length,  observed 
immediately  after  the  end  of  the  experiment.  2  {(f>  +  (f>')  is 
therefore  the  mean  viscous  effect  of  t  stored  in  the  system  of 

two  vertical  wires.  Hence  t  +  2  (0  +  ^')=y-.  Further- 
more 0'  is  the  temperature  of  the  lower  wire,  9  that  of  the 
upper  wire,  and  - — —   (radians)    is  the  amount  of  viscous 

angtilar  detorsion,  as  observed  at  the  index  between  the  wires, 
at  the  time  specified,  per  unit  of  t.  Regarding  this  differen- 
tial quantity,  which  is  the  chief  datum  of  these  tables,  it  is 
merely  necessary  to  call  to  mind  that  2(f)  is  the  amount  of 
viscous  detorsion,  in  radians,  per  unit  of  length  of  the  upper 
wire,  for  the  rate  of  twist  t  ;  and  2^'  has  the  same  significa- 
tion relatively  to  the  lower  (normal)  wire.  The  reference  to 
unit  T  is  a  convenience  permissible  when  r,  as  in  the  present 
work,  has  nearly  the  same  value  throughout  *. 

The  normal  wire,  No.  1,  with  which  all  the  other  steel 
wires  are  compared,  is  annealed  from  hardness  at  450°,  and 
has  been  twisted  back  and  forth  till  viscosity  is  practically 
unchanged  by  further  t^^^sting  within  the  same  limits.  It  is, 
therefore,  in  a  state  of  extreme  viscosity,  and,  at  the  same 
time,  less  liable  to  permanent  set  than  a  soft  steel  wire.  Its 
dimensions  are  l'  =  SO  centim,  p'  = '0405  centim.,  so  that  1  =  1'. 
The  wire  of  unknown  viscosity  is  examined  at  20°  (nearly), 
and  immediately  after  at  100°.  Two  experiments  are  made 
at  each  temperature  with  t  alternately  positive  and  negative. 
When  T  and  (<^  —  </)')/t  have  like  signs  (the  usual  case),  the 
lower  wire  (No.  1)  has  the  greater  viscosity.  In  case  of 
^  =  100°,  only  a  part  of  the  upper  wire,  a  =  a  — /3,  could  be 
heated;  the  remainder  /3  being  kept  at  the  lower  temperature 
ff.     Time  is  conveniently  given  in  minutes. 

*  In  how  far  such  reductions  are  generally  permissible,  cf.  Weidmann, 
Wied.  Ann.  xxix.  pp.  220,  222, 1886. 
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Table  I. —  Viscous  JJetorsions  of  Hard  Steel. 
^  =  30  cm.      p  =  0-0405  cm.      a  =  28-5  cm.     /3  =  31-5  cm. 


No. 
An. 

2(v>+f). 

Q'. 
0. 

°0. 

Time. 

^-*'xlO'. 

JCo. 
An. 

T. 

0. 

Time. 

0-^'xl 
r 

Radians. 

Minutes. 

Eadians. 

Radians. 

°c. 

Minutes. 

Radian 

2. 

-•1045 

20 

3 

+0-00 

2. 

-•1027 

100 

2 

-O^tKO 

46U°. 

20 

17 

50 

004 
007 

450°. 

20 

6 

18 

-1-35 
-2-89 

-•0003 

GO 

009 

-■0020 

29 
45 

58 

-3^66 

453 

-510 

+  ■1027 

20 

1 

-0^00 

+  •1027 

100 

2 

+000 

20 

8 
28 

-  -09 

-  ■IS 

20 

20 
33 

2-51 
3-76 

+  0020 

52 

-  -18 

+  ■0020 

47 

472 

3. 

-■1033 

20 

2 

+0-00 

3. 

-•1027 

100 

2 

000 

450°. 

20 

10 

2S 

•25 
•49 

•63 

450". 

20 

11 
20 
34 

-l-'30 

-r78 

-222 

-•0014 

44 

•71 

-0020 

48 

-2-89 

+  ■1030 

20 

2 

-O^OO 

+  ■1027 

100 

2 

+0^00 

20 

8 
20 

-  ^04 

-  ^04 

20 

10 
18 

4  ■.58 
6-84 

+  ■0017 

30 

-    04 

4-0020 

24 

809 

.4, 

-•1033 

22 

2 

-0  00 

4. 

-•1007 

100 

3 

-O^OO 

36a«. 

22 

17 
42 

-  -27 

-  ^35 

360*. 

22 

15 

28 

-2^56 
-3^64 

-•0014 

54 

-   ^35 

-0041 

46 

-4-48 

+  ■1007 

22 

1 

+0-00 

+  ■0998 

100 

2 

+  000 

22 

33 
44 

213 
2-33 

22 

12 
22 

783 
11-21 

+  •0041 

64 

256 

+  •0049 

37 
49 

14-49 
16-28 

5. 

-•1027 

23 

2 

-0-00 

5. 

-•1019 

100 

3 

-000 

SGU". 

23 

15 

-   -27 

360*^. 

23 

22 

-330 

21 

-   ^36 

-  ^0029 

32 

-4  32 

-•0020 

34 

-  -40 

+  •1021 

23 

2 

+0^00 

+  •1015 

100 

2 

+0^00 

23 

12 
19 

•36 
•42 

23 

7 
20 

3-12 
594 

+  0026 

27 

■45 

! 

+•0032 

27 

6-97 
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Time. 


Radians.  ]  °  C  Minutes, 
2 

5 
17 
35 


2 
19 
31 


-1035 

19 

19 

-•0012 

1 

+•1035 

19  ' 

19 

+•0012 

tz$Lxio\ 


-•1027 

20 

2 

20 

8 

-0020 

18 

+•1009 

20 

1 

20 

9 
20 
30 

+  •0038 

50 

-1035 

20 

2 

20 

12 

19 

-•0012 

27 

+  1030 

20 

2 

20 

9 
17 
33 

+  0017 

44 

Radians. 
-U-00 

-  -18 

-  -40 

-  ^26 


+000 
•OU 
■09 


-O-CKJ 
-0-93 
-r48 


+0^00 
l-f)9 
2-56 
301 
3-74 


-000 

-  35 

-  -.54 

-  -54 


+0-00 
0-63 
103 
1-43 
1-66 


No. 
An. 


6. 

190°. 


2(0-0'). 


-•1023 

-•0024 
+  1003 

+•0044 


0'. 
0. 


Time. 


°  C.    Minutes. 


19 


100 
19 


7. 
190°. 


8. 

190°. 


•1007 


-0041 
+•0995 


+  0052 


1 

4 

12 

20 

29 

m 


10 
15 
20 
26 
32 
38 


t^xlO*. 


-•1007 

100 

1 

20 

3 

8 

19 

33 

-•0041 

40 

+  1003 

100 

o 

20 

9 
16 
2(i 

+  •0044 

40 

100 

3 

19 

11 

20 

32 

55 

100 

2 

11 

22 

28 

41 

Radians. 

-  000 

-  .^)-42 
-11  79 
-15^2« 
- 19  05 
-19  63 

+  000 
1202 
19-.^3 
24-96 
28  71 
32-56 
35  42 
38  02 


-  0-00 

-  5-70 
-16-33 
-28-63 
-36-79 
-39  04 

+  000 
15-89 
23-58 
30-39 
.■JC.-lU 


-  0-00 
-13-27 
-21-34 
-27-45 
-35-12 

+  O-OO 
2.'v08 
39-11 
4309 
50-86 


Phil.  Mag.  S.  5.  Vol.  26.  No.  159.  Aug.  188«. 


0 


194         Mr.  C.  Barus  on  Maxwell's  Theory  of  the 
Tabic  I.  {continued). 


An. 

Ai>+<t>')- 

9'. 
0. 

Time. 

^zl'xio-'. 

T 

No. 
An. 

r               6'. 

2(0-0').       a 

Time. 

T 

Radiaii.s. 

°C. 

Minutes. 

Eadians. 

Radians.       °  C. 

Minutes. 

Rjidian 

9. 

-•1033 

10 
19 

2 

8 

-000 
-079 

9. 

100°. 

100 
19 

2 

5 

-  (K 

t 

-25^7 

-0014 
+  1023 

19 

27 
3 

-2-14 
+000 

cident. 

8 

-39-6 

Ac 

19 

10 
31 

1^49 
3-37 

-f-0023 

42 

3-97 

10. 

-1041 

20 

1 

-0-00 

10. 

-•0974 

100 

1 

-  o-( 

100°. 

20 

12 
25 

-1-33 
-r94 

100°. 

20 

3 

7 

-29{ 
-47.£ 

-•0006 

38 

-2^39 

-•0073 

16 
19 
21 

-82.( 
-9U 
-96-£ 

+•1023 

20 

2 

+0-00 

+  •0968 

100 

2 

+  o-( 

20 

21 

2-52 

20 

5 

22^] 

+•0023 

45 

3-60 

+  •0078 

8 
12 
18 
22 
25 
32 
35 
42 

35^^ 
48^{ 
63^] 
70^^ 
76': 
87^' 
90^( 
991 

11. 

-•1033 

21 

1 

-0-00 

11. 

-•1007 

100 

2 

-  0-( 

100°. 

21 

8 
32 

-0-67 
-116 

100°. 

20 

5 
10 

-12-i 
-23-i 

-0014 

48 

-V29 

-•0041 

16 
22 
26 

-32" 
-38^! 
-42-( 

+  •1027 

21 

2 

+0'00 

+•0966 

100 

3 

+  0-( 

21 

12 

26 
37 

1-71 
2-65 
3-14 

20 

n 
16 
23 

8-'. 
45-' 
59-! 

+  •0020. 

50 

3-57 

+  •0081 

31 

37 
45 

73-; 

81-' 
91^' 
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Table  I.  {continued). 


i"    1   2(0+0'). 

9'. 

e. 

Time. 

1 

^-^'xlO^. 

r 

No. 
An. 

T. 

2(0+0'). 

6'. 

e. 

Time. 
Minutes. 

'^-I^XlO. 

r 

Radians. 

Radians. 

°c. 

Minutes. 

Radians.  ' 

Radians. 

°c. 

J.        +1007 

22 

2 

+  000    1 

14. 

-■1003 

20 

2 

-   (I-(K) 

,0 

1 

22 

11 

3-30 
614 

25°. 

20 

10 
21 

—  5-78 

-  8-63 

29 

10-07    . 

31 

-10- 19 

+•0041 

36 

11-07    ; 

-0044 

42 

-lb48 

-0993 

22 

2 

-  0-00 

+  •0989 

20 

2 

000 

22 

13 
20 

-  7-41 

-  9-16 

20 

7 
14 

4-19 
6-89 

-•0053 

25 

-10-26    1 

18 

7-96 

+  -0057 
-•1021 

20 

23 
5 

8-95 
-  000 

(. 

-•1007 

20 

3 

-0-00 

o 

20 

12 
22 

-3-52 
-5-26 

•20 

15 

37 

—  1-99 

-  411 

-0041 

36 

-6-S7 

57 
63 

-  5-18 

-  u^GO 

+  ■1001 

20 
20 

2 
G 

+0^00      ' 
2-90     ; 

-•0026 

82 

-  6^38 

14 

5-66 

+  •1019 

20 

1 

+  o-oo 

26 

7-92 

+  -0029 

20 

111 

11-22 

+•0047 

31 
41 

8-61 
9-62 

17. 

+•1041 

22 

2 

+  000 

-•1019 

20 
20 

4 
9 

000 
109 

100°. 

22 

12 
22 

1-50 
221 

17 

2-26 

+  •0006 

34 

2  74 

23 

290 

36 

3-98 

-•1033 

22 

1 

-  000 

45 

4-53 

22 

15 

-  2-41 

-0029 

59 

643 

-•0014 
+•1038 

+  •0009 

22 
22 

28 
40 

2 

9 

19 

27 

1 

-  3-21 

-  3-75 

+  0-00 

i          1-15 

1-91 

2-26 

The  following  Table  II.  i.s  inter]  )o]atod  from  the  preceding, 
and  contains  mean  values  of  (0  — ^'j/r,  as  derived  from  the  two 
twists  T,  alternately  positive  and  negative.  The  justification 
of  this  mode  of  obtaining  data  for  a  chart  is  indicated  in  §  1). 
Besides  these  data,  Table  II.  contains  the  number  and  temper 
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("An."),  and  tho  oloctrical  constant*  (specific  resistance  .'j,,, 
microhms,  c.c,  0°  C),  as  well  as  the  difFerences  s^y—s'^)  and 
*ioo~*''20j  I'l  which  the  suhscripts  are  the  tem])oratures  at 
which  s  is  taken,  and  s'  is  the  constant  of  the  normal  rod 
No.  1.  Hence  these  electrical  differences  correspond  to 
{4>-(I>')!t,  when  9  =  0°  C.  and  (9=100°  C.  respectively.  For 
No.  1,  tliorefore,  s'o=13*6  ;  s'q  — .sq  =  0  and  (j)  —  (f)'/T  =  i). 

The  values  ((f)  —  (f)')h  are  in  the  same  horizontal  row  with 
the  temperature  6  to  which  they  helong. 

Table  II. —  Value.'';  of  ^—  ^  x  10^  at  dif  event  consecutive 

T 

times. 


No. 

,S(,-sy 

0. 

Time  = 

*'o- 

*100       *  20" 

20 

2m. 

5ra. 

10m. 

20ni. 

30m. 

40m. 

50™. 

o-  r  2 

0-8 

-0-00 

-   -04 

-07 

-•10 

--12 

-•14 

-•15 

%     19-4 

5-9 

100 

4-000 

+  -82 

1-65 

276 

3-63 

4-26 

4-84 

^.\    3 

0-6 

20 

-0-00 

-  -09 

-•18 

-•28 

-•34 

-•38 

--40 

^  Ll9-2 

.')-6 

100 

+0-00 

-I-1-69 

2-90 

4-48 

5-75 

o-   f  4 

0-4 

22 

0-00 

•21 

•50 

•82 

1-00 

\-m 

1-17 

g      190 

5-5 

10(3 

000 

2-32 

4-70 

7^05 

8^70 

9^80 

10-80 

^       5 

1-5 

23 

0-00 

•11 

•25 

•37 

•43 

^   120-1 

6-5 

100 

000 

105 

2-90 

4^60 

5^88 

r  fi 

10-2 

19 

000 

•09 

-18 

-23 

•23 

o-     28-8 

15-8 

100 

0-00 

4-40 

11-00 

18-70 

23^30 

26  40 

8j    7 
^.  ^  30-9 

12-3 

20 

000 

■07 

1-27 

1-90 

17-7 

100 

000 

7^50 

16-30 

20-50 

32^20 

36^50 

^       8 

12-7 

20 

0-00 

•21 

■49 

•83 

•98 

17-8 

100 

0-00 

9-LK3 

19-00 

30-20 

3670 

41  •SO 

<  9 

18-6 

19 

0-00 

•44 

•98 

1-74 

2-26 

o' 

37-2 

24-2 

100 

000 

25^70 

48^50 

O 

o 

10 

15-6 

20 

000 

•03 

1-25 

200 

2^48 

2^84 

r-H    ■■ 

34-2 

21-0 

100 

0-00 

20-50 

4100 

69-50 

11 

14-9 

21 

0-00 

•47 

1-00 

1-57 

r9o 

2^14 

2-33 

^33-5 

20-5 

100 

000 

1300 

28-50 

48-00 

61-50 

(  12 

20-8 

20 

0-00 

3-50 

615 

S-83 

10^75 

o 

39-2 

cl 

13 

18-4 

20 

000 

1^67 

3-29 

5-15 

6-35 

>*    1        H 

37  0 

c 

-< 

14 

^  40-(') 

221 

20 

0-00 

3^10 

5^80 

8-50 

10-15 

11^46 

7.  Before  proceeding  to  a  discussion  of  the  results  in 
Tables  I.  and  II.,  I  will  insert  a  few  introductory  data  which 

•  For  definition  of  tlieruio-olectric  hardness  see  Bull.  U.S.  G.  S. 
no.  14,  p.  Co  (1885).  So— .s'o  and  Soq— s'20  ueed  not  be  distinguished  in 
the  above. 
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hold  for  pure  platinum.  The  plan  of  coinjiarison  and  tal)ula- 
tion  is  the  same  as  that  explained  for  steel,  in  the  remarks 
preceding  Table  I.  t  here  is  small,  and  2(^  +  ^')  large  re- 
latively to  the  data  in  Table  I.,  because  soft  platinum  is  much 
more  liable  to  assume  permanent  set  than  annealed  steel. 
liloreover  r  is  impressed  negatively  throughout ;  the  changes 
of  sign  of  {(f>  —  (j>')/T  are  explained  in  the  text  below  the  table, 
and  it  is  to  this  text  that  the  letters  a,  h,  .  .  .  /,  refer. 

Table  III. —  Viscous  Detorsions  of  Platinum.     6=9'. 


r 

Bemarks. 

Time. 

^~*'xl0-'. 

T 

2(^+0'). 

cm. 

m. 

^=26-2 

-•0867 

a 

•  2 

-  000 

p  =  -0215 

9 
15 

27 

-  3-31 

-  4-42 

-  6-65 

-0344 

33 

-  5-89 

-•0652 

h 

2 

17 

-  0-00 

-  3-59 

-•0556 

44 

-  4-20 

--0443 

c 

1 

4 

14 

28 

+  0-00 
20-60 
46-80 
61-90 

-•0766 

44 

71-90 

-0436 

d 

2 

7 

17 

25 

43 

-  0-00 
-22-20 
-41-40 
-50-20 
—61-40 

-•0773 

54 

-65-80 

-•0383 

c 

3 

7 
26 
47 

+  0-00 

5-56 

19-60 

27-80 

-•0826 

55 

30-00 

/=26-5 

-•0396 

./' 

3 

-  0-00 

p  =  -0212 

8 
13 
29 
37 

-10-90 
-17-50 
-29-20 
-33-OU 

-•0813 

46 

-36-80 

The  two  wires  of  Table  III.  were  originally  identical,  so  that 
the  apparatus    showed   (f)  —  (f>'  =  0.      Both    wires   were  then 
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twisted,  but  the  lower  more  than  the  upper.  The  results 
under  a  indicate  greater  viscosity  for  the  lower,  a  state  of 
things  which  is  only  partially  Aviped  out  by  annealing  at  red 
heat,  in  air,  as  indicated  under  b.  I  then  commenced  the  ex- 
periments proper,  by  leaving  the  upper  wire  untouched  and 
annealing  the  lower  wire  ac  red  heat.  The  results,  under  c, 
indicate  an  enormous  difference,  the  unannealed  wire  being 
of  greater  viscosity.  I  then  left  the  lower  wire  untouched 
and  annealed  the  upper  at  red  heat.  The  results  under  d 
again  show  an  enormous  difference,  the  unannealed  wire  (now 
the  lower)  being  of  greater  viscosity.  I  then  again  annealed 
the  lower  wire  only,  obtaining  the  results  under  <?,  correspond- 
ing to  c ;  and,  finally,  again  annealed  the  upper  wire  only, 
obtaining  the  results  under/,  corresponding  to  d.  The  opera- 
tion of  a'ternate  annealing  might  have  been  continued  very 
much  longer  with  practically  the  same  results.  In  each  case 
the  freshly  annealed  wire  shows  pronounced  loss  of  viscosity, 
as  compared  with  an  otherwise  identical  wire,  slightly  twisted 
beyond  the  elastic  limits. 

As  compared  with  the  effects  of  alloying,  I  found  this 
mechanical  result  so  large  as  to  compel  me  to  abandon  my 
experiments  on  the  viscosity  of  series  of  platinum  alloys — at 
least  until  the  mechanical  error  in  question  has  been  inter- 
preted and  brought  under  control.  To  return  to  the  mechani- 
cal phenomenon  in  question,  1  may  remark  that  the  result  of 
heating  a  thin  wire  red  hot  in  air,  Avithout  precautions  for 
slow  cooling,  is  a  strain  of  dilatation  imparted  to  the  w-ire. 
Hence  molecular  stability  of  a  lower  order  than  would  obtain 
if  cooling  had  taken  place  with  extreme  slowness.  Again,  if 
the  dilated  wire  be  twisted  even  over  small  arcs  of  permanent 
set,  the  fvreater  number  of  the  more  unstable  configurations 
will  be  mechanically  broken  up  ;  for  the  prevailing  tendency 
must  be  such  as  to  cause  these  continually  to  fall  into  positions 
of  minimum  potential  energy.  Twisting  indefinitely  repeated 
therefore  produces  marked  hardness  and  elasticity. 

When  two  wires,  chemically  and  physically  as  nearly  iden- 
tical as  possible,  are  compared,  it  is  conceivable  that  viscosity 
will  vary  with  the  time  elapsed  after  annealing.  Many  ex- 
periments were  made,  and  showed  slight  increase  of  vis- 
cosity with  the  time  given  to  the  molecules  to  subside  after 
annealing  in  air;  but  the  results^  were  insignificant  in 
magnitude,  often  obscure,  and  not  at  all  comparable  with  the 

*  This  proves  that  in  Scliroder's  paper  (AVied.  Ann.  xxviii.  p,  369, 
1886)  the  observed  thermal  "accommodation  "  w.as  the  result  of  anneal- 
in';  hard-drawn  wire. 
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data  of  Table  III.  It  follows  that  the  results  of  this  table 
are  not  a  direct  heat-effect  subsidence  of  accumulated  heat 
agitation. 

Agai  n,  the  sign  of  the  twist,  t,  in  Table  III.  is  the  same  through- 
out. It  must  therefore  be  asked  whi^ther  in  these  experiments 
an  earlier  stage  of  viscous  subsitlence  simply  overtakes  a  later 
stiige.  To  throw  light  upon  this  point  it  is  sufficient  to  reverse 
the  sign  of  the  twist  alternately,  without  fresh  annealing  :  or 
to  reverse  the  sign  of  the  twist  with  each  alternate  annealing 
of  the  upper  and  lower  platinum  wire.  In  such  a  case  a  latent 
strain  *  favourable  to  motion  is  imparted  to  the  wire  not  an- 
nealed. Experiments  which  I  made  in  some  number  showed 
that,  even  in  this  case,  the  results  of  Table  III.  hold  good,  the 
character  of  the  motion  being  diminished  in  degree,  but  not 
in  sign. 

All  these  results  are  such  as  follow  at  once  from  Maxwell's 
theory.  They  show  that  the  above  viscous  efiPect  of  twisting 
is  to  be  referred  to  the  motion  of  molecules  which  accompanies 
it  ;  molecules  and  atoms  are  thus  placed  in  new  positions  and 
relations  to  each  other ;  unstable  contigurations  during  the 
course  of  such  motion  are  therefore  continually  broken  up  into 
configurations  of  smaller  potential  energy  and  greater  stability. 
Hence,  finally,  the  observed  increase  of  viscosity.  By  re- 
versing the  sign  of  the  twist,  the  original  configurations  can 
only  be  partially  restored,  at  best,  even  for  small  permanent 
set,  such  as  is  here  in  question.  Finally  the  effect  of  prolonged 
and  repeated  twisting  is  stiffness,  because  all  the  molecules 
have  collapsed  into  configurations  of  maximum  stability,  and 
the  intrinsic  molecular  energy  is  the  potential  minimum  com- 
patible with  the  given  conditions.  In  the  next  paragraph  (8) 
this  is  shown  to  better  advantage  with  steel. 

8  a.  Steel  wires  were  used  in  our  earlier  work  f  free  from 
torsional  strain.  ^Fhe  bard  steel  wires  of  the  present  paper, 
employed  in  other  work,  may  contain  twists  stored  up  like 
permanent  magnetism.  This  produces  a  kind  of  unilateral 
symmetry,  so  far  as  torsions  are  concerned  ;  but  it  is  not 
otherwise  objectionable.  In  critical  cases  wires  free  from 
lateral  torsion  are  selected. 

Turning  to  Table  I.,  the  individual  wires  enumerated  are 
found  to  show  wide  differences  of  viscous  behaviour.  In  No. 
2  the  \ascous  subsidence  takes  place  at  nearly  the  same  rate 

*  Cf.  §  8,  closing  remarks. 

t  B.  and  S.,  American  Journ.  [3]  xxxii.  p.  448,  1886;  ihid.  xxsiv. 
p.  4,  1887, 
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for  -T  and  for  +t,  both  at  ^  =  20°  and  ^  =  100°.  In  No.  3 
the  effect  of  — t  and  +t  is  of  difPorent  magnitude  at  20°  and 
enormously  more  diflforent  in  magnitude  at  100".  In  No.  4 
the  etlect  of  +t  following  — t  is  even  more  ])lienomonally 
pronounced,  both  at  20°  and  particularly  at  100°,  In  No.  5 
the  wires  nearly  identical  at  20°  show  differences  at  100°.  In 
No.  6  this  is  true  even  in  much  greater  degree,  whereas  in 
No.  7  wires  differing  considerably  at  20°  show  relatively  small 
differences  at  100°.  And  so  I  might  go  through  the  series. 
The  element  of  vagueness  asserts  itself  throughout,  and  is 
almost  serious  enough  to  obscure  the  law.  Nor  is  this  wholly 
due  to  the  latent  torsions  mentioned  at  the  outset  of  this  para- 
graph. Nos.  13  and  14  are  wires  originally  free  from  torsional 
strain  ;  but  the  said  vagueness  also  ap])ears  in  these. 

C/areful  inspection  of  the  tables  reveals  the  law  that  viscous 
deformation  takes  place  at  numerically  greater  rates  during 
the  even  twists  than  during  the  odtl  twists  which  immediately 
and  respectively  precede  them.  Irresjjective  of  these  oscil- 
lations, the  effect  of  twisting  here,  as  in  §  7,  is  pronounced 
increase  of  viscosity. 

MaxwelFs  theory  accounts  for  the  stated  vagueness  of  be- 
haviour at  once.  In  two  samples  of  a  complex  substance  like 
steel,  the  distribution  and  relations  of  the  unstable  molecular 
configurations  will  only  in  very  rare  instances  be  physically 
and  chemically  identical.  The  previous  paragraph  shows  that 
such  identity  is  rare  even  in  pure  homogeneous  metal. 

The  effect  of  twisting  alternately  in  opposite  directions  is  of 
such  great  importance  in  its  bearing  on  Maxwell's  theory  that 
I  made  further  special  experiments.  From  these  I  select  the 
ibllowing  ty])ical  instance,  tabulating  it  in  the  way  adopted  in 
Table  I.  The  normal  No.  1,  An.  450°,  has  been  described. 
No.  18,  An.  25°,  or  glass-hard,  is  carefully  selected  free  from 
latent  torsion,  having  experienced  no  other  strain  prior  to  the 
examinations  in  Table  IV.  than  that  incident  to  tempering 
(quenching).  There  are  12  alternations  of  twist,  indicated 
by  subscripts,  and  the  current  time  in  hours  and  minutes 
of  each  is  given.  I  also  give,  under  m,  the  time  in  minutes 
which  refers  specially  to  the  duration  of  each  twist.  No.  1 
being  always  of  greater  viscosity,  t  and  (</>  — ^')/t  are  alike  in 
sign,  by  agreement. 
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Table  I Y. —  Viscous  Efect  of  Twisting  alternately  in 
ojijjosite  Directions. 

Normal  wire  Xo.  1.     I  =  d0  cm.     p  =  "0405  cm. 


[lemarks. 

T. 

Time. 

m. 

^-^''xlO^. 

Remarks. 

r. 

Time. 

m. 

^^'xlo^ 

h    in 

h    m 

18,. 

-•102 

9  13 

0 

183. 

+  •102 

12    0 

0 

Au.  25=. 

15 

2 

-0-00 

2 

2 

+000 

17 

4 

-010 

4 

4 

085 

28 

15 

-5^90 

20 

20 

3^80 

35 

22 

-7^30 

I89. 

-•102 

12  24 

0 

18o. 

+  •102 

9  37 

0 

2() 

2 

-0^00 

39 

2 

+000 

28 

4 

-0-()0 

41 

4 

2-30 

40 

16 

-3  45 

52 

16 

7-50 

60 

23 

9-35 

18io- 

+  •102 

12  42 

0 

44 

2 

+0^00 

I83. 

-•102 

10    2 

0 

46 

4 

0-80 

4 

2 

-000 

54 

12 

2-55 

8 

6 

-2-10 

63 

21 

3-70 

19 

17 

-475 

25 

23 

-5-70 

18n. 

-•102 

1     5 

7 

0 
2 

-0^00 

I84. 

+  •102 

10  28 

0 

9 

4 

-O-fi.J 

'^*^4* 

30 
36 

2 
8 

+000 
2-95 

21 

16 

-2-55 

41 

13 

4-40 

I812. 

+•102 

1  23 

0 

48 

20 

5-60 

25 

2 

+  000 

27 

4 

0-70 

18,. 

-•102 

10  50 

0 

36 

13 

245 

AW^* 

52 

2 

-000 

59 

7 

-2-30 

18f. 

+  ■102 

70 
11  11 

20 
0 

-3^95 

After  e 

everal  daj 

s: — 

I813. 

-■102 

9  47 

0 

Aw^> 

13 

2 

+000 

49 

2 

-000 

15 

4 

110 

51 

4 

-U!((» 

25 

14 

375 

60 

13 

-3U0 

33 

22 

4-95 

18,4- 

+  •102 

10    2 

0 

I87. 

-•102 

11  35 

0 

4 

2 

+000 

AV^a 

37 

2 

-000 

6 

4 

1-00 

39 

4 

-0-75 

15 

13 

6-40 

56 

21 

-345 

57 

22 

-3^55 

Similar  experiments  made  by  countertwisting  glass-hard 
wires  gave  results  like  this,  hut  on  a  smaller  scale.  To  com- 
pare the  results  of"  Tahle  IV.  perspicuously,  it  is  sufficient  to 
construct  the  difference  A(<^  — 0')/t,  of  the  respective  values 
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of  ((f>  —  (j)')/T,  at  tioo  minutes  and  four  minutes  after  twist  is 
imparted.  These  are  then  to  be  compared  in  their  dependence 
on  current  time.  Phenomena  of  this  kind  were  called  viscous 
"  accommodation  "  by  Streintz*,  Kohlrauschf,  Wiedemann  |, 
and  others. 

Table  V. —  Viscous  "Accommodation"  of  Glass-hard  Steel. 


Twist 
No. 


Current  |     A~'t> 
time. 


XlO^. 


minutes. 
0 
24 
49 
75 
97 
118 


-1-90 
+2-30 
-1-20 
+  1-40 

-l-OO 
-fl-lO 


Twist 

Current 

No. 

time. 

minutes. 

7 

142 

8 

107 

9 

191 

10 

209 

11 

232 

12 

250 

XlO» 


-0-75 

+0-85 

-o-(;o 

-^()•80 
-0(i5 
+0-70 


If,  as  in  fig.  2  (p.  204),  the  numerics  of  A(<^  — ^')/t  be 
regarded  in  their  dependence  on  time,  the  results  are  seen  to 
oscillate  round  a  mean  line  of  equilibrium.  The  ordinates  of 
this  mean  line  decrease  with  time  at  a  gradually  retarded 
rate  until  a  definite  inferior  limit  is  eventually  reached.  It  is 
curious  to  note  that  the  largest  observed  ordinate  (time  =  0 
nearly)  is  at  least  three  times  the  limiting  ordinate  (time  =  cc  ). 
After  twelve  twists  oscillation  has  considerably  subsided,  but 
it  has  not  ceased  ;  in  the  same  degree  the  viscosity  of  the 
glass-hard  steel  rod  has  reached  a  fixed  maximum. 

This  complicated  phenomenon  ("  accommodation  ")  is  at 
once  elucidated  by  Maxwell's  theory.  The  ordinates  of  the 
line  around  which  oscillation  takes  place  are  an  index  of  the 
degree  of  instability  of  molecular  configuration  at  the  time 
given  by  the  abscissa.  The  oscillations  are  the  result  of  strain 
(latent  torsion  I  called  it  above)  imparted  to  the  configurations 
by  the  successive  twists  to  which  the  wire  is  subjected.  Thus, 
if  T  bo  the  impressed  twist  and  At  the  mean  strain  left  in  the 
configurations  at  the  instant  when  t  is  removed,  and  if  n  be 
the  original  relative  number  of  unstable  configurations,  and 
An  be  the  number  broken  up  during  the  perioil  of  the  strain 
T ;  then  (apart  from  subsidiary  considerations)  Maxwell's 
theory  analyzes  the  effects  of  alternate  twisting  in  accordance 
with  the  following  scheme  : — 


187 


«  Pogg.  Ann.  cliii.  p.  406,  1874. 

t  Pogg.  Ami.  clviii.  p.  371,  187G ;  cf.  Schmidt.  Wied.  Ann.  ii.  p.  48, 


I  Wied.  ylnn.  vi.  p.  ol2,  1879. 
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Strain. 

Molecular  stability. 

First  twist... 
Second  twist. 
Third  twist.  . 
Fourtli  twist. 
Fifth  twist... 

—  r 

+  r  +  A2r-A,V  +  A"r 
-r  +  A3r-AVr  +  A,"r-A"'r 
etc. 

-f-«  — Aj«  — A'» 

+  n  —  Aji  —  Aj'm  —  A"m 

+?2  —  Aln  —  A^'n  —  A,"«  —  A"'« 

The  variation  which  A  undergoes  in  passing  from  one  twist 
to  the  next  is  indicated  by  subscripts.  Thus  At,  A^t,  AoT,  .  .  . 
is  probably  a  decreasing  series;  whereas  A?i,  A^w,  Ajn,  ...  is 
an  increasing;  series,  because  reversal  of  the  sign  of  the  twist 
must  be  supposed  to  reconstruct  some  of  the  configurations 
broken  up  by  the  preceding  twist.  The  first  part  of  the  scheme 
indicates  that  the  strain  in  the  2nd,  4th,  6th,  ....  twists  is 
necessarily  greater  than  the  strain  in  the  immediately  pre- 
ceding 1st,  3rd,  5th  ....  twists  respectively  ;  at  least  at  the 
outset  of  the  experiments.  Hence  the  observed  oscillations. 
Again,  the  number  of  unstable  configurations  must  continually 
decrease,  according  to  the  second  half  of  the  scheme.  Hence 
the  mean  line  about  which  the  observed  viscous  deformations 
oscillate.  Finally,  experiment  shows  that  the  accelerating 
effect  of  At  on  viscous  deformation  is  greater  than  the  retarding 
effect  of  — A?i.  After  this,  however,  the  accelerating  effect  of 
Agr— A/t  +  A't  and  the  succeeding  T-quantities,  is  invariably 
less  than  the  retarding  effect  of  —  AgW  —  A/?!  —  A";i  and  the 
succeeding  n-quantities  respectively.  For  general  purposes 
the  scheme  may  be  simplified.  The  fact  that  this  phenomenon 
is  reached  by  Boltzman^s  mathematical  theory  is  one  of  its 
strong  features.  Of  course  the  period  of  oscillation  is  arbi- 
trary. 

8^.  The  second  part  of  Table  IV.  shows  that  the  viscosity 
gained  in  virtue  of  consecutive  alternate  twisting  of  glass-hard 
steel  is  permanently  gained.  Left  to  itself,  the  rod  does  not 
recuperate,  inasmuch  as  the  amount  of  viscous  deformation 
observed  after  several  days  has  only  increased  insignificantly. 
Mere  molecular  motion  has  therefore  permanently  broken  the 
more  unstable  carbon  configurations.  I  must  waive  this  sin- 
gular result  here,  since  it  cannot  be  fully  interpreted  without 
electrical  research.  I  will  only  note,  therefore,  that  the  viscous 
effect  of  prolonged  twisting  to  and  fro  in  case  of  glass-hard 
steel  is  of  the  same  order  of  magnitude  as  the  effect  of  pro- 
longed annealing  at  100°.  This  indicates  the  importance  of 
the  motional  effect. 
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8c.  Streintz  and  Wiculcnianirs  ])li('nomonon  "accommoda- 
tion "  admits  of  representation  from  a  different  point  of  view. 
Keturninn-  to  the  data  of  Taltle  IV.,  snppose  the  exjxirinients 
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so  conducted  that  the  twelve  twists  are  ininiediatel}'  consecu- 
tive. Snppose,  furthermore,  that  m,  instead  of  beino;  reckoned 
positively  onward   from   the  beginning  of  each  of  the  said 
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twists,  were  reckoned  alternately  positive  and  neoative,  con- 
formably with  the  si<Tn  of  the  deformation  {(^  —  <j>')It.  In  this 
oscillatory  march  (time  as  abscissa),  since  each  deformation 
(ordinate)  now  begins  where  the  preceding  deformation 
ceased,  a  continuous  series  of  open  cycles  is  necess;irily 
generated.  The  positions  of  these  cycles  shift  at  a  gradually 
retarded  rate  towards  a  final,  very  flat  cycle,  which  for  the 
constant  values  of  time  and  stress  is  fixed  in  position  and 
closed. 

Cycles  here,  closed  or  not,  are  expressions  of  the  fact  tliat 
the  "  past  histories  "  (in  Maxwell's  words)  of  the  molecular 
configurations  in  the  "  stress  positive  "  and  "  stress  negative  " 
phase  of  each  cycle  are  not  the  same.  Shifting  is  brought 
about  by  permanent  molecular  break-up,  the  amount  of  M'liich 
gradually  vanishes.  In  the  ultimate  and  fixed  cycle  as  many 
configurations  are  broken  during  the  "  stress  positive " 
as  are  reconstructed  in  the  "  stress  negative  "  phase,  though 
they  need  not  be  the  same  configurations. 

These  considerations  suggest  a  comparison  between  "  accom- 
modation "  and  Prof,  Ewing's  "  hysteresis,"  *  for  the  purpose 
of  detecting  the  extent  to  which  like  causes  are  discernible 
in  each  phenomenon.  Both  exhibit  a  static  character.  But 
such  a  comparison,  to  be  fruitful,  calls  for  direct  experiments  ; 
for  instantaneous  values  of  stress  and  viscosity  must  be  co- 
ordinated. 

9.  Having  thus  discussed  one  phase  of  the  results  in 
Table  I.,  I  will  pass  to  Table  II,,  which  is  a  digest  of  the  mean 
values  of  Table  L,  in  so  far  as  such  a  digest  can  be  made. 
Following  the  scheme  at  the  end  of  the  preceding  paragraph, 
this  comparison  should  be  made  after  an  infinite  number  of 
twists  have  been  imparted  to  each  wire.  In  such  a  case, 
however,  the  original  number  of  unstable  configurations  has 
been  seriously  reduced,  so  that,  apart  froi'n  the  inconvenience 
of  a  time-consuming  method  like  this,  the  original  properties 
of  the  wire  are  not  clearly  present  in  the  results.  In  wires 
perfectly  free  from  strain  at  the  outset,  the  first  twist  leads  to 
better  indications  of  the  viscous  quality.  As  this  condition 
was  not  always  guaranteed  for  the  wires  of  this  paper,  I 
have  accepted  the  mean  viscous  behaviour  during  the  first 
and  second  twLsts  as  the  best  available  index  for  comparison. 
It  is  sufficient,  at  least,  for  the  present  purposes.  Again, 
taking  the  mean  for  rods  of  the  same  nominal  temper,  I 
obtain  the  data  from  which  figure  1  is  constructed.  Mean 
viscous    deformation    (0  — ^')/t    varying    with   time  is  here 

•  Cf.  IMiil.  Trans,  ii.  188."j,  p.  .J2;J ;  ibid.  ViAS6iS,  p.  3G1.  Prof.  Ewiug's 
earlier  papers  are  there  mentioned. 
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graphically  shown  for  the  divers  tempers,  An.  25°,  An.  100°, 
An.  190°,  An.  370°,  An.  450°.  It  so  happened  that  the 
normal  is  less  viscous  than  the  other  (An.  450°)  rods  selected. 
Hence  the  negative  values  of  Table  II.  The  axis  of  abscissa 
in  figure  1  represents  Nos.  2  and  3,  thus  avoiding  negative 
values.  Regarding  the  data  for  ^=20°,  it  is  to  be  noted 
that  An.  25°  are  new  wires,  whereas  An.  100°  to  An.  450° 
have  undergone  twisting  in  earlier  work.  Hence  the  experi- 
ment exaggerates  the  size  of  the  interval  slightl3^  The  same 
irregularity  affects  the  distribution  of  the  other  degrees  of 
temper  An.  100°  to  An.  450". 

Returning  to  Table  II.,  it  is  clear,  inasmuch  as  viscous 
deformations  are  measured  differentially,  that  ((J)  —  ^')/t  and 
Sq  —  Sq  are  to  be  compared.  It  appears  that  these  quantities 
increase  and  decrease  together.  This  is  more  easily  dis- 
cernible when  rods  free  from  strain  are  compared*.  The 
exceptions  of  Table  II.  are  due  to  the  fact  that  latent  strains 
influence  ((/>  — (/)')/t  to  a  relatively  much  greater  extent  than 
^o"~V'  Again,  if  •fioo~'^3o'  ^w<J  (</'~^')/'^  ^^6  compared  at  100°, 
Table  II.  shows  that  in  this  case  also  the  two  quantities  in- 
crease and  decrease  together.  Indeed  the  data  for  100°  are 
the  more  uniform,  a  result  due  to  the  fact  that  at  100°  much 
of  the  latent  torsion  is  made  to  vanish  because  of  the 
annealing  effect  of  100°.  Data  of  even  greater  uniformity, 
ccet.  par.,  are  to  be  looked  for  at  higher  temperaturef. 

If  a  comparison  is  made  between  the  mean  rates  at  which 
viscous  deformation  and  resistance  increase  together  with 
temper,  at  20°  ((0-<^')A  and  s^-s^)  and  at  100°  ((<^-<^')/'t 
and  s-^qq—s^q),  it  is  seen  that  the  mean  rate  of  increase  of 
{<j>—^)/t  relatively  to  s  —  s'  is  about  ten  times  as  great  at  100° 
as  at  20°.  This  is  the  phenomenon  in  virtue  of  which  the 
viscous  behaviour  of  steel,  regarded  as  a  test  of  Maxwell's 
theory,  is  almost  crucially  important.  I  shall  endeavour  to 
explain  it. 

10.  Dr.  Strouhal  and  I  defined  the  glass-hard  state  of  steel 
as  the  stage  of  temper  which  undergoes  incipient  annealing 
at  mean  atmospheric  temperaturoj.  Inasmuch,  therefore,  as 
annealing  is  demonstrahly  accompanied  by  chemical  decom- 
position §,  even  at  temperatures  slightly  above  mean  atmo- 
spheric, it  is  clear  that  the  molecular  configuration  of  glass- 

«  B.  aud  S.,  Am.  Journal  [3]  xxxiii.  pp.  26,  27,  1887. 

t  The  words  of  Max-well  (/.  c.)  are  : — ",  .  .  but  if,  on  account  of  rise 
of  temperature  ...  the  breaking  up  of  the  less  stable  groups  is 
facilitated,  the  more  stable  groups  maj'  again  assert  their  sway,  and  tend 
to  restore  the  body  to  the  shape  it  had  before  deformation." — jNlaxwell,  I.  c. 


X  Wied.  Ann.  xi.  pp.  962,  963,  1880. 

§  B.  and  S.,  Am.  Journ.  [3]  xxxii.   p.  276,  1886. 
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hard  steel  is  always  in  a  state  of  incipient  change.  A  part, 
though  not  the  whole,  of  this  change  must  be  of  a  permanent 
kind  ;  and  I  wish  to  keep  in  mind  that  at  the  temperature  of 
inci[)ient  annealing  the  heat-motion  is  such  that  broken  con- 
figurations are  sometimes  reconstructed. 

Inasmuch,  therefore,  as  glass-hard  steel  contains  a  greater 
number  of  unstable  configurations  than  any  other  state  of 
temper  at  the  same  temperature,  it  follows  from  Maxwell's 
theory  that  glass-hard  steel,  despite  extreme  hardness,  must 
be  the  least  viscous  member  of  the  whole  group  of  tempered 
and  soft  steels.  This  strikingly  anomalous  prediction  of  the 
theory  is  verified  both  by  the  results  in  Table  II.  and  in 
figure  1,  as  well  as  in  earlier  work*  in  a  way  so  pronounced 
as  be  irrefragable. 

If  glass-hard  steel  is  annealed  at  100°,  the  greater  number 
of  the  unstable  configurations  are  broken  up  in  virtue  of  the 
increased  molecular  vibration  at  the  higher  temperature.  The 
cold  rod,  after  annealing,  will  show  inci'eased  viscosity  in 
proportion  as  the  number  of  unstable  configurations  has  been 
decreased.  Experiment  proves  this  in  a  strikingly  con- 
clusive way :  the  increase  of  viscosity  thus  produced  is 
marked,  being  nearly  half  the  difference  between  the  soft  and 
hard  states  of  steel.  This,  too,  is  an  observation  favourable 
to  Maxwell's  theory;  for  if  there  be  configurations  with  an 
inherent  tendency  to  collapse  at  ordinary  temperatures,  it  is 
clear  that  but  a  small  fraction  of  them  \n\\  survive  the  ap- 
pHcation  of  100°.  Moreover,  the  configurations  broken  up  can- 
not be  reconstructed  without  the  expenditure  of  fresh  energy 
(quenching).  Since  no  such  energy  is  ordinarily  available, 
the  viscous  properties  of  the  annealed  rod  are  of  a  permanent 
kind. 

Again,  if  glass-hard  steel  (or  steel  annealed  at  100°)  be 
softened  by  annealing  at  200°,  a  greater  number  of  unstable 
groups  will  be  broken  up  than  in  the  foregoing  case.  The 
viscosity  of  the  cold  rod  must  be  considerably  greater  than  that 
of  the  harder  rod.  Experiment  proves  the  viscous  increase  to 
be  about  two  thirds  of  the  whole  viscous  difference  between 
hard  and  soft  steel.  Analysis  gives  definite  evidence  of  the 
occurrence  of  decomposition;  and  inasmuch  as  the  unstable 
groups  are  permanently  broken,  the  annealed  rod  shows 
determinate  viscous  properties. 

If  glass-hard  steel  be  annealed  at  300°,  400°,  500°,  &c., 
eflfects  of  the  same  nature  as  those  just  discussed,  but  differing 
from  them  in  the  degree  of  thorough  removal  of  the  unstable 
molecular  configurations,  will  result. 

*  Am.  Journ.  xxxiii.  pp.  25,  2G,  1887. 
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The  phenomenon  considered  as  a  whole  must  be  continuous, 
both  as  regards  temperature  and  time.  In  proportion  as 
temperature  is  higher,  however,  MaxwelFs  theory  predicts 
that  the  effect  of  the  same  increment  of  the  temperature 
of  aiine:iIino- will  produce  increments  of  viscosity  successively 
diminisliing  at  a  very  ra})id  rate.  Sup|)osin<i;  molecular  con- 
figurations originally  present  in  all  states  of  instability,  it 
follows  at  once  that  the  groups  which  retain  this  quality  after 
annealing  must  very  soon  vanish  when  the  tem[)erature  of 
annealing  is  increased.  The  data  prove  this  in  a  convincing 
way.  Hods  annealed  at  300°,  400°,  500°,  .  .  .  1000^  show 
about  the  same  viscous  behaviour  (relatively  speaking),  not- 
withstanding the  fact  that  chemical  analysis  proves  that  the 
decomposition  incident  to  the  successive  application  of  these 
temperatures  on  glass-hard  steel  continues  steadily  to  in- 
crease*. Indeed  the  chemical  decomposition  above  300°  is 
more  marked  than  below  300°;  yet  its  bearing  on  Maxwell's 
theory  is  now  without  interest  because  in  none  of  the  high 
annealed  rods  do  configurations  unstable  at  mean  atmospheric 
temperatures  survive  after  annealing. 

11.  Having  analyzed  the  phenomena  at  mean  atmospheric 
temperature,  I  come  next  to  consider  the  conditions  of  mean 
relative  viscosity  of  steel  at  100°.  The  glass-hard  state  must 
here  be  withdrawn,  for  consideration  in  §  13  ;  because  snch  a 
rod  would  undergo  annealing  during  the  viscous  measurements 
at  100°. 

Hard  steel  annealed  at  100°  bears  the  same  relation  to  100° 
that  glass-hard  steel  does  to  mean  atmospheric  temperature. 
Hence  the  reasoning  of  the  preceding  paragraph,  mut.  mxit., 
applies  at  once.  It  is  merely  necessary  to  bear  in  mind  that 
100°  is  now  the  temperature  of  incipient  annealing,  and  that 
therefore  the  temperatures  which  produce  corresponding- 
viscous  effects  are  proportionately  higher.  Rods  An.  200° 
now  occupy  about  the  same  relative  position  that  rods  An. 
100°  did  in  §  9  ;  An.  300°  the  same  relative  position  as  An. 
200°  in  §  9  ;  &c.  Moreover,  for  equal  increments  of  the 
temperature  of  annealing,  the  increment  of  viscosity  shown 
by  the  rotl  at  100°  diminishes  rapidly  as  temi)erature  increases; 
&c. 

In  one  respect  the  present  results  differ  from  the  above.  The 
phenomena  are  here  spread  out  over  a  scale  (roughly  estimated) 
about  ten  times  larger.  This  means,  following  MaxwelFs 
theory,  that  at  100°  the  number  of  unstable  molecular  confi- 
gurations is  relatively  much  larger  than  at  mean  atmospheric 

*  Am.  Journal,  xxxii.  yp.  277,  282, 1886. 
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temperature.  The  reasons  for  this  phenomenon,  though  not 
far  to  seek,  are  exceedingly  significant.  In  hard  steel  two 
causes  of  molecular  instability  here  produce  superposed  effects. 
The  first  is  the  chemical  or  carburation  instability  already 
discussed  ;  the  second  cause  is  purely  thermal.   Cf.  §  17. 

The  explanation  of  the  diagram  for  100°  (fig.  1)  is  now 
clear.  Viscous  deformation  is  marked  in  all  the  rods  examined 
from  An.  500*^  to  An.  100°  ;  but  the  deformability  increases 
at  a  rapid  pace  in  proportion  as  we  pass  from  softer  to  harder 
steel,  because  in  such  a  march  the  carburation  instability 
superimposed  upon  the  thermal  instability  increases  rapidly. 
Molecular  configurations  on  the  verge  of  instabihty  are 
encountered  in  continually  increasing  numbers. 

12.  The  line  of  argument  followed  out  for  100°  applies,  mut. 
milt.,  at  200°.  Results  of  this  kind  I  published  elsewhere  '*'. 
The  character  of  the  evidence  bearing  on  all  the  points  in 
question  is  here  even  more  pronounced  and  conclusive.  Steel 
An.  200°  is  in  a  state  of  incipient  annealing  at  200°.  Thermal 
and  carburation  instabilities  of  high  degree  being  encountered, 
the  superimposed  effects  are  correspondingly  large. 

Finally,  above  300°  the  molecular  instability  is  largely 
thermal.  The  behaviour  of  hard  steel,  therefore,  approaches 
that  of  other  metals  more  nearly.  The  effect  of  the  carbu- 
ration instability  ceases  to  predominate,  and  finally  vanishes 
altogether  in  proportion  as  the  march  is  made  from  lower  to 
higher  temperatures  of  annealing. 

13.  1  have  finally  to  touch  upon  the  series  of  phenomena 
in  which  pronounced  annealing  occurs  simultaneously  with 
pronounced  external  viscous  deformation.  If,  for  instance,  a 
glass-hard  rod  is  twisted  and  then  suddenly  heated  to  100°,  the 
rod  is  both  annealed  and  suffers  deformation  in  virtue  of  the 
applied  twist  at  the  given  temperature.  Conformably  with 
the  excessively  greater  amount  of  molecular  instability 
which  characterizes  these  experiments,  the  observed  viscous 
deformation  must  be  proportionately  large.  This  prediction 
of  MaxwelFs  theory  is  fully  verified  by  experiment.  In  the 
case  of  the  twisted  rod  postulated,  the  motion  of  the  image 
across  the  field  of  the  telescope  is  so  rapid  that  Gauss's  method 
of  angular  measurement  is  no  longer  satisfactorily  available. 
I  may  say,  without  exaggeration,  that  during  the  small  in- 
terval of  time  within  which  appreciable  annealing  occurs,  a 
glass-hard  steel  rod  suddenly  heated  to  300°  is  almost  a  viscous 

*  Amer.  Journ.  [3]  xxxiv.  pp.  14-16,  1887. 
Phil.  Mag.  S.  5.  Vol.  26.  No.  159.  Avg.  1888.  P 
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fluid.  I  have  shown  *  that  if  a  glass-hard  and  a  soft  rod 
{ecet.  par.)  be  identically  twisted  and  heated  to  350°,  the 
former  will  have  lost  the  whole  of  its  strain,  whereas  in  the 
soft  rod  only  about  one  third  will  have  vanished. 

14.  Viscosity  in  the  above  pages  has  been  considered  apart 
from  the  stress  (intensity)  under  which  the  viscous  deformation 
takes  place.  This  is  apt  to  load  to  confusion,  unless  the  stress- 
intensity,  relative  to  which  the  constants  of  viscosity  are  de- 
fined, be  clearly  kept  in  mind  ;  or  unless  the  term  viscosity 
be  applied  to  solids  in  the  restricted  sense  of  "  elastische 
Nachwirkung.^^  Thus,  if  a  glass-hard  and  a  soft  steel  rod  be 
subjected  alike  and  at  ordinary  temperatures  to  torsional 
stress  of  continually  increasing  magnitude,  a  stress -value 
will  be  reached  for  which  the  viscosity  of  the  hard  rod 
will  be  equal  to,  and  eventually  overtake  the  viscosity  of  the 
soft  rod.  I  was  able  to  exhibit  this  phenomenon  in  even  a 
more  striking  way  at  190°  ;  finding  that  for  rates  of  twist  less 
than  T=  3°,  the  steel  rod  (radius  =  0"041  cm.)  is  much  less 
viscous  and,  as  regards  viscosity,  much  more  susceptible  to 
the  influence  of  temperature  in  proportion  as  it  is  permanently 
harder  f;  whereas  for  rates  of  twist  greater  than  t  =  Q°,  steel, 
ccet.  par.,  is  less  viscous  and  more  susceptible  to  temperature 
in  ]iroportion  as  it  is  softer. 

Here  I  may  profitably  insert  certain  considerations  postu- 
lated in  an  earlier  paper  |  : — Suppose  stress  to  be  so  distri- 
buted in  a  solid  that  its  application  at  any  interface  is  nowhere 
sufficient  to  produce  rupture.  Then  that  property  of  a  solid 
in  virtue  of  which  it  resists  very  small  forces  (zero-forces) 
acting  through  very  great  intervals  of  time  (oo  -times)  may  be 
termed  the  viscosity  of  the  solid.  That  property  in  virtue  of 
which  it  resists  the  action  of  very  large  forces  (oo  -forces  rela- 
tively) acting  through  zero-time  may  be  termed  the  hardness 
of  the  solid.  Since  the  application  of  forces  in  such  a  way 
as  accurately  to  meet  either  of  these  cases  is  rare,  we  have,  in 
most  practical  instances,  mixtures  of  viscous  resistances  and  of 
hardness  to  encounter.  We  may  reasonably  conceive  that  in 
the  case  of  viscous  motion  the  molecules  slide  into  each  other 
or  even  partially  through  each  other  per  interchange  of  atoms, 
so  that  the  molecular  configuration  is  being  continually  re- 
constructed ;  that  in  the  other  case  (hardness)  the  molecules 
are  urged  over  and  across  each  other,  and  that  therefore  the 
intensity  of  cohesion  is  in  this  case  more  or  less  thoroughly 

*  Amer.  Journ.[3]xxxiv.  pp.  4, 5, 1887.  Experiments  made  by  amiealing 
twisted  systems, 
t  An.  190°  being,  of  course,  the  maximum  hardness  admissible, 
j  Amer.  Jouru.  [3]  xxxiii.  p.  28,  1887. 
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impaired.  In  the  ordinary  case  of  scratching  the  action  is 
often  accompanied  by  physical  discontinuity.  The  interpene- 
tration  of  the  molecules  of  a  ^^scous  substance  is  necessarily 
favoured  by  temperature.  Hence  we  infer  the  experimental 
result  that  the  viscous  influence  of  temperature  is  marked. 
If  Clausius's  theory  of  electrolysis  be  correct,  then  a  certain 
instability  or  imperfect  uniformity  in  the  molecular  structure 
of  solids  follows  at  once  from  the  foct  that  many  solids, 
notably  glass  *,  may  be  electrolyzed  even  at  moderately  high 
temperatures  (300°). 

The  intensity  of  stress  by  which  the  above  deformations  are 
evoked  was  nearly  constant,  and  equal  to  0'5  kilog.  on  centi- 
metre of  arm.  This  couple,  when  applied  to  the  given  steel 
rods  (radius  =  0'041  centim.),  is  admirably  adapted  for  the 
exhibition  of  a  nearly  pure  viscous  phenomenon,  the  ^^  Nach- 
wirkung''^  of  Weber  and  Kohh'ausch. 

It  is  just  here  that  certain  cardinal  distinctions  will  have  to 
be  made.  According  to  Maxwell's  view,  ^niscosity  is  the  same 
phenomenon  in  liquids  and  in  solids,  and  the  molecular  me- 
chanism by  which  it  manifests  itself  quite  the  same  in  both 
cases.  There  is  nothing  in  Maxwell's  theory  to  induce  the 
reader  to  limit  viscosity  in  solids  to  certain  special  changes  of 
configuration.  In  solids  at  high  temperatures,  and  of  course 
in  viscous  fluids,  there  is  indeed  no  need  of  such  distinction, 
and  viscosity  appears  as  the  one  property  into  which  the  other 
configuration-properties  of  solid  matter  eventually  merge. 
In  solids,  at  low  temperatures,  on  the  other  hand,  the  case  is 
much  more  complex  ;  and  whereas  viscosity  ("  JS^achicirkung" ) 
still  appears  as  a  property  common  to  solids,  whether  soft  or 
hard,  jjlastic  or  brittle,  these  ulterior  distinctions — softness, 
hardness,  plasticity  (permanent  set),  brittleness,  &c. — separate 
solids  by  very  broad  lines.  Hence  it  is  improbable  that  the 
whole  of  the  mechanism,  in  virtue  of  which  viscous  deforma- 
tions are  possible  in  viscous  fluids,  is  fully  of  the  same  nature 
as  that  by  which  viscous  motion  takes  place  in  solids  at  ordi- 
nary temperatures.  Viscosity  in  liquids  is  the  mean  result  of 
divers  superposed  phenomena,  the  occurrence  of  any  one  of 
which,  in  a  solid,  would  give  rise  to  some  special  physical 
property  of  that  solid.  From  this  point  of  view,  since  vis- 
cosity is  independent  of  the  other  physical  properties  above 
enumerated,  and  since  viscosity  [Nachxvirkung)  is  common 
to  solids  without  exception,  I  have  ventured  to  refer  it  to  such 
action  between  contiguous  molecules  as  involves  the   least 

•  Warburg,  Wied.  Ann.  xxi.  p.  622,  1884.  Literary  notes  are  there 
given.  Warburg  is  able  to  replace  six  sevenths  of  the  sodium  of  glass  by 
sodium  of  the  anode. 

P2 
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amount  of  free  motion.  Viscosity  in  solids  is  the  result  of 
changes  of  molecular  configuration  brought  about  by  inter- 
change of  atoms  of  contiguous  configurations,  in  the  manner 
explained  by  the  Clausius-Maxwell  principle^.  In  solids 
under  stress  such  changes  take  place  gradually,  through 
infinite  time,  because  the  conditions  favourable  to  inter- 
transfer  of  atoms  are  of  rare  occurrence,  and  because  the 
number  of  molecules  for  which  such  transfer  is  possible  is 
limited.  This  limited  interchange  of  atoms  between  mole- 
cules under  stress  must  be  a  property  common  to  solids,  if, 
according  to  Maxwell's  conception,  solids  are  made  up  of 
configurations  in  all  degrees  of  molecular  stability. 

This  premised,  further  distinction  may  be  made.  Questions 
arise  as  to  whether  such  action  can  be  indefinitely  repeated 
without  rupture,  as  in  plastic  solids  or  in  viscous  fluids  ;  or 
whether  it  cannot  be  indefinitely  repeated,  as  in  brittle  solids, 
&c.  This  indefinite  repetition  of  the  phenomenon  is  equivalent 
to  a  passage  of  molecules  over  or  across  each  other,  the 
phraseology  above  used  in  reference  to  hardnessf. 

15.  The  observations  made  in  the  above  paragraphs  relative 
to  the  visible  viscous  subsidence  of  a  mechanical  strain  im- 
posed on  a  steel  rod  apply  for  the  complete  explanation  of  the 
phenomenon  of  temper.  With  this  purpose  in  view,  it  is 
merely  necessary  to  conceive  of  hardening  or  quenching 
(sudden  cooling  of  steel)  as  an  operation  by  which  a  strain  of 
dilatation  is  imparted  to  steel.  This  strain,  once  applied,  is 
locked  up  in  the  metal  in  virtue  of  viscosity  |. 

The  strained  structure  of  hard  steel  is  proved  by  the  ten- 
dency to  rupture  during  quenching  exhibited  by  the  metal, 
and  by  the  fact  that  massive  pieces  of  hard  steel  often  explode 
spontaneously §.  The  temper-strain  may  be  studied,  optically 
and  in  other  ways,  in  glass,  and  at  low  temperatures  even  in 

•*  "  Betrachteu  wir  ferner  das  Verhalten  der  Gesammt-moleciile  uuter 
einander,  so  glaube  icli  dass  es  aucli  hier  zuweilen  gescliieht,  dass  das 
positive  Theilmoleciil  eines  Gesammt-moleciils  zu  dem  uegativen  eines 
anderen  in  eiue  giiustigere  Lage  kommt,  als  jedes  dieser  beideu  Tlieil- 
nioleciile  im  Augenblicke  gerade  zu  dem  andereu  Theilmoleciil  seines 
eignen  Gesammt-moleciils  hat  &c."  (Median.  Wiinntlteuric,  Baud  ii., 
2  Aufl.  1879,  p.  163.) 

iVgain  : — "  Thus  we  may  suppose  that  in  a  certain  number  of  groups 
the  ordinaiy  a<ritation  of  the  molecules  is  liable  to  accumulate  so  much 
that  every  now  and  then  the  coiifiguratiou  of  one  of  the  groups  breaks  up, 
and  this  whether  it  is  in  a  state  of  strain  or  not."  .... 

"  But  if  a  solid  also  contains groups  of  the  first  kind  whicli 

break  up  of  themselves "  (Maxwell,  /.  c.) 

t  Cf.  Am.  Journ.  xxxiv.  pp.  1,  18, 1887. 

:|:  Cf.  Bull.  U.  S.  Geolog.  Survey,  no.  14,  p.  88. 

§  Batchelder,  Jouiu.  Frank.  Inst.  [3]  viii.  p.  133,  1844. 
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resin*.  Reckoned  from  the  observed  volume-increaset  due  to 
qnonehing,  the  stress-intensity  corresponding  to  the  observed 
strain  mav  be  estimated  at  10'°  dynes  per  square  centim.  in 
steel  and  10^  dynes  per  square  centim,  in  glass.  It  is  thus  of 
the  order  of  the  respective  tenacities  of  steel  and  of  glass.  In 
view  of  the  ftict  that  the  viscosity  of  hard  steel  is  not  above 
that  of  glass:}:,  exceptionally  great  strain-intensity  would  not 
be  permanently  retained.  Hence  the  secular  changes  of  glass- 
hard  steel.  At  this  point,  moreover,  the  function  of  carbon 
appears.  Sudden  cooling  from  red  heat  induces  iron  and 
carbon  to  remain  in  the  combined  state,  in  a  way  favourable 
to  the  observed  dilatation.  Throughout  the  process  of  cooling, 
carbon  and  iron  at  anv  place  within  the  metal  are  united  in 
conformity  vdih.  the  given  degree  of  carburation,  and  with  the 
intensity  of  strain  there  experienced.  In  the  cold  metal,  at 
the  given  place,  strain  is  to  a  certain  extent  permanent,  and 
independent  of  the  strain  of  the  surrounding  medium  of  steel§. 
Hence  if,  by  gradual  secular  annealing  of  massive  glass-hard 
steel,  a  sufficient  number  of  carbon  configurations  are  broken, 
stress  may  increase  to  an  intensity  sufficient  to  rupture  the 
metal  explosively. 

In  our  earlier  papers  on  this  subject  Dr.  Strouhal  and  I 
were  much  puzzled  to  know  Avhether  the  temper-strain,  and 
in  general  the  phenomena  of  annealing,  were  to  be  interpreted 
physically  or  chemically  ;  whether  annealing  was  a  case  of 
■siscous  subsidence  of  the  temper-strain,  or  a  case  of  mere 
chemical  decomposition.  In  the  light  of  the  present  advanced 
conceptions  this  distinction  is  superfluous.  It  makes  no  dif- 
ference whether  the  configuration  breaks  up  into  parts  chemi- 
cally different  (as  carbon  and  iron,  say,  in  steel),  or  into  parts 
chemically,  though  not  structurally,  identical  (as  in  homoge- 
neous metals).  Viscosity  is  conditioned  by  the  degree  of  in- 
stabihty.  Again,  it  is  clear  that  the  principles  which  account 
for  the  subsidence  of  the  mechanical  strain  will  also  account 
at  once  for  such  chemical  decomposition  as  is  here  in  question; 
the  difference  of  the  two  cases  being  vested  in  mere  details  of 
molecular  mechanism. 

16.  However  complex  the  nature  of  the  temper-strain  in 
steel  may  be,  the  beha\'iour  of  hard  steel,  when  subjected 

*  Marangooi,  N.  Ctm.  [3]  v.  p.  IIG,  1879  (IJupert's  drops  of  resin) ; 
De  Luynes,  C.  P..  Ixxvi.  p.  34G,  1873,  or  Phil.  Mag.  [4]  xlv.  p.  464, 
1873  (Rupert's  drops  of  glass). 

t  Am.  Journ.  xxxi.  pp.  441,  443;  xxxii.  p.  191,  1886;  xxxiii.  p.  33 
1887 ;  Bull.  U.  S.  G.  S.,  no.  27,  pp.  30  to  50,  1880. 

X  Am.  JoiuTi.  xxxiii.  p.  30,  1887, 

§  BuUetin  U.  S.  G.  S.,  no.  35,  p.  42,  1886.  Stnicture  studied  by  the 
density  method,  shells  being  consecutively  removed  by  galvanic  solution, 


214  Mr.  C.  Barns  on  Maxwell's  Theori/  oftJie 

to  the  influence  of  change  of  temperature,  offers  sufficient 
proof  of  its  occurrence.  The  laws  of  annealing*  hard  steel 
are  as  follows  : — 

(1)  The  annealing-effect  of  any  temperature  acting  on 
glass-hard  steel  increases  gradually  at  a  rate  diminishing 
through  infinite  time  ;  diminishing  very  slowly  in  case  of  low 
temperatures  ( <  100°) ;  diminishing  very  rapidly  at  first,  and 
then  again  slowly  at  high  temperatures  ( >  200°) :  so  that  the 
highest  and  hardest  of  the  states  of  temper  possible  at  any 
given  temperature  is  approached  asymptotically. 

(2)  The  ultimate  annealing-effect  of  any  temperature,  t°,  is 
independent  of  the  possibly  pre-existing  effects  of  the  tempe- 
rature t^°,  and  is  not  influenced  by  subsequent  applications  of  t'°, 
provided  t  >  t\  In  the  case  of  partial  annealing  at  t°  (time 
finite),  this  law  applies  more  fully  as  the  ultimate  effect  of 
t°  is  more  nearly  reached. 

Postulating  the  strain  discussed  in  §  13,  these  laws  follow 
at  once  from  Maxwell's  theory  ;  and  the  explanation  (muf. 
mnt.)  is  identical  in  character  with  that  given  in  §§9  to  13, 
with  reference  to  the  applied  torsion-strain.  Inasmuch  as 
annealing  is  accompanied  by  chemiical  decomposition,  the 
conditions  under  which  the  temper-strain  is  reduced  are  those 
of  §  13. 

The  second  law  of  annealing  asserts  that  the  heat-eftect  is 
analytic,  but  not  in  the  same  degree  synthetic.  The  carbon 
configuration  definitely  broken  up  by  annealing  does  not  re- 
combine  on  cooling.  In  a  pure  metal,  and  up  to  a  certain 
limiting  (small)  stress,  configurations  broken  up  by  stress 
may  recombine  when  stress  is  released  or  reversed. 

17.  In  certain  comparisons  between  the  strain-effect  exhi- 
bited by  glass  and  by  steel  f,  we  were  led,  both  by  gravimetric 
and  by  polariscopic  observations,  to  this  distinction  :  the  strain 
in  hard  steel  is  very  perceptibly  affected  by  annealing-tempe- 
ratures as  low  as  50°,  whereas  in  the  case  of  quenched  glass 
(Rupert's  drops)  perceptible  annealing  is  incipient  only  at  200°. 
The  bearing  of  this  result  on  the  present  discussion  is  manifest; 
the  difference  of  behaviour  is  due  to  the  absence  in  glass  of 
anytliing  equivalent  to  the  unstable  carbon  configuration  in 
hard  steel.  The  case  of  glass  is  nearly  that  of  soft  steel,  and 
the  behaviour  as  regards  viscosity  in  these  two  instances  is 
similar. 

Schroeder's  J  important  result  has  relevancy  here  ;  in  the 

*  Phil.  Mag.  [5]  viii.  p.  341,  1879 ;  Wied.  Ann.  xi.  pp.  9G2,  965,  967, 
1880 ;  Bull.  U.  S.  G.  S.  no.  14,  p.  105,  1885. 
t  13.  and  S.,  Amer.  Journ.  [3]  xxxii.  p.  185,  1886, 
X  Wied.  Ann.  xxviii.  p.  369,  1886. 
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case  of  hard-drawn  wire  (Ag,  Fe,  and  gennan  silver)  minimum 
viscosity  is  found  associated  with  maximum  susceptibility  to 
change  of  temperature. 

18.  Following  the  suggestion  of  §  14,  it  may  be  inferred 
that  in  the  case  of  very  complex  molecular  structure,  insta- 
bility of  configuration  will  be  a  more  probable  occurrence 
than  in  the  case  of  simple  bodies.  Conformably  with  this 
view  the  complex  organic  solids  *  like  silk  will,  ca't.  par., 
show  more  pronounced  viscous  deformation  than  metals  or 
mineral  solids.  These  known  facts  are  thus  in  general  ac- 
cordance with  Maxwell's  theory.  Nor  is  it  remarkable  that 
a  complex  substance  like  glass  should  lie  somewhere  between 
hard  steel  and  soft  steel  in  the  scale  of  viscosity,  showing 
therefore  greater  viscosity  than  hard  steel  and  less  viscosity 
than  the  soft  non-carbin-ized  metal. 

1 9.  MaxwelPs  theory  lends  itself  at  once  for  the  explanation 
of  superposition  of  viscous  deformations,  inasmuch  as  the  in- 
terpretation given  is  independent  of  the  special  peculiarity  of 
the  strain  to  be  discussed.  I  will  adduce  a  few  magnetic 
results  which  bear  upon  this  point. 

In  considering  the  permanent  effects  of  temperature  on  the 
residual  magnetic  induction  in  hard  saturated  steel.  Dr. 
Strouhal  and  1 1  found  it  necessary  to  discriminate  sharply 
between  two  species  of  magnetic  loss  : — 

(1)  The  direct  etfect  due  simply  to  thermal  action  on  the 
magnetic  configuration; 

(2)  The  indirect  effect  due  to  the  action  of  temperature  in 
producing  mechanical  annealing. 

These  two  kinds  of  loss  of  magnetic  induction  often  occur 
together.  Considered  separately  the  latter,  ccct.  par.,  is  very 
decidedly  the  greater  in  amount,  and  its  character  typified  by 
the  concomitant  phenomenon  of  mechanical  annealing.  The 
former  is  not  only  smaller  in  relative  magnitude,  but  subsides 
completely  within  a  much  smaller  interval  of  time.  In 
general,  the  occurrence  of  permanent  magnetism  in  hard  steel, 
in  its  thermal  relations  is  subject  to  nearly  the  same  laws  of 
variation  as  those  adduced  in  §§  9  to  13  for  ordinary  mecha- 
nical strains.  Instability  of  the  carbon  configuration  is  more 
seriously  detrimental  to  magnetic  permanence  than  is  insta- 
bility of  thermal  configuration. 

If  the  unstable  carbon  configuration  be  removeil  by  thorough 
annealing  at  100°,  then  the  cold,  hard,  resaturated  magnet 
must  show  exceptionally  good  magnetic  stability,  as  regards 

*  Cf.  for  instance,  Kohlrausch,  Pogg.  Ann.  cxxviii.  p.  414,  1866,  and 
many  others. 

t  'S.  and  B.,  Wied.  A7m.  xx.  p.  602, 1883. 
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the  effects  of  mean  atmospheric  temperature.  If,  now,  the 
saturated  magnet  is  again  thoroughly  annealed  at  100°,  the 
exceptionally  good  stability  in  question  is  even  further  en- 
hanced, because  the  magnetic  configurations  unstable  as  far 
as  100°  have  now  also  been  removed.  The  second  magnetic 
loss  has  just  been  stated  to  be  small.  Such  magnets  are  no 
longer  influenced  by  variations  of  mean  atmospheric  tempera- 
ture, nor  in  general  by  temperatures  appreciably  below  100°, 
since  the  rods  carry  the  maximum  of  pcn-manent  hardness 
and  the  maximum  of  permanent  magnetization  corresponding 
to  100°.  This  process  of  consecutive  annealing  is  the  one  we 
proposed  when  the  magnets  made  are  to  withstand  the  effects 
of  atmospheric  temperature,  of  percussion,  and  of  secular 
time^.     Cf  §  20. 

20.  In  the  above  I  refer  to  thermal,  to  carbon,  and  to  mag- 
netic configurations,  using  the  adjectives  merely  to  designate 
the  cause  of  the  instability  under  special  consideration, 
whereas  the  configurations  themselves  need  not  necessarily 
be  different.  Thus  a  carbon  and  a  thermal  configuration  may 
be  one  and  the  same  grouping  of  atoms  ;  so  may  also  a 
thermal  and  a  magnetic  configuration.  I  use  the  latter  phrase 
advisedly,  supposing  the  rod  showing  residual  magnetic 
induction  to  consist  of  configurations  in  all  degrees  of  mag- 
netic stability  as  well  as  in  all  degrees  of  magnetic  intensity. 
Stability  and  magnetic  intensity  are  the  qualities  which  in 
the  present  case  correspond  to  stability  and  strain  respectively 
in  the  above  configurations. 

Magnetic  stability  decreases  from  hard  to  soft  and  from 
soft  steel  to  soft  iron  ;  following,  therefore,  the  inverse  order 
of  viscosity.  Its  character,  too,  is  difterent  from  viscosity, 
the  tendency  being  toward  sudden  magnetic  changes,  even, 
when  the  cause  of  such  change  is  superinduced  by  heat.     Cf. 

The  mean  magnetic  intensity  of  the  configuration  must 
depend  on  the  dimensions  of  the  saturated  rod.  In  the  normal 
case  of  linear  rods,  this  magnetic  intensity  increases  from 
hard  to  soft  steelj,  and  from  steel  to  iron.  Hence,  from  one 
point  of  view,  carbon  configurations  interfere  with  the 
occurrence  of  intense  magnetic  configurations  ;  from  the  other 
point  of  view,  magnetic  intensity  increases  in  the  direct  order 
of  viscosity,  or  stability  of  molecular  configuration. 

21.  Summarizing  the  results  of  the  above  paragraphs,  I 
believe  the  statement  made  in  §  2  to  be  fully  verified.  I  have 
shown  that  the  effect  of  distributing  unstable  molecular  con- 

*  For  further  details,  see  Bull.  14,  chapter  vi. ;  or  I,  c, 
t  S.  and  B.,  Wied.  Ann.  xx.  p.  G21,  1883. 
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figurations  uniformly  throughout  the  substance  of  a  rigid 
metal  like  steel,  is  analogous  to  that  of  dissolving  molecules 
of  acid  or  salt  in  a  non-conductor  like  pure  water.  Those 
added  molecules  are  the  unstable  groups  with  which  ( 'lausius's 
theory  deals.  In  both  cases  the  effect  produced  is  propor- 
tional to  the  number  of  unstable  molecules  distributed.  If 
the  number  be  sufficiently  increased,  the  medium  will 
ultimately  be  a  viscous  fluid  in  the  one  case  and  an  electro- 
h'tic  conductor  in  the  other.  At  the  outset,  pure  water 
typifies  the  rigid  solid. 

The  applied  stress  imparts  a  permanent  strain  to  the  solid. 
Viscous  deformation  is  therefore  accompanied  by  a  residual 
phenomenon,  wliich  manifests  itself  when  the  applied  stress 
is  removed  or  reversed*.  In  liquids,  when  acted  on  by 
electromotive  forces,  the  analogous  reaction  is  the  reciproca- 
ting force  of  galvanic  polarization. 

Again,  Clausius^s  and  Maxwell's  theories  mutually  sustain 
each  other.  For  if  the  conception  that  in  a  solid,  molecular 
configurations  are  present  in  all  degrees  of  stability  is 
necessary  to  explain  the  behaviour  of  strained  solid  matter,  it 
follows  that  configurations  of  more  pronounced  instability 
will  be  present  in  electrolytic  systems.  Conversely  the  fact 
that  many  solids  (?)  can  be  electrolyzed,  points  to  the  occur- 
rence in  these  of  a  very  advanced  state  of  molecular  instability. 
To  take  the  concrete  example  of  glass,  the  same  molecular 
mechanism  which  at  300°  promotes  electrolytic  conduction, 
when  the  soHd  is  influenced  by  an  electromotive  force,  mani- 
fests itself  at  low  temperatures  as  the  viscosity  of  the  solid 
under  stress. 

Laboratory,  U.S.  Geolodcal  Sui'vey,      tt  it /I         /-..-•     ^    ^^^  \ 

WashVo,D.O.;U.S.A.         IM_  H  C^l  Cl§^>  Aiq) 
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XXI.    On  the  Theory  of  Ligldning-Conductors. 
By  Prof.  Oliver  J.  Lodge,  D.Sc,  LL.D.,  F.R.S.^ 

THAT  a  condenser  discharge  is  oscillatory  has  been  known 
ever  since  1858,  when  Sir  William  Thomson's  great 
paper  "  On  Transient  Currents  "  appeared.  Quite  recently 
it  has  been  recognized,  first  quite  explicitly  perhaps,  by 
Mr.  Heaviside  in  the  '  Electrician  '  for  January  1885 1,  that 
rapidly  alternating  currents  confine  themselves  to  the  exterior 
of  a  conductor§ ;  and  Lord  Rayleigh  (Phil.  Mag.  May  1886) 

*  Kohlrausch,  Pogg.  Ann.  cxxviii.  p.  419,  1866. 

t  Communicated  by  the  Author. 

X  See  also  Phil.  Mag.  August  ltf86  et  seq. 

§  It  is  not  possible,  1  think,  to  give  Mr.  Heaviside  the  credit  of  the 
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has  developed  an  expression  of  Maxwell's  so  as  to  give  the 
real  resistance  and  inductance  of  a  conductor  for  any  frequency 
of  alternation. 

I  propose  to  ap[)ly  these  considerations  to  the  case  of  a 
lightning-flash. 

A  lightning-flash  is  the  discharge  of  a  condenser  through 
its  own  dielectric,  and  is  more  analogous  to  the  bursting  or 
the  overflow  of  a  Leyden  jar  than  to  any  other  laboratory 
phenomenon.  The  condenser-plates  may  be  two  clouds,  or 
they  may  be  a  cloud  and  the  earth.  The  discharge  occurs 
mainly  through  broken-down  air,  but  a  lightning-rod  may 
form  a  part  of  its  path. 

The  particular  in  which  lightning  transcends  ordinary 
laboratory  experiments  is  difl'erence  of  potential  or  length  of 
spark.  The  quantity  of  electricity  is  very  moderate,  the 
capacity  of  the  condenser  is  quite  small,  but  the  potential  to 
which  it  is  charged  is  enormous.  Flashes  are  often  seen  a 
mile  long,  and  there  is  said  to  be  a  record  of  one  seven  miles 
long.  Allowing  3000  volts  to  the  millimetre,  a  mile-long 
spark  means  a  potential  of  16  million  electrostatic  units. 

The  capacity  of  a  condenser  with  plates  a  square  mile  in 
area  and  a  mile  apart  is  roughly  about  f  of  a  furlong,  or  say 
10^  centimetres. 

The  energy  of  such  a  condenser  charged  to  such  a  potential 
is  enormous,  being  over  10-*^  ^-I'gs,  and  there  is  no  need  to 
assume  that  so  much  as  a  tenth  of  this  is  ever  dissipated  in 
any  one  flash. 

We  may  not  be  far  wrong  if  we  guess  the  capacity  emptied 
by  a  considerable  flash  as  about  10  metres  or  one  thousandth 
of  a  microfarad.  The  total  charged  area  is  commonly  nmch 
greater,  but  it  is  not  all  well  connected,  and  it  does  not  dis- 
charge all  at  once. 

original  discovery  of  this  theorem  (tliougli  doubtless  he  discovered  it  for 
himself),  for  it  had  been  virtually  anticipated  by  so  many  persons.  Not 
counting  a  wide  general  mechanical  theorem  of  Sir  William  Thomson, 
which  may  be  held  to  include  this  as  a  special  case,  a  great  part  of  it  is 
clearly  indicated  by  Clerk-Maxwell  in  his  paper  in  the  Phil.  Trans,  for 
1865.  It  then  reappears  in  a  more  or  less  developed  form  in  several 
papers  of  Lord  Rayleigh,  specially  perhaps  that  in  the  Phil.  Mag.  of  May 
1882  ;  and  it  is  clearly  stated  for  electrical  osrillatious  in  a  spherical  or 
cylindrical  conductor  by  Prof.  Horace  Lamb  (Phil.  Trans.  1883).  There 
are  also  several  papers  by  Oberbeck,  the  references  to  which  I  am  unable 
to  give  just  now.  It  is  certain  that  all  these  philosophers  had  the  data 
at  command,  and  could  at  any  time  have  constructed  the  completely  ex- 
phcit  statement;  but  it  may  be  held  that  none  of  their  actual  statements 
were  quite  so  explicit  as  that  of  Mr.  Ileaviside  in  1885.  It  is  well  known 
that  some  ingenious  experiments  of  Prof.  Hughes  tirst  excited  public 
interest  in  the  matter  and  quickened  the  mathematical  abstraction  into 
life. 
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To  make  the  problem  a  definite  one  consider  the  following 
case : — 

An  air-condenser  with  plates  of  any  size  separated  by  a 
distance  //  (height  of  cloud)  and  charged  up  to  bursting  strain 
(^  gramme  weight  per  square  centimetre;  the  less  strength 
of  rare  air  is  hardly  worth  troubling  about).  Let  a  small 
portion  of  this  condenser,  of  area  7rh'~,  now  discharge  itself; 
being  separated  from  the  rest  after  the  trap-door  and  guard- 
ring  manner.      A  volume  of  dielectric  irU^h  is  relieved  of 

981 
strain,  and  the  energy  of  the  spark  is  E  =  — -  Trh-h  ergs. 

Li 

The  capacity  discharged  is  S  =  ^p-,  and  the  maximum 
potential  can  be  reckoned  by  putting 

^,         //2E\  7/477  x981A2v 

=  110/i  electrostatic  units. 

Let  the  discharge  pass  straight  down  the  axis  of  the  cylin- 
drical region  of  length  h  and  radius  h,  and  let  the  channel 
occupied  by  it  have  a  sectional  radius  a.  If  the  path  is  a 
metal  rod,  then  a  is  the  sectional  radius  of  that  rod. 

We  have  now  to  calculate  the  self-induction  of  such  a  dis- 
charge. A  discharge  of  this  kind  differs  from  ordinary  cases 
in  having  no  oljvious  return  circuit.  What  is  happening  is 
a  conduction  or  disru])tion  current  down  the  axis  of  the 
cylindrical  region  considered,  and  an  inverse  displacement 
current  in  concentric  cylinders  all  round  it.  I  shall  assume 
that  this  inverse  displacement  current  is  uniformly  distributed 
over  the  whole  area.  A  conduction  rush  is  not  uniformly 
distributed  over  the  section  of  its  conductor,  but  is  concen- 
trated by  mutual  induction  of  the  parts  towards  the  peri- 
phery; similarly,  but  inversely,  there  will  be  a  tendency  for 
the  displacement  currents  to  be  stronger  near  the  central 
axis  than  far  away ;  but  there  is  this  difference,  that  whereas 
in  a  conductor  currents  are  able  to  distribute  themselves  how 
they  please,  they  will  not  be  so  free  in  an  insulator.  It  is 
not  quite  correct  to  take  the  distribution  as  uniform,  but  it 
will  not  make  very  much  difference  prol)ably.  (That  it  is 
not  correct  may  be  seen  by  considering  the  initial  and  final 
stages  of  the  dielectric.  Either  it  is  the  whole  of  a  condenser 
that  is  being  discharged  or  it  is  a  trap-door  portion.  If  only 
a  portion,  the  initial  state  is  one  of  equal  strain,  but  lines 
from  surrounding  charged  areas  spread  in  laterally  to  all  the 
outer  regions,  and  so  finally  there  is  an  unequal  distribution 
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of  strain  in  it.  If  the  whole  is  being  discharged,  then  the 
initial  state  of  strain  is  not  uniform,  while  the  final  is.) 

Calling  the  whole  current  down  the  axis  (Jg,  we  have  an 
equal  inverse  dis])lacement  all  over  the  area  Tr'JP  —  d^^  so 
that  the  density  of  its  distribution  is  a,  where  Co=7r(^-  — a^)cr. 

The  intensity  of  magnetic  force  at  any  distance  r  from  the 

'"•^'^''^  ^_2(Co-C) 

where  C  is  that  portion  of  the  displacement  recovery  which 
lies  nearer  to  the  axis  than  r.     This  is  accurate,  for  the  dis- 
tribution of  the  current  matters  nothing  so  long  as  it  is  in 
coaxial  cylinders ;  the  portions  external  to  r  have  no  effect. 
On  the  hypothesis  of  uniform  distribution, 

Hence  /•_  ?Co  IP-t^ 

where  the  a  may  in  practice  be  neglected  as  usually  too  small 
to  matter.  This  is  the  number  of  lines  of  force  through  unit 
area  at  the  place  considered ;  and  the  whole  magnetic  induc- 
tion in  the  cylindrical  space  considered  outside  the  conductor  is 

^b 


h  \   ixfdr = /x/iCo(  2  log 1  j. 


For  the  part  inside  the  conductor  there  is  an  extra  term  to 
be  added,  which,  on  the  hypothesis  of  uniform  distribution  in 
the  conductor,  comes  out 


•"2'-^Corfr 


r2-. 


M  -^ =,j,,hCo, 

and  which  may  really  have  any  value  between  this  and  zero, 
according  to  the  rapidity  of  the  alternations,  and  the  consequent 
deviation  from  uniform  distribution. 

The  entire  magnetic  induction  may  be  written  LCq;  hence 
we  get  the  value  of  L,  the  coefficient  of  self-induction,  or  the 
inductance,  of  the  circuit, 

L  =  h(2fi\og^-f^  +  fxoj (1) 

This  I  shall  write  for  convenience  h{firr+fiQ),  so  that  n^  is  an 

abbreviation  for  log  -^  —  1  *• 

*  It  is  quite  likely  that  my  calculation  of  this  term  u  is  faulty.  But 
the  truth  of  what  follows  is  not  aflected  by  such  an  error,  and  a 
mathematician  will  be  easily  able  to  set  it  right. 
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In  practice  ii  may  be  a  uumber  not  very  different  from 
4  or  5. 

Of  tbe  tbree  terms  in  equation  (1),  the  first  and  most  im- 
portant depends  on  no  b}'potbesis  as  to  distribution  at  all ; 
tbe  second  depends  on  tbe  assumption  of  uniform  distribu- 
tion of  displacement-recoil  in  tbe  dielectric,  and  may  tbcre- 
fore  really  be  greater,  but  not  less ;  tbe  third  term  depends 
on  the  magnetization  of  the  conductor  itself  by  a  uniformly 
distributed  current,  and  if  the  current  keeps  itself  to  the 
exterior  surface,  as  a  very  rapidly  alternating  one  will,  this 
term  vanishes. 

Now  that  we  know  S  and  L,  we  can  easily  find  the  cri- 
terion for  the  discharge  to  be  oscillatory,  and  can  determine 
the  rate  of  alternation. 

The  discharge  will  be  oscillatory  unless  the  resistance  it 
meets  with  exceeds  a  certain  critical  value,  viz.: — 

/4L_         lAhju^  __    Ah/jju    _  AJuifiv  ,^-. 

V      4^^ 
1  30 

where  i"=     .,    t^,  =  the  velocity  of  hght  =  — ohms; 

so  the  critical  resistance  is 

Ro=120y|A/(21og^^-l)  ohms.      .     .     (2') 

And  inasmuch  as  in  practice  h  is  likely  to  be  much  greater 
than  b,  and  b  much  greater  than  a,  this  is  a  big  resistance, 
which  is  not  likely  to  be  exceeded  by  the  discharger.  For 
if  the  line  of  discharge  is  a  metallic  conductor,  a  is  moderate, 
but  then  so  is  R  ;  whereas  if  the  flash  occurs  through  air,  and 
it  is  not  easy  to  say  what  the  equivalent  R  is,  then  a  must  bo 
considered  extremely  minute. 

Suppose  h  to  be  a  mile,  b  50  metres,  and  a  a  millimetre ; 
Ro  comes  out  about  15,000  ohms. 

I  think  we  shall  be  right  in  saying  that  this  far  exceeds 
any  reasonable  value  that  can  be  attributed  to  the  resistance 
met  with  by  a  disruptive  discharge.  It  is  generally  supposed, 
indeed,  that  a  conductor  and  earth  must  have  a  resistance 
of  only  a"  few  ohms,  unless  they  are  to  form  a  considerable 
portion  of  the  whole  resistance  a  flash  meets  with. 

In  so  far  as  the  path  consists  of  different  conductors  in 
series,  it  is  a  mere  matter  of  summation  to  take  them  all 
into  account. 

If  the  actual  resistance  falls  greatly  below  the  critical  value 
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Ro  tlio  discharge  is  thoroughly  oscillatory,  and  the  strength 
of  the  current  at  any  instant  is 

C=^e-'»'sinn«, (3) 

where  m=  ^y,  and  ri^=  y  ^  —in^.     The  impedance  is,  there- 
fore, ?iL. 

When  the  discharge  is  thoroughly  oscillatory  n  is  greatly 
bigger  than  m,  so  that  the  above  is  practically 

C=-^-.-Ssin^,-^ ^^') 

1.     1    •    2L    ,, 
The  time-constant  of  the  dying-away  amplitude  is  ^;  the 
period  of  the  alternation  is  27rV(LS). 
The  frequency  constant, 

^=V(L8)-^' ^^^ 

is  very  great,  being  usually  something  like  a  million  a  second, 
more  or  less. 

Now  Lord  Rayleigh  has  shown  (Phil.  Mag.  May  1886) 
that  with  excessive  frequencies  of  alternation  the  resistance  of 
a  conductor  acquires  the  following  greatly  modified  value,  R 
being  its  ordinary  amount, 

R'=VU»VoR|; (5) 


VC#-^)- 


Or,  taking  the  permeability  of  the  conductor  the  same  as  that 
of  the  space  outside, 

R'::3l^(RR,) (6) 

The  actual  resistance  is,  therefore,  some  fraction,  something 
like  say  an  eighth,  of  the  geometric  mean  of  the  ordinary 
resistance  of  the  conductor  and  the  critical  resistance  (2). 

Under  the  same  circumstances  the  value  given  by  Rayleigh 
for  the  inductance  is 

L'=(L  for  space  outside  conductor)  +  a  /(— — |, 

or,  as  we  shall  now  write  it, 

L'=/x/m2+- (7) 
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The  second  term  has  to  do  with  the  magnetization  of  the 
conductor,  and  is,  for  high  frequencies,  very  small.  It  is 
interesting  as  showing  that  of  the  two  terms  in  the  quantity 
"  hnpedance,^^ 

or,  as  it  becomes  for  condenser  discharges, 


^/{ 


JRV^'}, 


the  second  is  always  the  larger;  because,  by  (7), 

Practically  the  second  term  is  so  much  the  larger  that  it  is 
the  only  one  that  matters,  and  so 

impedance  =  «L'  =  ?iL  =  /;yLi/»<2= — j — =iR^,=A  /^.  .   (8) 

impedance  =  60,  A  /(  21og 1 J  ohms.     .     .     (8') 

The  total  impedance,  therefore,  to  a  condenser  discharge 
is  half  the  critical  resistance  which  determines  whether  the 
discharge  shall  be  oscillatory  or  not ;  it  has  no  important 
connexion  with  the  ordinary  resistance  of  the  conductor; 
neither  does  it  depend  appreciably  on  the  magnetic  permea- 
bility of  its  substance. 

Hence,  so  long  as  the  specific  resistance  of  the  conductor 
does  not  rise  above  a  certain  limit,  its  impedance  depends 
almost  entirely  upon  the  amount  of  space  magnetized  round 
it  and  upon  the  capacity  of  the  discharging  condenser,  and  is 
barely  at  all  affected  either  by  the  magnetic  permeability,  or 
the  specific  resistance,  or  even  the  thickness,  of  the  conductor. 
The  one  thing  that  does  matter  is  its  length.  True  the  dia- 
meter of  the  conductor  does  appear  in  the  expression  for 
impedance,  but  only  under  a  logarithm;  hence  the  effect  of 
var}nng  the  thickness  is  only  slightly  felt. 

The  fact  that  impedance  to  a  condenser-discharge  is  equal 
to  half  the  critical  resistance,  or  .y(L/S),  and  depends  not  at 
all  upon  the  ordinary  resistance  of  the  discharging  circuit 
(pro\aded  this  keeps  well  below  the  critical  resistance  tor  which 
the  discharge  ceases  to  be  oscillatory),  is  manifest  also  from 
equation  (3'). 

Thus ,  then,  we  find  that  a  lightning-conductor  oflPers  an 
obstruc  tion  to  a  discharge  as  great  as  what  a  resistance  of 
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several  thousand  ohms  would  offer  to  a  steady  current  of  cor- 
responding strength  ;  the  actual  obstruction  being  given  by 
equation  (8'). 

Another  way  of  putting  the  matter,  is  to  say  that  for  the 
first  few  oscillations  the  damping  term,  e~^^  in  equation  (3), 
has  no  appreciable  effect  ;  and  that,  accordingly,  the  E.M.F. 
applied  to  the:  conductor  alternates  rapidly  from  Vo  to  —  Vq 
and  back  again. 

But  Vq  is  the  initial  potential  of  the  condenser,  diminished 
(so  far  as  the  conductor  is  concerned)  by  the  E.M.F.  needed 
to  jump  whatever  thickness  of  air  it  has  jumped  before  reaching 
the  conductor.  Hence  this  Vo  may  be  something  quite  com- 
parable to  the  potential  needed  to  jump  through  air  all  the  rest 
of  the  way,  and  it  may  depend  on  a  mere  nicety  whether  it 
prefers  the  conductor  or  not. 

Thus  arises  the  diflficnlty  experienced  in  helping  a  jar  to 
overflow  by  means  of  discharging-tongs  brought  near  the  two 
coatings.  Sometimes  the  flash  will  make  use  of  the  tongs, 
sometimes  it  will  prefer  to  go  all  the  way  through  air;  the  fact 
being  that  the  obstruction  offered  by  a  metal  requires  a  large 
portion  of  the  potential  needed  to  break  through  a  corre- 
sponding length  of  air.  Undoubtedly  the  metal  rod  offers 
some  advantage  ;  but  it  is  much  less  than  has  been  usually 
supposed. 

During  the  instant  of  discharge,  therefore,  the  upper  part 
of  a  lightning-rod  experiences  enormously  high  potentials  in 
alternately  opposite  directions.  Any  conductors  in  the  neigh- 
bourhood may  easily  receive  side  flashes,  and  even  the  bricks 
into  which  its  supports  are  driven  may  be  loosened  and  dis- 
turbed ;  and  all  this  quite  irrespective  of  any  question  as  to 
the  goodness  or  the  badness  of  the  "  earth."  It  becomes, 
therefore,  quite  a  question  whether  it  is  not,  after  all,  advisable 
to  try  and  confine  the  discharge  to  the  conductor  by  means  of 
insulators,  or  whether  it  is  better  to  reduce  the  excessive  po- 
tential by  lateral  extensions  of  considerable  static  capacity. 
The  advantage  of  sharing  the  discharge  among  a  number  of 
well-separated  conductors,  instead  of  concentrating  it  all  in  one, 
is  obvious. 

Theory  of  E.rperiments  on  "  Alternative  Path.''' 

In  a  lecture  to  the  Society  of  Arts  (see  Journal  of  the  Society 
for  22nd  June  1888,  reprinted  also  in  '  Electrician,  29th  June 
1888),  I  describe  some  experiments  I  have  made  on  the  E.M.F. 
needed  to  force  a  discharge  through  various  conductors,  by 
seeing  Avhat  length  of  air-space  it  will  prefer  to  jump.  The 
original  potential  of  the  condenser  being  able  to  jump,  say,  two 
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inches  without  any  alternative  path,  it  remains  able  to  jump, 
sav,  H  inches  when  offered  as  an  aheinative  a  copper  rod  a 
quarter  of  an  inch  tliick  and  six  or  seven  yards  iou;^.  This 
gives  a  rou<rh  notion  of  the  kind  of  results  obtained,  and  it 
shows  that  the  extremities  of  the  rod  experience  almost  the 
whole  of  the  original  E.M.F.  of  the  condenser. 

Some  experiments  on  much  the  same  lines  had  been  ])revi- 
ously  made  by  Prof.  Hughes  and  M.  Gruillemin  (see  Coniptes 
rendns^  188(),  Annales  Tele(/rap/iiqnes,  IS'oD,  Address  to  So- 
ciety of  Telegrajih  Engineers,  l^iSt))  ;  but  they  used  a  tine 
wire  instead  of  an  air-space,  and  tried  what  conductor  would 
protect  the  fine  wire  from  being  deflagrated. 

Under  these  conditions  the  experiment  is  practically  a  com- 
parison between  the  impedances  of  two  conductors — one  of 
which  has  its  inertia  term  the  bigger,  while  the  other  has  its 
resistance  term  the  bigger. 

The  general  theory  of  divided  circuits  has  been  given  by 
Lord  llayleigh  (Phil.  Mag.  1886,  pp.  377  et  se<jq.),  and  inas- 
much as  in  the  present  case  there  is  practically  no  nuitual 
induction  between  the  two  conductors,  and  the  frequency  of 
alternation  is  very  great,  the  resultant  resistance  and  induction 
take  the  following  forms  : — 

^-Ri  +  R2'^(Ri  +  R2)(Li  +  L2)2'-     •     •     •     ^^'' 

L-OT- (i^> 

The  resultant  impedance  is,  as  usual, 

P=^{|R^+^} (11) 

Perhaps,  however,  it  is  hardly  fair  to  assume  that  the  dis- 
charge will  remain  oscillatory  when  one  of  the  branches  of  the 
divided  circuit  is  permitted  to  have  a  high  resistance.  Cer- 
tainly one  cannot  ajtply  to  such  degenerate  formulae  for  crite- 
rion conditions. 

The  general  expressions  are  : — 

R-.R,  n^  (LiR^-LoR,)^ 

^^~Ri  +  R2    R.  +  Rs  *  [l\x  +  ll,)-  +  n\h,  +  h^Y'    ' 
LiRj^  +  LgRi'^         (LiRs-LJii)^ 


(12) 


L  = 


(R.  +  R^)'        (Ri  +  R2)-(Li  +  L2) 


(L.R^-L.RQ^         

1      R^ 

^'=LS-4I? (^^> 

Fhd.  Mag.  !S.  5.  Vol.  20.  No.  159.  Aug.  1888.  Q 
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To  get  the  frequency  these  three  equations  must  be  treated 
simuUaneously  ;  and  even  so  the  sohition  is  not  complete,  for 
n  appears  also  in  the  true  expression  for  E-i  and  Rsj  ^^  ^^^ 
the  complete  solution  for  a  case  of  divided-circuit  condenser- 
discharge  is  by  no  means  simple. 

The  experiment  with  an  air-gap  as  the  alternative  path  is 
better ;  because  one  may  be  sure  then  that  none  of  the  dis- 
charge chooses  that  path,  when  it  is  properly  adjusted  for  its 
sparks  just  to  fail. 

Liability  of  Objects  to  he  Struck. 

There  are  also  described  in  my  lecture  to  the  Society  of 
Arts,  above  mentioned,  some  experiments  on  the  liability  of 
objects  to  be  struck.  A  distinction  is  drawn  between  two 
possible  cases : — 

(1)  Where  the  air  above  the  object  is  subjected  to  a  steadily 
increasing  strain  till  breakdown  occurs. 

(2)  Where  the  strain  is  thrown  instantaneously  upon  air 
and  conductors  with  a  sudden  rush. 

In  the  first  case  the  path  is  prepared  inductively  in  the  air, 
and  the  breakdown  occurs  at  the  place  where  the  tension  first 
reaches  its  limiting  value  ;  this  is  generally  on  a  small  knob 
or  surface,  and  so  this  is  struck  and  carries  off  all  the  discharge 
independently  of  its  resistance.  If  its  resistance  is  great  the 
flash  may  be  feeble  ;  if  its  resistance  is  small  the  flash  may  be 
noisy  ;  but  the  place  of  occurrence  of  the  flash  is  not  deter- 
mined by  these  considerations.  Glow  and  brush  discharges 
from  points  and  small  surfaces  may  readily  prevent  any  noisy 
flash  from  occurring. 

The  second  case  is  different.  When  a  sudden  rush  occurs 
the  discharge  shares  itself  among  several  conductors  in  pro- 
portion to  their  impedances,  quite  independently  of  any  consi- 
derations of  maximum  tension  or  prearrangement  of  path  by 
induction  ;  so  that  no  distinction  is  observable  between  points 
and  large  knobs,  in  this  case.  Points  cease  to  have  any 
protective  virtue  ;  they  can  be  struck  by  a  noisy  spark  as 
readily  as  can  a  knob.  The  highest  object  will,  in  general,  be 
struck  most  easily,  provided  its  impedance  is  not  very  great. 
If  it  has  a  very  high  resistance  it  is  barely  struck  at  all,  and  it 
does  not  then  protect  the  others. 

Experiment  of  the  Recoil  Kick. 

Among  other  experiments  described  in  the  lectures  above 
mentioned  are  some  which  appear  to  be  of  considerable  theo- 
retical interest,  wherein  a  recoil  kick  is  observed  at  the  ends 
of  long  wires  attached  by  one  end  to  a  discharging  condenser- 
circuit. 
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This  diuffram  shows  the  arrangement. 


B 


The  jar  discharges  at  A  in  the  ordinary  way,  and  simulta- 
neously a  longer  spark  is  observed  to  pass  at  B  at  the  far  end 
of  two  long  leads.  Or  if  the  B  ends  of  the  wire  are  too  far 
apart  to  allow  of  a  spark,  the  wires  glow  and  spit  otf  brushes 
every  time  a  discharge  occurs  at  A. 

The  theory  of  the  effect  seems  to  be  that  oscillations  occur 
in  the  A  circuit  according  to  equation  (3')  with  a  period 
T  =  27r^(LS), 

where  L  is  the  inductance  of  the  A  circuit,  and  S  is  the  ca- 
pacity of  the  jar.  These  oscillations  disturb  the  surrounding 
medium  and  send  out  radiations,  of  the  precise  nature  of 
light,  whose  wave-length  is  obtainable  by  multiplying  the 
above  period  by  the  velocity  of  propagation. 
This  velocity  is  known  to  be 

_   _l 

so  the  wave-length  is 

.  =  ,-T  =  2.^{|.|} (15) 

Now  —  is  the  electromagnetic  measure  of  inductance,  and 

=^  the  electrostatic  measure  of  capacity.  Each  of  these  quan- 
tities is  of  the  dimension  of  a  length,  and  the  wave-length  of 
the  radiation  is  27r  times  their  geometric  mean. 

The  propagation  of  these  oscillatory  disturbances  along  the 
wires  towards  B  goes  on  according  to  the  following  laws  : — 

Let  /i  be  the  inductance  per  unit  length  of  the  wires  ;  let  Si 
be  their  capacity,  or  permittance  as  Mr.  Heaviside  calls  it, 
per  unit  length  ;  and  let  i\  be  their  resistance  per  unit  length. 

Then,  for  the  slope  of  potential  along  them,  we  have 

and  for  the  accumulation  of  charge,  or  rise  of  potential  with 
time, 

dt    ~~  Si'  dx ^     ^ 

Q2 
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Tlioso  aro  oquiitions  to  wavo-propagation,  and  will  give 
stationary  waAa\s  in  finite  wires  of  suitable  length,  su[)[)lied 
witli  an  alternating  impressed  E.M.F. 

The  solution  for  a  long  wire,  for  the  case  when  'i\  is  small 
and  the  frequency  big  *,  is 


-Vhx 
V  =  Vo  6    "1    cos  n 


('-I) (i«) 


where  ''i         ,  1 


2V  '  '      s/{l,s,) 

The  velocity  of  propagation  is  therefore  /ij,  and  the  wave- 
27r/;.j 


length  is 

Now,  for  two  parallel  wires  as  in  the  figure, 

^  a       11 

and  K 

h= ]^, 

4  lo"-  — 
'^  a 

while  ?'i  =  the  geometric  mean  between  its  ordinary  value 
and  I  nfj.0 ; 
where  the  /a  and  K  refer  to  the  space  outside  the  substance 
of  the  wires,  /juq  refers  to  their  substance,  a  is  their  sectional 
railius,  and  b  their  distance  apart. 

The  second  term  of  /j  is,  we  have  seen,  practically  zero  for 
these  high  frequencies.  Hence  (nj  the  velocity  of  propagation 
of  condenser-discharges  along  two  parallel  wires  is  simply 
the  velocity  of  light,  the  same  as  in  general  space  ;  because 
Zi  .<fi=/iK. 

The  pulses  rush  along  the  surface  of  the  wires,  with  a 
certain  amount  of  dissipation,  and  are  reflected  at  the  distant 
ends;  producing  the  observed  recoil  kick  at  B.  They  con- 
tinue to  oscillate  to  and  fro  until  damped  out  of  existence  by 
the  exponential  term  in  (18).  The  best  efl'ect  should  be 
observed  when  each  wire  is  half  a  wave-length,  or  some 
multi])le  of  half  a  wave-length,  long.  The  natural  period  of 
oscillation  in  the  wires  will  then  agree  with  the  oscillation- 
period  of  the  discharging  circuit,  and  the  two  will  vibrate  in 
unison,  like  a  string  or  column  of  air  resounding  to  a  reed. 

Hence  we  have  here  a  means  of  determining  experimentally 
the  wave-length  of  a  given  discharging  circuit.  Either  vary 
the  size  of  the  A  circuit,  or  adjust  the  length  of  the  B  wiz-es, 

*  Jlr.  Ilenviside  has  treated  the  problem  in  a  much  more  geueml 
mauuer,  see  I'hil.  Mag.  1888,  especially  February  1888,  p.  146. 
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until  the  recoil  spark  B  is  as  lono^  as  possible.    Then  ineasiire, 
and    see   wlu'ther   the    length   of  each  wire  is   not  equal  to 

I  hope  to  communicate  some  numerical  results  of  observa- 
tions made  in  this  wav  to  the  British  Association  meeting-  at 
Bath.  ' 

It  is  interesting  to  see  how  short  it  is  practically  possible  to 
make  waves  of  this  kind.  A  coated  pane  can  be  con- 
structed of  say  two  centimetres  electrostatic  capacity,  and, 
by  letting  it  overflow  its  edge,  a  discbarge  circuit  may  be 
provided  of  only  a  few  centimetres  electromagnetic  induc- 
tance. Under  these  circumstances  the  radiated  waves  will 
be  only  some  20  or  30  centimetres  long,  corresponding  to  a 
thousand  million  alternations  per  second.  Some  beautiful 
diffraction  ex[)eriments  have  been  described  by  Lord  Rayleigh 
in  a  recent  Friday  evening  discourse  to  the  Koyal  Institution 
(reprinted  in  '  Nature,'  Jtine  1888),  and  some  of  these  might 
be  used  to  concentrate  the  electromagnetic  radiation  upon 
some  sensitive  detector — possibly  one  of  Mr.  Boys's  radio- 
micrometers,  more  likely  some  chemical  detector — some  pre- 
cipitate or  other  that  can  be  shaken  out  of  solution  by  the 
impact  of  long  waves,  or  some  of  Cajjtain  Abney^s  photo- 
graphic agents. 

Certainly  the  damping-coefficient  B/2L  is  high,  and  the 
radiation  has  a  very  infinitesimal  duration  ;  but  a  rapid  suc- 
cession of  discharges  can  be  kept  up  by  connexion  with  a 
machine. 

Ko  doubt  much  shorter  waves  still  may  be  obtained  by 
discarding  the  use  of  any  so-called  condenser,  and  by  causing 
•the  charge  in  a  sphere  or  cylinder  to  oscillate  to  and  fro  be- 
tween its  ends,  as  might  be  done  by  giving  it  a  succession  of 
sparks.  These  oscillations,  it  is  to  be  feared,  however,  would 
.have  too  small  energy  to  be  detected  by  ordinary  means.  If 
they  cotdd  be  made  quick  enough  to  affect  the  retina,  no 
doubt  we  could  detect  them  with  the  greatest  ease  ;  but  it  is 
manifest  that  this  can  only  be  done  by  reducing  the  circuit  to 
a  size  less  than  the  wave-length  of  light.  The  wave-length 
of  the  electrical  radiation  is  six  times  the  mean  of  the  indtic- 
tance  and  capacity,  and  each  of  these  quantities  is  very  com- 
parable with  the  linear  dimensions  of  the  conductor  concerned. 
By  setting  up  electric  oscillations  in  a  body  as  small  as  a 
molecule,  no  doubt  they  wotild  be  rapid  enough  to  give 
ordinary  light-waves  ;  but  the  probability  is  that  this  is  pre- 
cisely what  light-waves  are. 

Either  the  atoms  are  made  to  vibrate    relatively   to    the 
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fctlior,  ])y  the  effect  of  heat,  and  so  to  produce  radiation;  or 
else  electrical  oscillations  are  set  up  in  comparatively  quiescent 
atoms,  not  by  heat,  but  by  the  impact  of  radiation  from  other 
sources,  or  by  some  organic  process  set  in  play  by  living  pro- 
toplasm. 

It  is  thus  I  would  seek  to  explain  phosphorescence  and 
other  direct  production  of  light  from  cold  sources. 

This  direct  production  of  light  we  have  not  yet  learned 
artificially  to  accomplish  ;  we  can  only  heat  bodies  and  trust 
to  their  emitting  light  in  some  unknown  manner  as  a 
secondary  result  ;  but  the  direct  process  has  been  learnt  by 
glowworms  and  Noctiluca3,  and  it  is  for  us,  I  believe,  one  of 
the  problems  of  the  immediate  future. 
University  Collepe,  Liverpool, 
July  7,  1888. 

Postscript. — Siuce  writing  the  above  I  have  seen  in  the  current 
July  number  of  AViedemauu's  Annalen  an  article  by  Dr.  Hertz, 
wherein  he  establishes  the  existence  and  measures  the  length  of 
aether  waves  excited  by  coil  discharges ;  converting  them  into 
stationary  waves,  not  by  reflexion  of  pulses  transmitted  along  a 
wire  and  reflected  at  its  free  end,  as  I  have  done,  but  by  reflexion 
of  waves  in  free  space  at  the  surface  of  a  conducting  wall. 

My  friend  Mr.  Chattock  has  also  written  to  me  about  a  recent 
experiment  exhibited  to  the  Physical  Society,  I  do  not  know  by 
whom,  which  shows  that  the  same  discharge  as  can  excite  sether 
waves  a  kilometre  loug  can  excite  air  waves  of  one  millimetre. 
The  whole  subject  of  electrical  radiation  seems  working  itself  out 
splendidly. 

Cortina,  Tyrol,  July  24,  1888. 

XXII.  Notices  respecting  Neio  Books. 

Some  Recent  Worhs  on  CJiemistry. 

Elementary  CJiemistry.     By  M.   M.  Pattisok   Muie,  M.A.,  and 

Charles  Slater,  M.A.,  M.B.     Cambridge   University  Press. 

1887. 
Practical  Chemistry,  a  course  of  lahoratory  worl-.     By  M.  M.  Pat- 

TisoN  MuiR,  3I.A.,  and  Douglas  Carnegie,  B.A.     Cambridge 

University  Press.  1887. 
^O  many  manuals,  text-books,  and  elementary  treatises  on  Che- 
^  mistry  are  now  being  issued  by  the  teachers  of  the  science  that 
it  becomes  almost  invidious  to  select  auy  of  these  works  for  notice 
in  these  pages ;  but  Mr.  Pattison  Muir,  who  is  Praelector  in  Che- 
mistry of  Gouville  and  Caius  College,  having  for  some  time  past 
figured  as  a  reformer  in  chemical  teaching,  we  feel  bound  to  call 
attention  to  the  two  books  above  named.  The  first  of  these  may 
be  described  as  the  theoretical  complement  of  the  second  work, 
which  is  the  laboratory  guide  for  those  who  are  undergoing  instruc- 
tion in  the  principles  of  science  in  accordance  with  the  scheme  laid 


Notices  respecting  New  Books.  231 

down  in  the  '  Elementary  Chemistry.'     There  can  be  no  doubt  that 
our  methods  of  teaching  the  science  of  Chemistry  in  this  country 
were  and  are  still  in  need  of  serious  reform,  and  we  gladly  welcome 
any  new  departure  which  promises  to  break  through  the  old  and 
stereotyped  system  of  "  test-tubing ''  which  reigned  supreme  in  our 
laboratories  a  few  years  ago.     The  '  Elementary  Chemistry '  is  a 
praiseworthy  contribution  to  the  desired  reformation ;  but  we  are 
not  very  sanguine  of  its  producing  the  wished  for  result,  because 
the  authors,  in  their  extreme  anxiety  to  set  matters  right,  have 
rather   strained    the    deductive    method  of   treatment,    and    have 
handled  the  science  in  a  manner  which  is  hardly  justifiable  in  the 
present  state  of  its  de\elopmeut.     AVe  cannot  shut  our  eyes  to  the 
fact  that  Chemistry  is  still  very  largely  in  the  descriptive  stage  ;  and 
any  student  who  is  taught  according  to  a  scheme  which  has  so  much 
of  the  deducti\e  about  it  as  that  advocated  by  Messrs.  Muir  and 
Slater  nnist  necessarily  acquire  an  exaggerated  notion  of  the  im- 
portance of  the  so-called  physical  principles,  which  are  unduly 
pushed  to  the  front.     With  respect  to  the  companion  volume  on 
Practical   Chemistry,   we   have  only  to  point  out  that  chemical 
teachers  vaW  find  therein  a  large  number  of  very  suggestive  experi- 
ments mixed  up  with  a  certain  amount  of  practical  instruction 
which  the  average  student  will,  to  say  the  least,  find  very  difiicult, 
if  not  quite   impossible,  to  carry  out  in  the   laboratory  without 
highly  skilled  supervision,  and  this  of  course  greatlv  detracts  from 
the  value  of  the  work.     Some  of  the  experiments  are  in  fact  culled 
from  the  original  memoirs  of  various  investigators  ;  and  we  should 
very  much  question  whether  such  practical  exercises  could  be  suc- 
cessfully carried  out  by  a  student  without  a  long  course  of  previous 
training.     It  may  be  that  Cambridge  students  are  exceptionally 
skilful,  but  our  experience  has  certainly  never  brought  us  into 
contact  with  such  manipulative  dexterity  on  the  part  of  a  beginner 
as  appears  to  be  expected  of  those  who  are  working  from  the 
'  Practical  Chemistry'  of  Messrs.  Muir  and  Carnegie.     Although  we 
have  felt  it  necessarv  to  make  these  strictures  on  the  works  forming 
the  subject  of  the  present  notice,  we  hope  that  the  authors  will 
meet   with   better    success   than   we   have  prophesied  for  them, 
because,  as  we  have  already  admitted,  there  is  ample  scope  for 
improving  our  systems  of  teaching  Chemistry,  and  every  well  meant 
effort  in  this  direction  sliould  be  encouraged :  it  is  only  to  be  re- 
gretted that  Mr.  Muir  and  his  coadjutors  have,  so  to  speak,  over- 
leaped themselves  in  their  attempt  at  reform. 

Exercises  in  Quantitative  Chemical  Analysis,  with  a  short  Treatise  on 
Gas  Analysis.  By  W.  Dittmau,  LL.J).,  F.R.S.  Glasgow: 
William  Hodge  and  Co.  1887. 
This  very  useful  work  will  be  found  exactly  what  it  professes  to 
be — a  laboratory  guide  for  students  who  are  commencing  the  sub- 
ject of  quantitative  analysis.  Prof.  Dittmar's  reputation  and  long 
experience  as  a  practical  teacher  are  so  well  established  that  everv 
contribution  to  chemical  literature  from  his  pen  is  sure  to  be 
welcomed  by  his  confreres.    The  present  book  will  serve  to  main- 
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tain  the  autlior's  reputation  for  sound  and  dependable  practical 
iiisl ruction  ;  and  we  liavo  jio  liesitation  in  recommending  it  to  all 
students  of  clieniistry  who  wish  to  acijuire  a  good  all-round  know- 
ledge of  the  principles  and  methods  of  quantitative  analysis.  The 
first  part  of  the  ^•olllme  is  devoted  to  exercises  in  weighing  and 
mensuring,  the  fundamentals  of  quantitative  work.  The  next  sec- 
tion gives  a  series  of  exercises  in  analytical  methods,  the  examples 
being  well  chosen,  and  suHiciently  varied  to  give  the  student  a 
broad  grasp  of  quantitative  analysis.  The  third  section  treats  of 
organic  analysis,  and  the  fourth  section  of  gas  analysis,  in  con- 
nexion with  which  will  be  found  some  very  useful  exercises.  The 
next  section  is  devoted  to  a  series  of  promiscuous  exercises  in  the 
ap])lication  of  the  knowledge  deri\'ed  from  the  previous  parts  of 
the  work  to  the  analysis  of  certain  special  things  likely  to  be  met 
with  in  the  course  of  practice;  such  as  sea-water  (upon  which  the 
author  is  an  authority),  Stassfurth  Potash  Salts,  Cast  Iron,  8uper- 
])hosph;ite,  Guano,  Milk,  Butter,  8oap,  &.e.  The  volume  concludes 
with  some  useful  notes.  We  ha^'e  no  doubt  that  Prof.  Dittmar's 
work  will  soon  find  place  among  the  recognized  working  manuals 
used  in  our  laboratories. 

XXIII.  Proceedings  of  Learned  Societies. 

GEOLOGICAL  SOCIETY. 
[Continued  from  vol.  xxv.  }i,  521.] 

Mny  23,  1888.— W.  T.  Elanford,  LL.D.,  F.R.S.,  President, 
in  the  Chair. 
T^ITE  following  communications  were  read  : — 
-'-      1.  "On    the    Spheroid-bearing  Granite   of  Mullaghdcrg,  Co. 
Donegal."     By  Trederick  H.  Hatch,  Ph.D.,  F.G.S. 

This  pa])er  deals  with  a  remarkable  variety  of  granite  which  may 
be  compared  with  the  well-known  orbicular  diorite  or  Napoleoiiite 
of  Corsica.  According  to  ]\fr.  J.  P.  Kilroe,  of  the  Geological  Survey 
of  Ireland,  who  first  discovered  this  interesting  rock,  tlie  concre- 
tionary balls  occur  in  close  juxta])Osition  in  a  mass  of  granite  of  5 
or  6  cubic  yards  in  size.  They  have  not  been  found  iu  any 
other  portion  of  the  granite  area. 

The  author  first  gave  a  detailed  description  of  the  microscopic 
structure  of  the  normal  granite.  It  is  a  coarse-grained  rock,  com- 
posed essentially  of  quartz,  orthoclase,  microcline,  oligoclase,  greenish 
hornblende  and  black  mica.  Sphene  is  an  accessory  constituent. 
Since  it  contains  no  white  mica,  the  rock  belongs  to  that  subdivision 
of  granite  which  has  been  termed  ;/i-anitite.  A  description  of  the 
spheroidal  bodies  was  then  given.  The  balls  are  somcwbat  flattened, 
the  greatest  diameter  being,  in  one  case,  4  inches,  the  smallest  3. 
Each  ball  consists  of  two  distinct  parts,  a  pinkish  central  portion 
(the  tniclcvs)  and  a  dark-coloured  peripheral  or  zonal  portion  (the 
sh(ll).  The  nucleus  consists  of  an  inegular  granitic  aggregate  of 
oligoclase  felspar  with  a  little  interstitial  quartz.  The  peripheral 
shell  is  composed  chiefly  of  oligoclase,  but  also  contains  abundant 
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included  plates  of  biotite,  aud  over  12  per.  cent,  of  magnetic  iron-oro. 
It  is  to  the  presence  of  the  last-mentioned  mineral  that  the  zonal 
portion  owes  its  dark  colour.  By  means  of  a  Sonstadt's  solution  the 
oligoclasc  was  isolated  aud  analyzed  with  the  Ibllowiug  results  : — 


SiO, 

= 

0U-S)9 

Al.,03 

= 

25-56 

CaU 

= 

4-88 

Na^O 

= 

7-73* 

Loss  on  ignition 

= 

•84 

100-00 
Sp.  Gr.      =     2-040 
This  is  the  composition  of  an  oligoclasc  of  the  formula  Ab.|An. 

The  folspai-  of  tlie  zonal  portion  is  dis])osed  radially,  the  iron-ore 
radially  and  concentrically,  while  the  mica  appears  to  obey  no  fixed 
law  of  arrangement. 

A  synojDsis  of  the  literature  concerning  the  occurrence  of  similar 
concretionary  bodies  in  granite  was  then  given,  the  following  authors 
being  referred  to  : — Leopold  v.  Buch,  Gustav  Hose,  Allnaud,  Char- 
pentier,  Jokely,  von  Andrian,  Zirkel,  G.  W.  Hawes,  M.  de  Kronst- 
schoff,  J.  A.  Phillips,  vom  Rath,  Fouquc,  Halst,  Bruggcr,  and 
Biickstrom. 

The  conclusion  the  author  arrived  at  from  a  consideration  of  the 
subject  was,  that  concretionary  bodies  occurring  in  granite,  may. 
according  to  the  mode  of  arrangement  of  their  constituents,  be 
divided  into  three  classes,  viz.  : — 

1.  The  concntionary  2)utclies  of  Phillips. 

2.  The  {/roiiosjiJunfef!  of  Vogelsang. 

3.  The  hilonoHpherites  of  Vogelsang. 

The  Spheroids  from  Mullaghderg  belong  to  the  last-mentioned 
class.  They  must  be  regarded  as  concretions  formed,  during  tlie 
consolidation  of  the  granite  magma,  by  a  process  of  zonal  and  radial 
crystallization  around  an  earlier-formed  nucleus. 

2.  "  On  the  Skeleton  of  a  Sauropterygian  from  the  Oxford  Clay, 
near  Bedford."     By  11.  Lydekker,  Esq.',  B.A.,  F.G.S. 

3.  "  On  the  Eozoic  and  Palaeozoic  Ptocks  of  the  Atlantic  Coast  of 
Canada  in  comparison  with  those  of  "Western  Europe  and  the 
Interior  of  America."     By  Sir  J.  W.  Dawson,  LL.D.,  P. 11  S.,  P.tJ.S. 

The  author  referred  to  the  fact  that  since  1845  he  had  con- 
tributed to  the  Proceedings  of  the  Geological  Societv  a  number  of 
papers  on  the  geology  of  the  eastern  maritime  provinces  of  Canada, 
and  it  seemed  useful  now  to  sum  up  the  geology  of  the  older  forma- 
tions and  make  such  corrections  and  comparisons  as  seemed  war- 
ranted by  the  new  facts  obtained  by  himself,  and  by  other  observers 
of  whom  mention  is  made  in  the  paper. 

"With  reference  to  the  Lauren tian,  he  maintained  its  claim  to  be 

regarded  as  a  regularly  stratified  system  prol)ably  divisil)le  into  two 

or  three  series,  and  characterized  in  its  middle  or  up])er  portion  bj- 

the  accumulation  of  organic  limestone,  carbonaceous  beds,  aud  iron- 

*  Ey  diffcrcn.c. 
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ores  on  a  vast  scale.  He  also  mentioned  the  almost  universal  pre- 
valence in  the  northern  hemisphere  of  the  great  plications  of  the 
crust  which  terminated  this  period,  and  which  necessarily  separate 
it  from  all  succeeding  deposits.  He  next  detailed  its  special  develop- 
ment on  the  coast  of  the  Atlantic,  and  the  similarity  of  this  with 
that  found  in  Great  Eritain  and  elsewhere  in  the  west  of  Europe. 

The  Huronian  he  defined  as  a  littoral  series  of  deposits  skirting 
the  shores  of  the  old  Laurcntian  uplifts,  and  referred  to  some  rocks 
which  may  he  regarded  as  mere  oceanic  equivalents.  Its  characters 
in  Newfoundland,  Cape  Breton,  and  New  Brunswick  were  referred  to, 
and  compared  with  the  Pebidian,  &c.,  in  England.  The  questions 
as  to  an  Upper  Member  of  the  Huronian  or  an  intermediate  series, 
the  Basal  Cambrian  of  Matthew  in  New  Brunswick,  were  discussed. 

The  very  complete  series  of  Cambrian  rocks  now  recognized  on 
the  coast-region  of  Canada  was  noticed,  in  connexion  with  its  equiva- 
lency in  details  to  the  Cambrian  of  Britain  and  of  Scandinavia,  and 
the  peculiar  geographical  conditions  implied  in  the  absence  of  the 
Lower  Cambrian  over  a  large  area  of  interior  America. 

In  the  Ordovician  age  a  marginal  and  a  submargiual  area  existed 
on  the  east  coast  of  America,  The  former  is  represented  largely  by 
bedded  igneous  rocks,  the  latter  by  the  remarkable  series  named  by 
Logan  the  Quebec  Group,  which  was  noticed  in  detail  in  connexion 
with  its  equivalents  further  west,  and  also  in  Europe. 

The  Silurian,  Devonian,  and  Carboniferous  were  then  treated  of 
and  detailed  evidence  shown  as  to  their  conformity  to  the  types  of 
Western  Europe  rather  than  to  those  of  America. 

In  conclusion,  it  was  pointed  out  that  though  the  great  systems  of 
formations  can  be  recognized  throughout  the  Northern  Hemisphere, 
their  divisions  must  differ  in  the  maritime  and  inland  regions,  and 
that  hard  and  fast  lines  should  not  be  drawn  at  the  confines  of  sys- 
tems, nor  widely  different  formations  of  the  same  age  reduced  to  an 
arbitrary  uniformity  of  classification  not  sanctioned  by  nature.  It 
was  also  inferred  that  the  evidence  pointed  to  a  permanent  continu- 
ance of  the  Atlantic  basin,  though  with  great  changes  of  its  boun- 
daries, and  to  a  remarkable  parallelism  of  the  formations  deposited 
on  its  eastern  and  western  sides. 

4.  "  On  a  Hornblende-biotite  Rock  from  Dusky  Sound,  New 
Zealand."     By  Captain  F.  W.  Hutton,  F.G.S. 

The  rock  is  of  eruptive  origin,  'and  is  associated  with  Archsean 
schists  and  gneisses.  It  is  compact,  crystalline,  of  a  dark-green 
colour,  and  sp.  gr.  3-00-3-07.  It  is  composed  of  two  minerals  in 
nearly  equal  proportions,  one  of  which,  a  black  mica,  has  the  two 
optic  axes  nearly  coinciding.  The  other  mineral  is  of  a  pale  bluish- 
green  colour,  and  moderately  dichroic  ;  it  shows  an  aggregate  polari- 
zation of  rather  coarse  grains,  with  here  and  there  distinct  crystals  of 
considerable  size.  Often  one  side  of  a  crystal  shows  a  single  twin, 
while  the  other  side  is  polysynthetic.  The  optical  characters  are 
those  of  the  monoclinic  system,  and  further  investigation  proves 
these  crystals  to  be  hornblende.  The  mineral  which  shows  aggregate 
polarization  is  either  crushed  hornblende  or  some  altered  form  of  it. 
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June  7.— W.  T.  Blanford,  LL.D.,  F.K.S.,  President,  in  the  Chair. 

The  following  communicatious  were  read : — 

1.  The  following  letter  from  H.M.  Secretary  of  State  for  India 
accompanying  some  specimens  of  rubies  in  the  matrix  fromBurmah: — 

India  Office,  Whitehall,  S.W. 
SiE, —  2nd  June,  1888. 

I  am  directed  by  the  Secretary  of  State  for  India  in  Council? 
to  present  to  the  Geological  Society  some  specimens  of  Burmese 
rubies  attached  to  their  matrix,  which  were  procured  by  Mr.  Bar- 
rington  Brown,  at  present  employed  by  Government  in  examining 
the  mines  which  came  into  tlieir  possession  on  the  annexation  of 
Upper  Burmah. 

Mr.  Barrington  Brown  writes  concerning  these  specimens  thus  : — 
"  I  send  *  *  six  specimens  of  rubies  in  granular  limestone,  where 
they  were  formed.  They  were  obtained  by  blasting,  under  my 
direction,  in  a  place  formerly  mined  by  natives  *  *  *  *.  As  I 
believe  the  fact  of  the  ruby  being  traced  to  its  matrix  is  new  to 
science,  the  specimens  may  prove  of  interest  to  scientific  men  *  *  *. 
I  should  Uke  Professor  Judd,  President  of  the  Geological  Society,  to 
see  the  specimens."  I  am.  Sir, 

Youi"  obedient  Servant, 
Professor  Judd,  (Signed)     J.  A.  GoDLEY. 

President,  Geological  Society. 

2.  "  On  the  Sudbury  Copper  Deposits  (Canada)."  By  J.  H. 
Collins,  Esq.,  F.G.S. 

These  deposits  occur  in  Huronian  rocks.  The  author  described  two 
exposures,  known  as  Copper  Cliff  and  Stobie,  about  8  miles  apart. 
At  the  former  the  ore  was  found  in  the  face  of  a  cliff  of  diorite 
about  4U  ft.  high. 

The  ore  exists  in  three  distinct  forms : — 

1.  As  local  impregnations  of  siUceous  and  felspathic  beds  of 
clastic  origin,  in  the  form  of  patches  and  strings  of  cupreous 
pyrrhotite. 

2.  As  contact-deposits  of  the  same  material  lying  between 
the  impregnated  beds  and  large  masses  of  diorite. 

3.  As  segregated  veins  of  chalcopyrite  and  of  nickeliferous 
pyrrhotite,  filling  fissures  and  shrinkage-cracks  in  the  ore- 
masses  of  the  second  class. 

The  author  considered  the  first  as  original,  or  of  high  antiqiiity ; 
whilst  the  two  latter  are  due  to  segregation  produced  either  by  intru- 
sion of  diorite,  or  by  internal  movements.  He  compared  these  deposits 
with  those  of  RioTinto  of  Devonian  age,  showing  their  similarities  and 
differences.  At  the  latter  place  the  intrusive  masses  are  quartz- 
porphyries,  and  the  metallic  deposits  consist  mainly  of  bisulphide 
of  iron.  The  ore-bodies  in  the  Canadian  deposits  are  not  so  large. 
From  the  cupreous  pyrrhotite  of  Sudlniry,  rich  though  it  be,  com- 
pared with  the  Kio  Tinto  ore,  the  copper  cannot  be  so  cheaply  ex- 
tracted by  the  Avet  method,  and  the  ore  is  of  no  avail  as  a  source 
of  sulphur.     Nickel  is  everywhere  present  in  the  cupreous  pyrrhotite 
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of  Siulbuiy,  iiiid  of  no  advantage  to  the  smelter.  The  differences 
above  recorded  are  ])robab]y  not  due  to  dificrcnces  in  the  containing 
rocks,  Kince  similar  differences  may  be  noticed  in  the  pyritous  deposits 
of  Canada,  \\  here  the  country-rocks  are  identical. 

3.  "  Notes  on  some  of  the  Auriferous  Tracts  of  Mysore  Province, 
Southern  India."     By  George  Att-svood,  Esq.,  1\G.S.,  F.C.S.,  &c. 

The  author  was  emjjloyed  during  parts  of  1880-7  in  inspecting 
a  huge  area  of  mineral  lands  in  Southern  India  supposed  to  be 
auriferous,  and  the  paper  contained  the  results  of  his  observations. 

1.  MclLote  /Section.  This  section  (in  the  Hassan  district  of  the 
province  of  Mysore),  starting  one  mile  west  of  Melkote  in  a  north- 
easterly direction,  exposed  gneiss,  mica-schist,  hornblende-schist, 
quartzite,  talc-  and  chlorite-schists,  eclogite,  and  quartz  veins, 
striking  generally  N.  20°  E.,  and  having  varying  dips.  The  eclogite 
was  described  at  length,  and  special  attention  was  called  to  the 
flattening  of  the  contained  garnets,  which  were  probably  originally 
almandite  ;  other  evidences  of  great  crushing  were  also  noted. 

In  this  section  and  on  most  of  the  schistose  lands  of  Mysore  a 
dull  grey,  nodular,  and  botryoidal  calcareous  deposit,  known  as 
'■'  kunkur,''  is  found  in  nullahs,  on  hill-sides,  and  on  the  detritus  of  old 
gold  washings,  and  it  was  suggested  that  the  contained  lime  was 
derived  in  great  measure  from  hornblende-schists. 

Many  quartz  outcrops,  large  at  the  surface  but  diminishing  in 
thickness  downwards,  were  met  with  at  the  east  end  of  the  section ; 
these  veins  have  a  strike  about  N.  15^  E.  to  jS".  2U^  E.,  coincident 
with  that  of  the  schists. 

Extensive  gold-washings  have  been  carried  on  in  the  ravines 
and  hill-sides,  and  the  mode  of  occurrence  and  character  of  the  gold 
were  described. 

The  author  considered  the  schists,  as  well  as  the  quartz  veins,  to 
belong  to  very  old  series  of  rocks,  probably  Archaean. 

2.  iScriiujapata})}  Section.  The  second  section  was  taken  in  a  south- 
easterly direction  from  the  72nd  milestone  on  the  Seringapatam  and 
Bangalore  road  to  the  N.W.  side  of  the  village  of  Arakere.  Gneiss, 
hornblende,  and  mica-schists,  &c.,  were  here  met  with,  striking  about 
N.  20°  E.  with  varying  dips.  These  were  traversed  by  auriferous 
quartz-veins  which  had  been  largely  worked,  and  the  author  gave  a 
description  of  the  former  methods  of  extracting  the  gold. 

At  the  S.E.  end  of  the  section  the  schists  were  found  to  be  much 
broken  by  porphyrite  dykes  of  much  more  recent  origin,  most  likely 
of  Tertiary  age.  A  small  granite  dyke  intersected  the  Elliot  Lode 
diagonally,  and  was  considered  to  be  of  Upper  Tertiary  age. 

3.  Oeneral  Ohservation,s.  The  author  described  the  results  of 
traverses  of  other  districts ;  he  pointed  out  the  evidences  of  great 
pressure  which  had  broken  up  the  gneissic  rocks  and  compressed  the 
schists,  and  conjectured  that  this  might  have  been  jiroduccd  by  the 
gradual  rise  of  the  Eastern  and  AVestern  Ghats,  and  filially  calh^d 
atteniioii  to  the  great  denuduLion  which  the  Mysore  plateau  had 
underii'Oiie. 
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An  AppendL-c  by  Prof.  T.  G.  Bonney,  D.Sc,  LL.T).,  F.R.S.,  F.G.S., 
gave  an  account  of  the  microscopic  characters  of  the  schists,  the 
flattened  garnets,  the  porphyrites,  etc.,  and  in  this  it  was  pointed  out 
that  one  set  of  rocks  hclouged  to  an  ancient  series  which,  even  if 
wholly  or  in  part  of  igneous  origin,  assumed  their  present  niinoral 
stiiicture  and  condition  at  an  epoch  remote  from  the  present, 
whilst  another  set  was  certainly  igneous  and  of  more  recent  date. 

4.  "  On  the  Durham  Salt-district."     By  E.  Wilson,  Esq.,  F.G.S. 

In  this  paper  the  author  described  the  new  salt- field  in  the 
North  of  England,  occupying  the  low-lying  country  bordering  the 
estuary  of  the  Tees,  and  situated  partly  in  Yorkshire  and  partly  in 
Durham. 

The  history  of  the  rise  and  progress  of  the  salt-industry  in  South 
Durham  was  given,  since  the  first  discovery  of  salt  by  Messrs. 
Bolckow  Vaughan  and  Co.  at  Middlesboro',  in  the  year  1859. 

The  stratigraphical  position  of  the  saliferous  rocks  of  the  Durham 
salt-district  was  considered  in  some  detail.  The  diverse  views  wliich 
have  been  pre\iously  expressed  on  this  head  were  referred  to,  and 
reasons  given  for  concluding  that  all  the  beds  of  rock-salt  which 
have  been  hitherto  proved  in  this  field,  and  the  red  rocks  with  which 
they  are  associated,  belong  to  the  upper  portion  of  the  Trias,  viz. 
to  the  Upper  Keuper  series  (Waterstones  subdivision). 

The  probable  area  of  this  salt-field,  the  limits  of  the  distribution 
and  varying  depths  of  the  chief  bed  of  rock-salt  were  indicated,  and 
the  extent  of  its  supplies  pointed  out. 

In  conclusion,  the  author  called  attention  to  the  waste,  as  well  as 
to  certain  other  disadvantages  resulting  from  the  process  of  winning 
the  salt  now  in  operation. 

5  "  On  the  Occurrence  of  Calcisphnrn',  Williamson,  in  the 
Carboniferous  Limestone  of  Gloucestershire."  By  E.  Wethered,  Esq, 
F.G.S.,  F.C.S. 

G.  "  Second  Xote  on  the  ^lovement  of  Scree-Material."  By 
C.  Davison,  Esq.,  M.A. 

After  briefly  recapitulating  the  substance  of  his  previous  paper, 
the  author  now  communicated  the  results  of  experiments  continued 
for  a  year.  He  gave  a  figure  in  which  a  continuous  line  represented, 
in  millimetres,  the  movements  of  the  upper  stone  from  week  to  week, 
whilst  a  contiguous  dotted  line  indicated  the  mean  ranges  of  tempe- 
rature. The  rate  of  descent  does  not  depend  solely  on  the  mean 
range.     He  gave  the  following  comparison  of  rates  of  descent : — 

Average  daily  Total  mean  Eate  of  cIps- 

range  of  descent  in  cent  in  inches 

temperature.  niillim.            per  day. 

Summer,  184  days 14^-4  F.  8                -001  71 

Winter,  182  days  ....        8'-0  51             -00121 

Thus  the  changes  are  not  altogether  proportional  to  the  ranges  of 
temperature,  being  relatively  higher  in  the  winter  months.      In 
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considering  the  influence  of  rain,  he  obsei'ved  that  its  effects  are  to 
slightly  increase  the  rate  of  descent  by  diminishing  the  coefficient 
of  friction,  and  by  lowering  the  temperature,  both  as  being  itself 
generally  colder  than  the  air  on  the  ground  surface,  and  also  owing 
to  evaporation.  He  likewise  observed  that  the  rate  of  descent  was 
nearly  doubled  during  the  latter  part  of  the  winter,  chiefly  owing 
to  the  effects  of  snow. 

XXIV.  Intelligence  and  Miscellaneous  Articles. 

ON  THE  ELECTROAKEOMETER.      BY  W.  MICHELSON. 

THE  following  very  simple,  but  so  far  as  I  am  aware  unknown, 
experiment  may  serve  as  a  good  illustration  of  the  theory 
of  condensers,  and  of  the  electrometer. 

If  the  internal  surface  of  an  ordinary  glass  areometer  is  made  a 
conductor,  by  being  silvered  for  instance,  it  will,  when  dipped  in 
a  conducting  liquid,  obviously  form  a  cojidenser  of  variable  capacity. 
If  the  liquid  and  the  internal  coating  are  charged  to  different  and 
constant  potentials,  the  energy  of  this  condenser  strives  towards  a 
maximum.  A  force  is  at  work  which  dips  the  areometer  deeper 
in  the  liquid.  The  areometer  sinks  until  the  hydrostatic  reaction 
of  the  liquid  is  so  great  that  it  can  also  hold  in  equilibrium  this 
added  force. 

After  a  complete  discharge  the  areometer  reverts  to  its  original 
position. 

If  we  first  of  all  disregard  the  changes  of  capillary  force  due  to 
electrification,  and  presuppose  that  the  part  of  the  areometer  which 
projects  out  of  the  liquid  is  very  long  in  comparison  with  the  dis- 
placement of  the  areometer,  the  value  of  the  force  in  question  can 
be  easily  calculated  from  a  known  formula*  for  the  energy  W  of  a 
portion  of  a  cylindrical  condenser  of  the  length  I,  and  the  radii  a 
and  h  (h  >  a).  If  the  constant  potentials  of  the  coatings  are  A  and 
B,  this  force  is 

^'  41og^^   ' 

where  K  is  the  dielectric  constant  of  the  kind  of  glass  of  which  the 
areometer  is  constructed. 

If  the  densities  of  the  two  liquids  at  whose  boundary  the 
areometer  floats  are  s^  and  s^,  then,  putting  the  hydrostatic  antag- 
onistic force  as  equal  to  the  above  expression,  we  have  for  the 
position  of  equilibrium  a  depression 

^^        K(A-B)- 

47rb\Xs-s.^log -^ 

We  see  that  the  depression  must  be  proportional  to  the  square 
*  Maxwell, '  Electricity  and  Magnetism.' 
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of  the  difference  of  potentials.  This  explains  why  the  phenomenon 
is  almost  imperceptible  at  small  potentials,  while  with  greater  ones 
there  is  a  regular,  and,  imder  favourable  circumstances,  a  very  con- 
siderable depression. 

Some  experiments  which  I  have  made  seem  to  confirm  the 
theoretical  law,  at  any  rate  for  not  a  ery  great  depressions.  But  with 
greater  deflections  on  the  contrary,  (from  10  to  40  millim.),  there 
was  apparently  a  simple  proportionality  between  the  increases  of 
difference  of  potential  and  the  depression.  This  deviation  may, 
however,  be  referred  to  the  imperfection  of  my  experiments  and  to 
different  disturbing  actions. 

In  order  to  keep  the  inner  surface  of  the  areometer  in  conducting 
communication  with  a  source  of  electricity,  without  interfering  too 
much  with  its  mobility,  I  constructed  a  kind  of  hydrostatic  balance 
from  fine  capillary  tubes.  A  very  fine  silver  wire  passed  through 
these  tubes,  and  terminated  at  one  end  in  the  areometer,  and  at  the 
other  in  a  separate  vessel  of  water. 

It  is  also  very  essential  that  the  conducting  liquid  shall  not 
moisten  the  areometer-tube,  otherwise  this  rises  against  the  sides 
on  electrification,  and  the  capacity  of  the  condenser  is  increased 
without  a  perceptible  depression.  If  ordinary  water  is  used  as  con- 
ducting liquid,  the  air  in  the  upper  part  must  be  replaced  by  an  oil 
under  which  water  does  not  moisten  the  glass.  The  sensitiveness 
of  the  apparatus  is  at  the  same  time  considerably  increased. 

After  more  accurate  measurements  the  comparison  of  the 
observed  and  calculated  depressions  might  give  a  datum  for  deter- 
mining the  alterations  of  capillary  forces  at  high  potentials. 

If,  however,  this  influence  of  the  capillary  forces  were  defined 
and  eliminated,  it  might  be  possible  to  use  the  electroareometer  as 
an  absolute  electrometer.  Its  indications  could  not  however  lay 
much  claim  to  great  accuracy. — Wiedemann's  Annalen.  No.  86, 
1888. 


ON  THE  SECONDARY  ARCS  WHICH  ACCOMPANY  THE  RAINBOW. 
BY  M.  BOITEL. 

The  old  theory  of  Descartes  does  not  explain  the  formation  of 
complementary  arcs.  Young,  in  1804,  was  the  first  to  account  for 
the  production  of  these  arcs  by  means  of  the  theory  of  interference. 
Airy  showed  afterwards  how  the  position  of  these  arcs  could  be 
determined  by  applying  the  principles  of  diffi-action,  and  he  fixed 
the  position  of  the  two  form(;r.  Miller  proved  experimentally  that 
Airy's  theory  gave  very  approximate  results  for  the  first  two  arcs. 
Stokes,  lastly,  made  the  calculation  by  a  more  rapid  method  than 
that  of  Airy,  which  enabled  him  to  obtain  the  position  of  the  first 
fifty  bands. 

But  Airy  in  his  calculation  assumed  that  the  equation  of  the 
emergent  wave  (which  is  shaped  like  the  letter  S)  in  reference  to 
the  tangent,  and  the  normal  to  the  curve  at  the  point  of  inflexion 

y  =  ^,,  and  he  has  not  given  the  expression  for  the  constant  d\ 
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1  liavo  succeeded  in  finding  the  exact  equation  of  the  (;niergent 
wave  and  comparing  it  with  that  of  Airy.     I  liave  deduced  from  it 
the  value  of  the  coetlicient  a"  for  a  rainbow  of  the  order  K, 
^._j^2Cos-'I(K  +  lf 
siniK(Iv  +  :2)' 
as  a  particular  case  we  have  for  the  first  bow, 

^.^^^.COS^I, 

■^       sin  I 

B  being  the  radius  of  the  sphere  of  liquid,  and  I  the  angle  of  inci- 
dence of  the  ray  of  light  of  minimum  deflection. 

By  the  help  of  this  value  it  will  be  found  that  the  deflection  of 
a  complementary  band  is  given  by  the  formula 

OT     (X^  sin  1)3  I 

tan  B=  .^-r^r v^  th' 

(54)3     cos  I      Jia 

m  being  the  number  calculated  by  Stokes  which  refers  to  the  band 
in  question,  and  A  the  wave-length  of  the  light  employed. 

Comparing  the  numbers  obtained  experimentally  by  Miller  with 
those  furnished  by  the  last  equation,  I  have  found  a  disagreement 
which  increases  with  the  number  of  the  order  of  the  band  in 
question.  I  have  likewise  compared  with  the  theory  the  experi- 
ments recently  made  by  Piilfrich  on  glass  cylinders,  and  I  have 
found  the  same  want  of  agreement. 

The  theory  of  Airy  appears  thus  to  need  supplementing.  For  this 
purpose  the  position  of  the  supplementary  bands  must  be  determined 
bv  the  aid  of  the  exact  equation  for  the  emergent  wave  which  I 
have  obtained,  and  the  results  be  compared  with  those  obtained  by 
experiment. 

But  the  preceding  formula  shows  that  the  deflection  of  a  band 
is  greater  the  smaller  the  radius  of  the  drop  or  cylinder,  and  the 
feebler  the  index.  In  order  to  produce  experimentally  cylinders  of 
very  small  index,  I  had  recourse  to  liquid  veins  which  I  caused 
to  jet  vertically  inside  a  rectangular  glass  trough  filled  with  a 
liquid  which  did  not  mix  with  the  former,  and  of  an  index  nearly 
the  same.  AVhile  a  thread  of  water  in  air  gives  between  the  two 
former  supernumerary  bands  a  deviation  of  40°,  a  thread  of  petroleum 
jetting  into  water  enables  us  to  obtain  a  deflection  of  2°  between 
these  two  bands  ;  ether,  lastlv,  under  the  same  conditions  gives  more 
than  5°. 

But  these  experiments  present  great  difliculties  owing  to  the 
instability  of  the  vein.  Thus  I  now  use  small  cylinders  of  crown 
glass  with  a  radius  of  about  0-4  millim.,  and  which  I  place  ver- 
tically in  the  centre  of  the  trough  filled  with  liquid.  These 
experimental  determinations  amplify  the  angular  distance  of  the 
bands,  and  increase  the  accuracy  of  the  measurements. 

Thev  have  enabled  me  to  prove  that  for  great  deflections  the 
discrepancy  between  theory  and  observation  only  increases.  Airy's 
theory  is  then  only  a  first  approximation,  and  I  hope  soon  to  be  in 
a  position  to  introduce  into  it  the  necessary  coi'rectious. — Comptes 
rendus,  May  28,  1888. 
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XXY.  On  the  Refle.rion  of  Ligid  at  a  Twin  Plane  of  a  Crystal, 
By  LoED  Rayleigh,  Sec.  P.S.^ 

MY  ol)ject  in  the  present  paper  is  to  calculate  aj)riori  the 
reflexion  of  light  at  the  surface  between  twin  crystals, 
and  to  obtain  formula  analooous  to  those  discovered  by 
Fresnel  for  the  case  where  both  media  are  isotroj)ic.  It  is 
evident  that  success  cim  only  be  attained  ujion  the  basis  of  a 
theory  ca])able  of  explaining  at  once  Fresnefs  hnvs  of  double 
refraction  in  crystals  and  those  just  referred  to,  governing  the 
intensity  of  reflexion  when  light  ])asses  from  one  isotropic 
medium  to  another.  So  far  as  I  am  aware  the  electric  theory 
of  ]\Jaxwell  is  the  only  one  satisfying  these  conditions f  ;  and 
I  have  accordingly  eni])loyed  the  equations  of  this  theory.  It 
will  be  remembered  that  the  electric  theory  of  double  refrac- 
tion was  worked  out  by  M.'ixwell  himself,  and  that  the 
application  to  the  problem  of  reflexion  was  successfully 
efl'ected  by  von  Helmholtz  and  LorentzJ.  The  jji-esent 
investigation  starts,  however,  independently  from  the  funda- 
mental equations,  as  given  in  Maxwell's  '  Electricity  and 
Magnetism.^ 

•  Communicated  by  tlie  Author. 

t  See  Prof.  Willaid  Gibbs's  excellent  "Comparison  of  the  Elastic  and 
the  ElectricalTheories  of  Light  with  respect  to  the  Law  of  Double  I{e- 
fraction  and  the  Dispersion  of  Colours''  (Am.  Joum.  .Sci.  June  1888), 
which  reaches  me  -while  revising  the  present  investigation  for  the  press. 

t  References  to  the  works  of  previous  writers  will  be  found  in  Glaze- 
brook's  Keport  on  Optical  Theories,  Brit.  Assoc.  Rep.  188G. 
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Equations  of  a  Dielectric  Medium,  of  which  the  Magnetic 
Permeahility  is  Unity  throughout. 

In  Maxwell's  notation  the  various  components  are  repre- 
sented as  follows : — 

Electric  Displacement />  i7j  '*  5 

Ckn-rent u,v,ic ; 

Magnetic  Force  (or  Induction)  .     .     .     .  a,  !>,  c  ; 

Electromagnetic  Momentum F,  Gr,  H  ; 

Electromotive  Force Pj  Q?  1^  ; 

and  the  equations  connecting  them  may  he  written 

(//  dq  dh  1^. 

^=.t^'      '=Tt^     '"^TlV ^^^ 

f  +  ^^ll  +  f=0, (2) 

dx      dy       dz        ' 

_dc  _dh       .        __  da  _dG        .        _  dh  _  da  .^x 

~  dy      dz'  dz      dx'  dx      dy'  ' 

_dR_db  ,_^_^  _dh_dF 

""-lu;       dz'  ^~  dz        dx'  ""' dx      dy'      '     ^^ 

^        dF     d^     ^_     dG     d^      ^         dR      d^     ... 
^=-^".77'    ^-     dt~di'    ^^"^'-di'lTz'   ^^^ 

Tn  (1)  it  is  assumed  that  the  medium  is  a  perfect  insulator. 
Equations  (4)  and  (5)  may  he  replaced  by 

dt       dz        dy '      dt      dx        dz '     dt      dy        dx  '     '      ^  ' 
from  which  <I>  disappears.    Thus 

.     d^f      ,     du       d  dc        d  dh 

A.rjr  — —  ==  A-ir  —  = — 

dt:^  dt       dydt       dzdt 

dy'^         dz^       dx  \  dy         dz  j 

=  V-T--;^{^  +  f +  f  |.     ....     (7) 
dx   t.  dx       dy       dz  )  ^  ' 

where  as  usual 

V'  =  d^ldx""  +  d'^/dy'^  +  d^ld^". 

In  (7)  and  the  similar  equations  in  g  and  h  there  is  involved 
no    assumption   as    to    the  homogeneity  or   isotropy  of  the 
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dielectric  medium.     If,  however,  these  conditions  are  fulfilled, 

^  +  ^9  +  1^=0 
dx       dy       dz         ' 

P,  Q,  R  beinnr  proportional  to/,  rj,  h  ;  and  the  equations  then 
assume  a  specially  simple  form. 

The  boundary  conditions  which  must  be  satisfied  at  the 
transition  from  one  homogeneous  medium  to  another  are  ob- 
tiiined  without  ditheulty  from  the  ditferential  ecpiations.  We 
will  suppose  that  the  surface  of  transition  is  the  plane  .'c  =  0. 
The  first  condition  follows  immediately  from  (2).  It  is  that 
/must  he  continuous  across  the  surface  ^=0.  Equation  (7) 
shows  that  dQ/dy  +  dR/dz  must  be  continuous.  From  the 
similar  equation  in  g,  viz.  : — 

.    d^g  _    d  da d  dc 

dt^      dz  dt      dx  dt 

we  see  not  only  that  dcjdt,  or  c,  must  be  continuous,  but  also 
that  Q  must  be  continuous.  In  like  manner  from  the  corre- 
sponding equation  in  A  it  follows  that  R  and  h  must  be  con- 
tinuous. The  continuity  of  Q  and  R  secures  that  of  dQ/dy  + 
dli/dz  ;  so  that  it  is  sutficient  to  provide  for  the  continuity  of 
f,  (^,^,1,  c (A)* 

Isotropic  Reflexion. 

If  both  media  are  isotropic  the  problem  of  reflexion  of  plane 
waves  is  readily  solved.  When  the  electric  displacements  are 
perpendicular  to  the  plane  of  incidence  [xy),f  and  y  vanish, 
while  h  and  the  other  remaining  functions  are  independent  of  :r. 
The  only  boundary  conditions  requiring  attention  are  that  R 
and  h  should  be  continuous,  or  by  ((i)  that  R  and  dli/dx 
should  be  continuous.  This  leads,  as  is  well  known,  to 
Fresnel's  sine-formula  as  the  expression  for  the  reflected  wave. 

When  the  electric  displacements  are  in  the  plane  of  incidence, 
h=0,  and  (as  before)  all  the  remaining  functions  are  inde- 
pendent of  z.  As  an  introduction  to  the  more  difficult 
investigation  before  us,  it  may  be  well  to  give  a  sketch  of  the 
solution  for  this  case.     In  the  upper  medium  we  have  as  the 

•  Of  these  conditions  the  first  is  really  superfluous.  If  we  differentiate 
(7)  &c.  with  respect  to  x,  y,  z  respectively  and  add,  we  see  that  the  truth 
of  (2)  is  involved.  In  some  cases  it  would  shorten  the  analytical  expres- 
sions if  we  took  1',  Q,  R  as  fundamental  variables,  in  place  of/,  g.  h. 

R2 
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relation  between  force  and  displacement, 

P,  Q,R=47rV2(/,  i/,  h\     ....     (9) 
and  in  the  lower, 

P,  Q,  II=47rVi2(/,  g,  h),    ....  (10) 

V,  Vi  Loing  tlie  two  wave-velocities,  whoso  latio  oives  tlie 
refractive  index.  Since  h  =  i),  J{  =  0  ;  and  since  ]{  =  0, 
dF'dz  =  0,  it  follows  by  (6)  that  /.  =  0.  The  only  conditions 
(A)  requiring  further  consideration  are  thus  the  continuity 
of/,  Q  or  V^^,  and  c. 

As  the  expression  for  the  incident  wave  we  take 

f=Q  giipx+gy+ef)       g—  — pQ^px+qy+st)         ^       ^       .     (11) 

the  ratio  of  the  coefficients  being  determined  by  the  con- 
sideration that  the  directions/,  g,  h  and  ^>,  q,  r  are  perj)en- 
dicular  *,     In  like  manner  for  the  reflected  wave  we  have 

f=qffgi{-px+qy+st)^     g—p0l^A-pj-+g>/+i<n^      ^      ^    ^2) 

and  for  the  refracted  wave 

f=q0^e'^^^^^+'^\     (7=  — Pj  ^1  c'(/'i^+!?2'+«').      .(13) 

The  coefficient  of  y  is  the  same  for  all  the  waves,  since  their 
traces  on  the  plane  .r  =  0  must  move  together.  The  multi- 
pliers 6',  6i  determine  the  amplitudes  of  the  reflected  and 
refracted  waves,  and  may  be  regarded  as  the  quantities  whose 
expression  is  sought.  The  velocity  of  propagation  in  the 
first  medium  is  s/s/  {p^  +  <f),  so  that 

VM/  +  '/)=V,2(Pi'  +  /) (14) 

We  have  now  to  consider  the  boundary  conditions.  The 
continuity  of/  when  a^  =  0,  requires  that 

1  +  ^'-^,; (15) 

and  the  continuity  of  V^^  requires  that 

V>(l-6')=ViVi^, (IH) 

These  two  equations  suffice  I'or  the  determination  of  6',  Oy; 
and  we  may  infer  that  the  third  boundary  condition  is  sujier- 
fiuoiis.  It  is  easily  proved  to  be  so  ;  for  in  the  upper 
ipedium, 

^  =  ^-^  =  72/  H-  <^  I 
dt      dy       dx  I  dy      dx  J 

=  V'"^(l  +  &)  (p'  +  if)  tf'(?^+-^-'> 

*  lu  the  present  case  r=0. 
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when  x=-0.     In  the  lower  medium,  when  .f  =  0, 

so  that  by  (14)  the  continuity  of  dcjdt  leads  to  the  same  con- 
dition as  the  continuity  of/". 

The  usual  formula  for  the  reflected  "wave  is  readily  obtained 
from  (15),  (li)).  If  (/),  (^1  be  the  angles  of  incidence  and  re- 
fraction, 

ViVV2  =  sin-</)i/sin2</), 
P\Ip=  {Pi/'])-^{p/'j)  =cot  </>i/cot  (j) ; 
so  that 

l  —  0'_  sin-01  cot  (}>i  _  sin  20, 
1  +  ^       sin- (^  cot  0        sin  20 
Accordingly, 

^,^  sin  20  — sin  20i  _  tan  (0-0,)^  ,^^ 

sin  20  + sin  201       tau(0  +  0i)*     '     *     '    v     J 

The  insertion  of  this  value  of  d'  in  (12)  gives  the  expression 
for  the  reflected  wave  corresponding  to  the  incident  wave 
(11).  The  ratio  of  amplitudes  in  the  two  cases,  being  pro- 
portional to  ^^if^+p^),  is  represented  by  d'j  and  (17)  is  the 
well-known  tangent-formula  of  Fresnel. 

Propagation  in  a  Crystal. 

In  a  homogeneous  crystidline  medium,  the  relation  of  force 
to  strain  may  be  expressed 

P,  Q,  Il-47r(a,y,    h,%   CyVt)     .     .     .     (18) 

where  a^,  hi,  Ci  are  the  principal  wave-velocities.  We  hero 
suppose  that  the  axes  of  co-ordinates  are  chosen  so  as  to  bo 
parallel  to  the  princi[)al  axes  of  the  crystal.  The  introduction 
of  these  relations  into  (7),  &c.,  gives 

d'gldt''=h^\/'g-dUldyl,     .     .     .     .(19) 

d'hidt''  =  c^^V'h  -  dU/dz  ) 
where 

U  =  ay-df/dx  +  hi'dg/dy  +  Ci^dh/dz     .     .     .    (20) 

The  principal  jtroljlem  of  double  refraction  is  the  investiga- 
tion of  the  form  of  the  wave-surface.  By  means  of  (ID)  wo 
can  reaflily  determine  the  law  of  velocity  (V)  for  various  direc- 
tions of  wave-front  (/,  m,  ?}).     For  this  purpose  we  assume 

f,g,  h  =  {\,fi,  v).'-*-', (21) 
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where 

ai  =  lx  +  m^/  +  nz—Yt, (22) 

and  A=27rH-vvave  length.     In  accordance  with  (2)  we  must 
have 

lX-\-mfi  +  nv  =  0, (23) 

signifying  that  the   electric  displacement  is  in  the  plane  of 
the  wave-front.     If  we  now  write 

and  substitute  the  values  of/,  g,  h  from  (21)  in  (10)  wo  find 

X{Y^-ay')  =  ik-mo.  I,  &c., 
so  that  by  (23) 

"*"  V2_      /,  2  "*"  V72        ~2  =  0,        .        .        .        .     (24) 


V2_ai2       V^-^,2       y2_c^ 

which  is  Fresnel's  law  of  velocities,  leading  to  the  wave-sur- 
face discovered  by  him. 

Rejiexion  at  a  Tioin  Plane. 

We  are  now  prepared  for  the  consideration  of  our  special 
problem,  viz.,  the  reflexion  of  plane  waves  at  a  twin  surface 
of  a  crystal.  We  suppose  that  the  plane  of  separation  is  x  =  0, 
and  we  assume  that  there  is  a  plane  perpendicular  to  this 
(2  =  0),  with  respect  to  which  each  twin  is  symmetrical.  The 
only  difference  between  the  two  media  is  that  which  corre- 
S[)onds  to  a  rotation  through  180°  about  the  axis  of  a,  per- 
pendicular to  the  twin  plane. 

In  consequence  of  the  symmetry  the  axis  of  2:  is  a  principal 
axis  in  both  media  ;  but  the  axes  of  x  and  9/  are  not  principal 
axes.  For  the  relation  between  force  and  strain  in  the  first 
medium  we  may  take 

P=47r(A/+B^),    Q  =  47r(B/+C^),    R=477DA.  .  (25) 

In  the  second  medium  we  may  in  the  first  instance  assume 
similar  expressions  with  accented  letters  ;  but  the  peculiar 
relation  between  the  two  media  demands  that  A'  =  A,  C'=C, 
D'  =  D,  B'=  —  B.     Thus  for  the  second  twin  medium, 

P=47r(A/-B^),    Q  =  47r(-B/+C^),    R  =  47rD/i,   .  (2(5) 

the  only  difference  being  the  change  in  the  sign  of  B.  If  B 
vanish,  all  o^jfical  distinction  between  the  twins  disappears, 
and  there  can  be  no  reflexion.  The  magnitude  of  B  depends 
u})on  the  intensity  of  the  double  refraction  in  the  twins,  and 
also  upon  the  angles  between  the  principal  axes  and  the  twin 
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piano.  If  one  of  these  angles  were  to  vanish,  B  would  dis- 
appear, in  spite  of  a  powerful  double  refraction. 

For  a  general  solution  of  the  problem  of  reflexion  from  a 
twin  plane,  we  should  have  to  suppose  the  plane  of  incidence 
to  be  inclined  at  an  arbitrary  angle  to  the  plane  of  symmetry 
(x,y)  ;  but  we  may  limit  ourselves  without  much  loss  of 
interest  to  the  two  principal  cases,  when  the  plane  of  in- 
cidence (1)  coincides  with  the  plane  of  symmetry,  (2)  is 
perpendicular  to  it. 

Incidence  in  the  Plane  of  Symmetry. 

Under  the  first  head  there  are  two  problems  which  may  be 
considered  separately.  The  simplest  is  that  which  arises 
when  the  vibrations  are  perpendicular  to  the  plane  of  inci- 
dence, that  is,  are  parallel  to  z.  It  is  not  difficult  to  see 
that  in  this  case  the  difference  between  the  twins  never  comes 
into  operation,  and  that  accordingly  the  reflexion  vanishes  ; 
but  it  may  be  well  to  apply  the  general  method. 

Since/',  ^7,  and  therefore  [by  [2')),  (2(J)]  P  and  Q,  vanish 
throughout,  while  A  and  R  are  indcj)endent  oi  z,  the  two  first 
of  equations  (7)  are  satisfied  identically,  and  the  third  becomes 

dt^       dx^         dy"^^ 
or  by  (25) 

d^h      j.(dVt^dNi\  .... 

lu-  =  ^\d?^W^J ^^'^ 

This  equation  applies  to  both  media,  since  there  is  no  change 
in  the  value  of  D.  Thus,  so  far  as  the  equations  to  be 
satisfied  in  the  interior  are  concerned,  the  incident  wave  may 
be  supposed  to  continue  its  course  without  alteration. 

It  is  equally  evident  that  the  general  boundary  conditions 
are  also  satisfied.  For/,  Q,  c  vanish  throughout,  and  hy  ((>) 
the  continuity  of  II  and  h  merely  requires  the  continuity  of 
h  and  dlijdx.  Since  all  the  conditions  are  satisfied  by 
sup[)Osing  the  incident  wave  to  pass  on  without  alteration,  it 
is  clear  that  there;  can  be  no  reflected  wave. 

We  have  next  to  consider  the  case  when  the  vibrations  are 
executed  in  the  plane  of  incidence,  so  that  h  vanish(;s,  while 
(as  before)  all  the  remaining  functions  are  independent  of  z. 
On  account  of  the  symmetry  there  can  be  but  one  reflected 
and  but  one  refracted  wave,  and  in  each  h  must  vanish.  We 
may,  therefore,  take  the  following  expressions  as  applicable  to 
the  various  waves  : — 
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Incident  icave  : 

satisfying 

Reflected  wave  : 

f=gff(.i{p'^+qy+st)^    ^=  _y^'gKA+!i/+«0     ,     .     (20) 

Refracted  wave  : 

The  coefficient  of  the  time  (.v)  is  necessarily  the  same 
throughout  on  account  of  the  periodicity  ;  and  the  coefficient 
of  y  is  the  same,  since  the  traces  of  all  three  waves  upon  the 
plane  of  separation  a;  =  0  must  move  together.  The  relations 
between  p,  q,  s  ;  //,  g,  s  ;  p^,  q,  s  are  to  be  obtained  by  sub- 
stitution in  the  diffi;rential  equations.  Of  these  the  equation 
in  h  is  satisfied  identically,  since  11  =  0.  The  other  equations 
for  the  upper  medium  are  by  (7),  (8),  (25), 

f=J(A/+B,)-_^^^(B/+C,), 

These  must  be  satisfied  by  the  incident  and  reflected  waves. 
On  substitution  we  find  that  both  equations  lead  to  the  same 
conditions,  viz.  : — 

s''  =  kq^-2'Qpq  +  Gf,      ....     (31) 

a  quadratic  eqnation  of  which  the  two  roots  give  p  and  p)'  in 
terms  of  q  and  5. 

In  the  second  medium  we  get  in  like  manner  for  the  re- 
fracted wave 

s'^  =  Kq^  +  ^Bp,q  +  Gp^\     ....      (32) 

the  sign  of  B  being  changed.  Equating  the  two  values  of  4'-, 
we  find 

C(p>^-P,^)=mi{p+p,), 

or  Qi  {p  —  p-i)=2V>q (33) 

We  have  now  to  consider  the  boundary  conditions  (A).  The 
functions  R  and  h  vanish  throughout ;  but  it  remains  to  ])ro- 
vide  for  the  continuit}'-  of/,  Q,  and  c,  when  a*  =  0.  The  first 
of  these  conditions  gives  at  once 

i  +  e'=e, (34) 

Again,  the  continuity  of  Q,  equal   to  B/+C^  in  the  first 
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medium,  and  to  —  By'+C^  in  the  second,  gives 

-Qq-Qp  +  ff  [^q-Q.p')=-e,{^q  +  Gp,).   .      .      (35) 

The  continuity  of  c  leads,  when  reoard  is  paid  to  (31),  (32), 
merely  to  tlio  re])etition  of  the  condition  (34). 
If  we  eliminate  6i  between  (34),  (35),  we  tind 

ff{2Bq-Qp' -Gp^}  =  C{p-p,)-':iBq  =  0   by  (33). 

Hence  6'  vanishes.  Neither  in  this  case,  nor  when  the  vibra- 
tions are  perpendicular  to  the  plane  of  incidence,  is  there  any 
reflexion  of  light  incident  in  the  plane  of  symmetry.  And 
this  conclusion  may  of  course  be  extended  to  natural  light, 
and  to  light  plane  or  elliptically  polarized  in  any  way 
whatever. 

Plane  of  Incidence  perpendicular  to  that  of  Symmetry. 

We  have  now  to  consider  the  case  when  the  plane  of  inci- 
dence is  the  plane  y  =  0,  perpendicular  to  that  of  symmetry. 
Here/,  g,  h  are  all  finite,  but  they  (as  well  as  P,  Q,  R.  &c.) 
are  independent  of  the  coordinate  y.  The  problem  is  more 
complicated  than  when  the  plane  of  incidence  coincides  with 
that  of  symmetry,  because  an  incident  wave  is  here  attended 
by  tico  reflected  waves,  and  two  refracted  waves. 

The  equation  of  the  incident  wave  in  the  upper  medium 
may  be  expressed 

or,  since  by  (2)  X/j  +  v?'  =  0, 

f,y,h={r,fM,-p)e'^P-+'-^+^'\      .     .     .     (3G) 

The  differential  equations  to  be  satisfied  in  the  upper  medium 
assume  the  form 

d^f       d^  d^ 

i  =  <5^.(A/+B,)-^.(D/4, 

If  we  substitute  for  /,  (/,  h  from  (3(1),  the  first  and  third 
equations  give 

52  =  r(A?'  +  B/x)+/2D,     ....     (37) 

and  the  second  equation  gives 

/ii.s'2=(^/  +  r2)(B/-  +  C» (38) 
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These  two  equntions  determine  p  and  /a,  when  r,  s  are  given. 
Since  the  elimination  of  /i  leads  to  a  quadratic  in  jy^,  it  is 
evident  tliat  there  are  four  admissible  values  +Pi,  ±p2,  corre- 
sponding to  waves  of  given  periodicity,  whose  trace  on  the 
plane  of  separation  moves  with  a  given  velocity.  Of  these 
two  (say  with  the  +  sign)  are  waves  a[)proaching  the  surface, 
and  two  are  waves  receding  from  it.  If  we  limit  ourselves  to 
a  single  incident  wave  (  +  7>i),  we  shall  have  still  to  take  into 
account  two  reflected  waves  corresponding  to  — /?i, — p2.  The 
equations  show  that  the  value  of  fju  is  the  same  whether  p  he 
positive  or  negative  ;  we  shall  suppose  that  //^  corresponds  to 

±  pi,    yUo  to   ±p2. 

In  a})plying  the  equations  to  the  second  medium  we  have 
to  change  the  sign  of  B  ;  and  it  is  evident  that  they  are 
satisfied  by  the  same  values  of  j)  as  before,  and  that  the  pre- 
ceding values  of  /i  are  to  be  taken  negatively.  Hence  in  the 
second  medium  — yu-i  corresponds  to  +pi, — /^g  to  +p2-  For 
the  purposes  of  our  present  problem,  where  there  is  no 
incident  wave  in  the  second  medium,  we  are  concerned  only 
with  +  p^  and  +  p^- 

The  com[)lete  specification  of  the  system  of  waves  corre- 
sponding to  a  single  incident  wave  (jh)  hi  the  first  medium  is 
thus : — 
Incident  loave  : 

f,0,h  =  {r,tx,-p,)(d,e^^P^^^r^^^'^;   .     .     .     (39) 

Tioo  reflected  reaves  : 

f,  9,  ^^=i'',  /^i;  2h)  ^V(-/'.-^+-+*') 

+  {r,  /*o,  7^2)  0"c'(-P-^+^'+''^  ;         .      .      (40) 

Two  refracted  *  ivaves  : 

f,  <j,  h={r,-fi„-2H)  ^,,'W+-+*0 

+  (r,-/.o,-;^2)  (92e*'(^-^+-+*').       .     .     (41) 

The  next  step  is  the  introduction  of  the  boundary  con- 
ditions (A).     The  continuity  of/ requires  that 

e^^e'+e"=e,+e2 (42) 

The  continuity  of  li,  or  DIi,  or  h,  gives  with  equal  facility- 

P,e,-p,d'-p2d"=pA+pA'    •    .    .    m 

Again,   the   continuity  of  Q,   equal   to  ^f+Cg  in  the  first 

*  It  should  be  noticed  that  one  of  the  refracted  waves  is  not  refracted 
in  the  literal  sense,  being  parallel  to  the  incident  wave. 
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medium  ami  to  —  B/+C(/  in  the  second,  gives 

(Br  +  C/ii)0i  +  (B;-  +  GiJi,)d'  +  (Br  +  C/^o)^" 

=  -(Br  +  C>0^i-(Br  +  C/.2)6'2.     .     .     (44) 

The  continuity  of  h,  or  dbjdt,  or  by  (6)  dR/cLv—d'P/d.:,  is 
found,  Avhen  regard  is  paid  to  (o7j,  to  be  ah-eadj  secured  by 
(42)  ;  and  we  have  only  further  to  consider  the  continuity  of 
dcfdt,  or  by  (6)  of  dQ,/dx,  since  P  is  here  independent  of  y. 
Thus 

^;i(B>-  +  C>,)(=)i-/^;(B/-  +  C/^0^'-i'2(B;'  +  Cy^2)^" 

=  -p,(Br  +  Cfi,)d,^P2{Br  +  C,j.,)e,.     .     .      (45) 

The  coefficients  which  occur  in  (44),  (45)  may  be  expressed 
more  briefly  in  terms  of  the  velocities  of  the  various  waves. 
For 

Y^'  =  ,-7(/  +  ;-), (4(5) 

and  thus  by  (38), 

Br+C^,  =  fi,Y,',     Br-^Gfi,  =  fj^,Y^'.     .     .     (47) 
Setting  now 

the  four  equations  of  condition  take  the  form 

Si  +  d'  +  d"     =    e,  +  e., 

^^  +  6'  + ad"     =-e,-a6 

If  we  equate  the  values  of  ^i,  6.2  obtained  from  the  first  and 
second  pairs  of  equations  (48),  we  find 

(^+1)^/4.(^+1)^^  =  0,  -^ 

(^-l)0i  +  (CT+l)^'  +  <c7  +  l;^''  =  u,  J    '  '  ^'^ 

and  from  these  again 


\     '     '     '     (iS) 


(■G7  —  a)  (ta-cr  —  1)' 
(<r  +  l)(^-l)0i 


(50) 
(51) 


(•CT  —  (t)  (too-  —  1) 

by  which  the  two  reflected  waves  are  determined. 

These  reflected  waves  correspond  to  the  incident  wave 
(®ij  pi^  /^i)>  '"i^  it  's  the  wave  6'  which  is  reflected  according 
to  the  ordinary  law.  If  there  be  a  second  incident  wave 
(S2,  p2,  JJ-2)j  tbe  corresponding  refl<'ct('d  waves  are  to  b(!  found 
from  (oOj,  (51)  by  interchanging  6',  6",  and  by  writing  for 
cr,  a  the  reciprocals  of  these  ratios.     If  both  incident  waves 


]//_  "^""1 
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coexist, 

It  will  \w  observed  that  although  the  fronts  of  the  two  inci- 
(RMit  waves  ^i,  (^2  'ii'Q  i^ot  ])arallol,  they  are  the  waves  that 
would  be  generated  by  the  doul)le  refraction  of  a  single  wave 
incident  from  an  isotropic  niediiini  upon  a  face  of  the  crystal 
jjarahel  to  the  twin  plane. 

Doubly  Refracting  Power'  small. 

Thus  far  our  equations  are  general.  But  the  interpretation 
will  be  very  much  facilitated  if  we  introduce  a  supposition, 
which  does  not  deviate  far  from  the  reality  of  nature,  viz.  that 
the  doubly  refracting  energy  is  comparatively  small.  There 
is  no  new  limitation  U[)on  the  direction  of  the  principal  axes 
relatively  to  those  of  coordinates,  but  we  assume  that  A,  C,  D 
are  nearly  equal,  and  that  B  is  small.  We  may  imagine  the 
two  twin  crystals  to  be  bounded  by  faces  parallel  to  the  twin 
face,  and  to  be  embedded  in  an  isotropic  medium  of  nearly 
similar  optical  power.  Under  these  circumstances  p^,  p2\ 
Vi,  Vg  are  nearly  equal,  so  that  approximately  -sr^  1,  a^/uL^/fMi ; 
and  we  may  write  (52),  (53)  in  the  form 

^"=r7?^^jM/-i  +  /^2)0i  +  2^i/.,0.!-.    .    .     (55) 
P\.H-2—H'\i 

It  should  be  remarked  that  the  intensities  of  the  waves  repre- 
sented by  ©1  &c.  are  not  simply  proportional  to  ©i^,  &c. 
Referring  to  (3f)),  (40),  we  see  that  the  intensitv  of  Bj,  6'  is 
measured  by  (r^  +  ^s^^  2x/@  2   Qf2y^  ^^^j  tj^.^j.  ^f  q     qu  ^ 

(r■^+J.2  +  ^vO(02^^"-^). 

Plate  hounded  hy  Surfaces  parallel  to  Twin  Plane. 
Let  us  now  regard  the  waves  ©1,  ©2  ^^  due  to  the  passage 
into  the  crystal  of  waves  from  an  isotropic  meilium,  under 
such  conditions  (of  gradual  transition,  if  necessarv)  that 
there  is  no  loss  by  reflexion.  The  interface  is  supposed  to 
be  ])arallel  to  the  twin  reflecting  plane,  and  the  optical  power 
to  be  so  nearly  ecpial  to  that  of  the  crystal  that  the  refraction 
is  negligible.     Tlien,  if  the  vibration  parallel  to  y   (perpen- 
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dicular  to  the  plane  of  ineidonce)  be  M,  ami  lliat  in  plane  of 
incidence  be  N,  wo  have 

M  =  ;xi0i  +  /i202, (50) 

N=V(/  +  7-^){0i  +  02f.      .     .     .     (57) 

In  like  manner,  if  the  vibrations  of  the  enieroent  reflected 
wave  perpendicular  and  parallel  to  the  plane  of  incidence  be 

w=lx,e'+^l,e", (58) 

W=s/{p-  +  r')\e'  +  6"\.      .     .     .     (59) 

If  we  are  prepared  to  push  to  an  extreme  our  supposition  as 
to  the  smallness  of  the  doubly  refractincr  power,  ©,  6  in  these 
equations  may  be  identified  with  the  corresponding  quantities 
in  (54),  (55)  ;  for  a  retardation  of  phase  in  crossing  and 
recrossing  tbe  stratum  alike  for  all  the  leaves  might  l)e  ilis- 
regarded.  We  shall  presently  return  to  this  question  ;  but 
we  will  in  the  meantime  trace  out  the  consequences  which 
ensue  when  the  double  refraction,  if  not  extremely  small  in 
itself,  is  at  least  so  small  in  relation  to  the  distances  through 
which  it  acts  (the  thickness  of  the  stratum),  that  the  relative 
changes  of  phase  may  be  neglected.     Then 

"    /</^i-/^2)      ^^ip'  +  r'y       '     '     '     ^'"^^ 

^.=  (p.-P.Y(F+f)M 

/A/*2-/*i)  ^      ^ 

AVe  have  now  to  introduce  certain  relations  derived  from 
(37),  (ob).     B}'  elimination  of  s,  we  get 

Br./.2  +  ^j(A-C)r-^+(D-C)p2}_Br(/  +  ,.-)=0.  .  (G2) 

If  we  here  disregard  the  difference  between  p^  andp^,  we  may 
treat  it  as  a  quadratic,  l)y  which  the  two  values  of  /u,  are 
determined  ;  and  it  follows  that 

-f^if^2=p'  +  r' (63) 

"We  might  have  arrived  at  this  conclusion  more  quickly  from 
the  consideration  that  in  the  limit  the  two  directions  of  dis- 
placement {r,/Mi,pi),  {r,fi2,p2)  in  the  reflected  waves  must 
be  perpendicular  to  one  another. 

Again,  from  the  general  equation  (37)  we  see  that 

Br{f.,-fx.;)  +  {p,'-l,,')D  =  0, 
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whence  approximately, 

(64) 


P-2-p\  _  ^-B 


Introducing  these  relations  inlo  (60),  ('>1),  we  find 

^^J--  2/D  '     .     .     .     loo; 

^._      .Vf/  +  r^).B.M 

2/D        .    •   •   •   i^^; 

These  equations  indicate  that  the  int(nisity  of  the  reflected 
light  (M'^  +  N'-)  is  proj)ortional  to  that  of  the  incident,  with- 
out regard  to  the  polarization  of  the  latter.  Again,  if  the 
incident  light  be  un})olarized  (M  and  N  equal,  and  without 
])ernianent  phase  relation),  so  also  is  the  reflected  light.  But 
what  is  more  surprising  is,  that  if  the  incident  light  be 
polarized  in  or  perpendicular  to  the  plane  of  incidence,  the 
reflected  light  is  ])olarized  in  the  ojypomte  mam\er. 

The  intensity  of  reflexion  may  be  expressed  in  terms  of  the 
angle  of  incidence  <^,  for 

Pi  \/  (i^"  +  ?^)  =  cos  <^,     rj  V  (j)^  +  7'")  =  sin  0, 
so  that 

,M"+N''=^i^/«^+N^)-    •  •  •  («^) 

When  the  angle  of  incidence  is  small,  the  intensity  is  propor- 
tional to  its  s([uare.  And_,  as  was  to  be  expected,  the  reflexion 
is  ])roportional  to  B^. 

The  laws  here  arrived  at  are  liable  to  modification  when,  as 
must  usually  happen  in  practice,  the  thickness  of  the  plate 
cannot  be  neglected.  The  incident  light,  on  its  way  to  the 
twin  surface,  and  the  reflected  light  on  its  way  back,  is  sub- 
ject to  a  depolarizing  influence,  Avhich  in  most  cases  compli- 
cates the  relation  between  the  polarizations  of  the  light  before 
entering  and  alter  leaving  the  crystal.  One  law,  however, 
remains  unaffected.  If  the  light  impinging  upon  the  crystal 
be  unpolarized,  it  retains  this  character  upon  ari'iAal  at  the 
twin^face.  We  have  shown  that  it  does  not  lose  it  in  the  act 
of  reflexion,  neither  can  it  lose  it  in  the  return  passage  after 
reflexion.  Hence,  if  the  light  originally  incident  upon  the 
layer  of  crystal  be  unpolarized,  so  is  the  reflected  light  ulti- 
mately emergent  from  it. 
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If,  on  the  other  hand,  the  incident  hght  he  polarized, 
whether  plane  or  elliptically,  the  character  of  the  enierg(mt 
light  nnist  dejiend  upon  the  precise  thickness  of  the  crystalline 
hiyer,  and  will  vary  raj)idly  from  one  jiart  of  the  spectrum  to 
another.  The  simplest  case  that  we  can  consider  is  wIkmi  the 
polarization  of  the  incident  rays  is  such  that  one  or  other  of 
©,.  (-\>  vanish.  "We  ^vill  siqipose  that  it  is  ©2  J  so  that  after 
reflexion, 

Intensity  of  ^^  _p^-\-r'' +  ^l^\  6'^ 

Intensity  of  6"  ~  p^  +  ?  +  /x^" '  d"'^ 

by  (54),  (55).  This  is  the  ratio  of  intensities  that  would  Ije 
observed  with  an  analyzing  nicol  lield  so  as  to  retain  in  suc- 
cession 6'  and  6'\  If  the  crystalline  layer  be  moderately 
thick,  and  the  light  be  of  mixed  waA'e-lengths,  there  will  be 
no  interference  observable  between  6'  and  6'',  and  thus  the 
ratio  just  found  is  the  extreme  ratio  of  intensities.  By  means 
of  {62)  we  may  exjiress  it  in  terms  of  the  angle  of  incidence 
(0),  and  of  the  fundamental  optical  constants  of  the  crystal. 
Thus 


IC/.. 


i  +  H-ifj 


B  sin  <j> 
(A-C)sin2</)  +  (D-C)cos2<^* 


((51)) 


This  expression  shows  that  in  general  the  emergent  light  will 
be  fully  polarized  only  when  cf)  is  very  small.  In  this  case 
we  virtually  fall  back  upon  our  original  investigation  where 
the  thickness  of  the  layer  was  neglected.  Since  only  0j  is 
present,  there  is  no  depolarization  in  the  first  passage  ;  and 
when  ^  =  0  there  is  no  de])olarization  u])()n  the  return  passage 
in  consequence  of  the  disappearance  of  6^.  The  polarizations 
corresponding  in  this  case  to  0,,  ©2  are  obviously  those  in 
and  perj)endicular  to  the  plane  of  incidence  ;  and  we  learn 
that,  ic/wn  the  angle  of  hicidence  is  small,  polarizations  in  and 
per])endicular  to  the  ])lane  of  incidence  are  reversed  in  the 
reflected  ray.  If  the  incident  ray  be  polarized  in  other  direc- 
tions than  these,  the  reflected  ray  is  in  general  not  fully 
polarized,  even  though  the  angle  of  incidence  be  small. 
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XXVI.  On  the  Bcmarhnhle  Phenomenon  of  Crystnlline  Re- 
flexion deHcvibed  by  Prof.  Stokes.  By  Lord  Kayleigh, 
Sec.  R.S* 

ri^^lIE  plienomenon  in  question  is  that  exliibited  hj  certain 
JL  crystals  of  chlorate  of  ])otasli,  consisting  of  a  peculiar 
internal  coloured  reflexion.  The  following,  stated  very 
Lriefly,  are  its  leading  features  as  described  by  Stokes  f  : — 

(1)  If  one  of  the  crystalline  plates  be  turned  round  in  its 
own  plane,  without  alteration  of  the  angle  of  incidence,  the 
peculiar  reflexion  vanishes  twice  in  a  revolution,  viz.  when 
the  plane  of  incidence  coincides  with  the  plane  of  symmetry 
of  the  crystal. 

(2)  As  the  angle  of  incidence  is  increased  the  reflected 
light  becomes  brighter  and  rises  in  refrangibility. 

(o)  The  colours  are  not  due  to  absorption,  the  transmitted 
hght  being  strictly  com])lementary  to  the  reflected. 

(4)  The  coloured  light  is  not  polarized.  It  is  produced 
indili'erently  whether  the  incident  light  be  common  hght  or 
light  polarized  in  any  plane,  and  is  seen  whether  the  reflected 
light  be  viewed  directly  or  through  a  Nicol's  prism  turned  in 
any  way. 

(5)  The  spectrum  of  the  reflected  light  is  frequently  found 
to  consist  almost  entirely  of  a  comparatively  narrow  band. 
When  the  angle  of  incidence  is  increased,  the  band  moves 
in  the  direction  of  increasing  refrangibility,  and  at  the  same 
time  increases  rapidly  in  width.  In  many  cases  the  reflexion 
aj)])ears  to  be  almost  total. 

Prof.  Stokes  has  pioved  that  the  seat  of  the  colour  is  a 
narrow  layer,  about  a  thousandth  of  an  inch  in  thickness,  in 
the  interior  of  the  crystal  ;  and  he  gives  reasons  for  regarding 
this  layer  as  a  twin  stratum.  But  the  phenomenon  remains 
a  mystery.  "  It  is  certainly  very  extraordinary  and  para- 
doxical that  lioht  should  sufl'er  total  or  all  but  total  reflexion 
at  a  transparent  stratum  of  the  very  same  substance,  merely 
differing  in  orientation,  in  which  the  hght  had  been  travelling, 
and  that,  independently  of  its  polarization." 

From  the  first  reading  of  Prof.  Stokes^s  paper,  I  have  been 
much  impressed  with  the  difficulty  so  clearly  set  forth.  It 
seemed  impossible  that  a  combination  of  two  surfaces  merely 
could  determine  either  so  copious  or  so  highly  selected  a 
reflexion.  If  light  of  a  particular  wave-length  is  almost 
totally  reflected,  what  hinders  the  reflexion  when  the  wave- 

*  Coiimmnicated  by  the  Author, 
t  Proc.  lioy.  Soc.  Feb.  iSSo. 
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longtli  is  altered,  say,  by  one  twentieth  })art  ?  Such  a  result 
may  arise  from  the  interference  of  two  streams  imder  a 
relative  retardation  of  many  })eriods ;  hut  in  that  case  there 
are  necessarily  a  whole  series  of  wave-lengths  all  e<[uallv 
eifective.  The  prism  should  reveal  a  number  of  bright 
bauds  and  not  merely  a  single  band.  The  selection  of  a 
particular  wave-length  reminds  one  rather  of  what  takes 
place  in  gratings  ;  and  I  was  from  the  first  inclined  to  attri- 
bute the  colours  to  a  periodic  structure,  in  which  the  twins 
alternate  a  large  number  of  times.  Such  a  view  explains 
not  only  the  high  degree  of  selection,  but  also  the  copious- 
ness of  the  reflexion. 

Partly  with  a  view  to  this  question,  I  have  discussed  in  a 
recent  paper*  the  propagation  of  waves  in  an  infinite  lan)i- 
nated  medium  (where,  however,  the  properties  are  supposed  to 
vary  continuously  according  to  the  harmonic  law),  and  have 
shown  that,  however  slight  the  variation,  reflexion  is  ultimately 
total,  provided  the  agreement  be  sufticiently  close  between 
the  wave-length  of  the  structure  and  the  half  wave-length 
of  the  vibration.  The  number  of  alternations  of  structure 
necessary  in  order  to  secure  a  practically  perfect  reflexion 
will  evidently  depend  upon  the  other  circumstances  of  the 
case.  If  the  variation  be  slight,  so  that  a  single  re- 
flexion is  but  feeble,  a  large  numlier  of  alternations  are 
necessary  for  the  full  efl'ect,  and  a  correspondingly  accurate 
adjustment  of  wave-lengths  is  then  required.  If  the  variation 
be  greater,  or  act  to  better  advantage,  so  that  a  single 
reflexion  is  more  powerful,  there  is  no  need  to  multiply  so 
greatly  the  number  of  alternations;  and  at  the  same  time  the 
demand  for  precision  of  adjustment  becomes  less  exacting. 
The  ap})lication  of  this  })rinciple  to  the  case  of  an  actual 
crystal,  supposed  to  include  a  given  number  of  alternations, 
presents  no  difficulty.  At  perjiendicular  incidence  symmetry 
requires  (and  observation  verifies)  that  the  reflexion  vanish  ; 
but,  as  the  angle  of  incidence  increases,  a  transition  from  one 
twin  to  the  other  becomes  more  and  more  capable  of  causing 
reflexion.     Hence  if  the  number  of  alternations  be  large,  the  |    i 

s])ectrum  of  the  reflected  light  is  at  first  liyiited  to  a  narrow 
band  (whose  width  determines  in  fact  the  number  of  alterna- 
tions). As  the  angle  of  incidence  increases,  the  reflexion  at 
the  centre  soon  becomes  sensibly  total,  and  at  the  same  time 

*  "  On  the  Maintenance  of  Vibrations  by  Forces  of  Double  Frequency, 
and  on  the  Propagation  of  Waves  through  a  Medium  endowed  with  a 
Periodic  Structure,"  Phil.  Mag.  Aug.  Ibb7. 
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the  band  begins  to  widen  *,  in  consequence  of  the  less  precise 
adjustment  of  wave-lengths  now  necessary.  At  higher 
angles  the  reflexion  may  be  sensibly  total  over  a  band  of 
considerable  width.  All  this  agrees  precisely  with  Prof. 
Stokes^s  description  of  the  case  considered  by  him  to  be  tyj)ical. 
The  movement  of  the  band  towards  the  blue  end  of  the 
spectrum  is  to  be  attril)uted  to  the  increasing  obliquity  within 
the  crystal,  as  in  the  ordinary  theory  of  thin  plates. 

It  thus  appears  that  if  we  allow  ourselves  to  invent  a  suitable 
crystalline  structure,  there  need  be  no  difficulty  in  explaining 
the  vigour  and  purity  of  the  reflexion  ;  but  such  an  exercise 
of  ingenuity  is  of  little  avail  unless  we  can  at  the  same  time 
render  an  account  of  the  etiually  rcunarkable  circuuistances 
stated  in  (1)  and  (4).  When  the  incidence  is  in  the  plane  of 
symmetry,  no  reflexion  takes  place.  As  Prof.  Stokes  remarks, 
this  might  be  exj)ected  as  regards  light  polarized  in  the  ])lane 
of  synnnetry  ;  but  that  there  should  be  no  reflexion  of  the 
other  polarized  component  is  curious,  to  say  the  least.  Not 
less  remarkal)lo  is  it  that  vvhen  the  incidence  is  in  the  perpen- 
dicular ])lane,  the  reflected  light  should  show  no  signs  of 
polarization.  The  phenomenon  being  certainly  connected 
with  the  doubly  refracting  property,  we  should  naturally  have 
expected  the  contrary. 

The  investigation  of  the  reflexion  from  a  twin-plane,  con- 
tained in  the  preceding  paper  (pp.  246  et  seqq.),  shows,  however, 
that  the  acitually  observed  results  are  in  conlormity  with  theory. 
In  the  phme  of  symmetry  there  should  be  no  reflexion  of 
either  polarized  component,  at  least  to  the  same  degree  of 
approximation  as  is  attained  in  Fi-esnel's  w^ell-known  formulae 
for  isotropic  reflexion.  As  regards  light  reflected  in  the 
perpendicular  plane,  theory  indicates  that  if  the  incident  light 
be  unpolarized,  so  also  will  be  the  reflected  light.  Again, 
the  intensity  of  the  (unanalyzed)  reflected  light  should  be 
independent  of  the  polarization  of  the  incident.  So  far  there 
is  complete  agreement  with  the  observations  of  Prof.  Stokes. 
But  there  is  a  further  jieculiarity  to  be  noticed.  Theory 
shows  that  in  the  act  of  reflexion  at  a  twin  j^Iane,  the  jiolariza- 
tion  is  reversed.  -    If  the   incident  light  be  jiolarized   in  the 

*  It  should  be  observed  that  if  the  spectrum  be  a  prismatic  one,  there 
is  a  cause  of  wideuiug  which  must  be  regarded  as  purely  iustruineutal. 
According  to  Cauchy's  law  (/li  =  A-1-BX-^), 

so  that  if  the  ]\and  correspond  in  every  position  to  a  given  relative  range 
of  X,  its  appaient  width  (reckoned  as  proportional  to  6/x)  will  varj'  asX-2. 
lu  a  diiliacliou-spectrum  this  cause  of  widening  with  diminishing  X 
would  be  non-existent. 
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plane  of  iiu'iMonce,  the  reflected  light  is  polarized  in  the 
perpendicular  plane,  and  vice  versa.  When  I  first  obtained 
this  result,  I  thuught  it  applicahle  without  reservation  in  the 
actual  ex|)erinient,  and  on  trial  was  disapjiointed  to  find  that 
the  reflected  light  was  nearly  unpolarized,  even  -when  the 
incident  light  was  fully  polarized,  whether  in  the  plane  of 
incidence  or  in  the  per[)endicular  plane.  When,  however, 
the  ainile  of  incidence  was  diminis/ied, the  expected  ])hononienon 
was  observed,  provided  that  the  original  polarization  were  in, 
or  perpendicular  to,  the  plane  of  incidence.  If  the  original 
})olarization  were  oblitjue,  the  reflected  light  was  not  fully 
polarized,  even  though  the  angle  of  incidence  were  small"^. 

Further  consideration  appeared  to  show  that  the  loss  of 
polarization  usually  observed  could  be  explained  by  the  de- 
polarizing action  of  the  layer  of  crystal  through  which  the 
light  passes,  both  on  its  way  to  the  reflecting  plane  and  on  its 
return  therefrom.  As  is  shown  in  the  preceding  })aper, 
this  depolarizing  action  does  not  occur  when  the  angle  of 
incidence  is  small,  and  the  polarization  in,  or  perpendicular  to, 
the  j)lane  of  incidence.  It  seems  scarcely  too  much  to  say 
that  the  theory  not  only  explains  the  laws  laid  down  by  Stokes, 
but  also  predicts  a  very  peculiar  law  not  before  suspected f. 

The  theory,  as  so  far  developed,  is  indeed  limited  to  inci- 
dences in  the  two  principal  planes.  It  could  probably  be  treated 
more  generally  without  serious  difficulty  ;  but  there  seems 
no  reason  to  suppose  that  anything  very  distinctive  would 
emerge.  It  is  not  unlikely  that  the  intensity  would  prove  to 
be  proportional  to  the  square  of  the  sine  of  the  angle  between 
the  planes  of  incidence  and  of  symmetry.  If  this  theory 
be  accepted — and  I  see  no  reason  for  distrusting  it — the 
brilliant  reflexion  cannot  be  ex])lained  as  due  to  a  single 
twin  stratum.  The  simplest  case  which  we  can  consider 
is  when  the  angle  of  incidence  is   small  and  the  polarization 

•  »      .         .   1  rill  * 

in   or  jjerpendicular  to  the    plane    of  mcideuce.      iiiere    is 

*  "Whatever  the  angle  of  incidence,  the  arrangement  of  crossed  nicols 
may  sometimes  be  conveniently  applied  in  order  to  isolate  the  light  under 
investigation  from  that  retitcted  at  the  front  surface  of  the  crystalline 
plate.  In  the  observati(^ns  described  in  the  text  the  crystal  was  mounted 
with  Canada  baLam  between  thick  plates  of  glass,  so  that  there  was  no 
dithculty  in  observing  separately  the  various  reflexions.  At  small  angles 
of  incidence  the  coloured  image  is  at  its  brightest  when  the  analyzing 
nicol  is  so  turned  that  the  white  image  (reflected  from  the  glass)  vanishes, 
and  vice  ver^d,  the  incident  light  being  polarized  in,  or  perpendicularly  to, 
the  plaiie  of  incidence. 

t  The  wording  of  Prof,  Stokes's  description  is  perhaps  a  little  am- 
bi^ruous,  but  I  gather  that  he  did  not  examine  the  result  of  a  simultaneous 
operation  of  polarizer  and  analyser. 

S2 
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then  sensibly  hut  one  wave  reflected  at  the  first  twin  ]ilane. 
On  the  arrival  of  the  transmitted  wave  at  the  hinder  surface 
of  the  twin  stratum,  a  second  reflexion  ensues,  similar  to  the 
first,  exce])t  for  the  reversal  of  phase  due  to  the  altered 
circumstances.  The  relation  to  one  another  of  the  two 
reflect(!d  waves  is  exactly  the  same  as  in  the  ordinary  theory 
of  thin  plates,  and  does  not  appear  to  admit  of  the  produc- 
tion of  any  thin  <2;  unusual.  I  think  we  may  even  go  furtluT, 
and  conclude  that  in  conformity  with  our  theory  it  is  im- 
possible to  find  an  explanation  of  the  brilliant  and  highly 
selected  reflexion,  unless  upon  the  supposition  that  there  is  a 
roj)eated  alternation  of  structure. 

The  optical  evidence  in  favour  of  the  view  that  there  are 
a  large  number  of  twin  planes  thus  appears  to  be  very 
strong  ;  the  difliculty  is  rather  to  understand  how  such  a 
structure  can  originate.  And  yet  if  we  admit,  as  we  nuist, 
the  possibility  of  the  formation  of  one  twin  plane,  and  of  two 
twin  planes  at  a  very  small  distance  asunder*,  there  seems 
nothing  to  foi'bid  a  structure  regularly  periodic,  which  niay 
perhaps  be  due  to  causes  vibratory  in  their  nature. 

It  would  undoubtedly  be  far  more  satisfactory  to  be  able 
to  speak  of  the  periodic  structure  as  a  matter  of  direct 
obsei'vation,  and  it  is  to  be  desired  that  some  practised  micro- 
scopist  should  turn  his  attention  to  the  subject.  Ex  liypolliesi , 
we  could  not  expect  to  see  the  ruled  pattern  upon  a  section 
cut  perpendicularly  to  the  twin  planes,  as  it  woidd  lie  upon, 
or  beyond,  the  microscopic  limit.  I  have  tried  to  detect  it 
upon  a  surface  inclined  to  the  planes  at  a  very  small  angle, 
but  hitherto  without  success. 

In  the  absence  of  complete  evidence  it  is  proper  to  treat 
the  vi(!ws  here  put  forward  with  a  certain  reserve  ;  but  it  is 
perhaps  not  premature  to  consider  a  little  further  what  yivaj 
be  expected  to  result  from  a  structure  more  or  less  regular. 
If  the  periodicity  be  nearly  perfect,  the  bright  central  band 
in  the  s])ectrum  would  be  accompanied  by  subordinate  bands 
of  inferior  and  decreasino;  brilliancv.  If  the  angle  of  inci- 
dence  be  small,  so  that  the  aooreiiate  reflexion  is  but  feeble, 
each  stratum  may  be  considered  to  act  independently,  and 
the  various  reflected  waves  to  be  simply  superposed.  The  re- 
sultant intensity  will  depend  of  course  upon  the  phase 
relations.  At  the  centre  of  the  band  the  partial  reflexions 
agree  in  phase,  and  the  intensity  is  a  maximum.  As  we 
leave    this  point   in    either   direction,  the    phases    begin    to 

*  This  is  the  simplest  supposition  open  to  us,  when,  as  in  most  of  the 
colniired  crystals,  the  parts  ou  either  side  of  a  very  thin  hmiiua  are 
similarly  oriented. 
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separate.  When  the  alteration  of  wave-length  is  such  that 
the  phases  of  the  retlectecl  waves  rancre  over  a  complete  cycle, 
the  resultant  vanishes,  and  a  dark  band  a])pears  in  the 
spectrum.  The  same  thing  occurs  whenever  the  relative  re- 
tardation of  the  extreme  components  amounts  to  a  complete 
number  of  periods.  At  points  approximately  midway  between 
these,  the  resultant  is  a  maximum,  but  the  values  of  the 
successive  maxima  diminish*.  Near  the  central  band,  where 
(when  the  number  of  alternations  is  great)  a  considerable 
fraction  of  the  incident  light  is  reflected  by  the  system  of 
layers,  this  way  of  regarding  the  matter  may  cease  to  be  ap- 
])licable,  for  then  the  anterior  and  the  posterior  layers  act  under 
sensibly  difierent  conditions. 

Apart  from  the  magnitude  of  the  complete  linear  period, 
something  will  depend  upon  the  manner  in  which  it  is  divided 
between  the  twins.  The  most  favourable,  as  it  is  also  perhaps 
the  most  probable,  arrangement  is  that  in  which  the  thick- 
nesses are  equal.  In  that  case  every  partial  reflexion  may 
agree  in  phase.  If  the  thicknesses,  though  regular,  are 
unequal,  we  may  first  form  the  resultant  for  contiguous  pairs, 
and  then  consider  the  manner  in  which  the  partial  resultants 
aggregate. 

It  will  be  seen  that  even  if  the  thicknesses  of  the  twins 
are  e(pial,  there  are  still  two  ways  in  which  a  regularly  lami- 
nated crystal  may  vary,  as  comj)ared  with  the  single  kind  of 
variation  open  to  a  simple  twin  stratum.  These  are  the 
magnitude  of  the  linear  period,  and  the  number  of  periods. 
Comparison  of  a  number  of  coloured  crystals  t  seems  to 
favour  the  view  that  there  are  important  differences  of  con- 
stitution, even  when  the  colour  is  the  same  at  a  given  in- 
cidence. 

In  many  cases  the  appearances  are  such  as  to  suggest  that 
the  periodicity  is  imperfect.  A  little  irregularity  might  alter 
or  obliterate  the  subordinate  bands,  while  leaving  the  central 
band  practically  unaffected.  Sometimes  there  is  evidence  of 
two  or  more  distinct  periods,  each  sustained  through  a  nmnber 
of  alternations.  If  the  period  were  sul)ject  to  a  gradual 
change,  the  central  band  in  the  spectrum  of  the  reflected  light 
would  be  diffused,  even  at  small  angles  of  incidence.     The 

*  The  case  is  similar  to  that  of  the  dititvibution  of  brijijhtness  in  tho 
neighbourhood  of  a  ''  yjrincijjal  maximum,"  whtii  light  of  given  wave- 
length is  diffracted  by  a  grating. 

t  For  a  rich  collectiou  of  such  crystals  I  am  indebted  to  ISfr.  IMuspratt. 
He  informs  me  that,  though  the  result  of  a  second  ciystallization  iVom 
Comparatively  pure  liquids,  the  coloured  crystals  are  but  rarely  found 
when  the  chlorate  is  produced  by  the  maguesium  process. 
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mere  broadening  of  the  band  miorht  be  due  to  fewness  of 
alt(!rnations  ;  but  this  case  would  be  distinguished  from  the 
other  by  the  accompanying  feebleness  of  illumination. 

On  the  whole,  the  character  of  the  reflected  light  appears 
to  me  to  harmonize  generally  with  the  periodical  theory. 
One  objection,  liowever,  should  be  mentioned.  It  might  be 
supposed  that  the  total  number  of  twin  planes  was  as  likely 
to  be  odd  as  to  be  even.  In  the  former  case  the  layers  of 
crystal  on  either  side  of  the  thin  lamina  (which  is  the  seat  of 
the  colour)  would  be  of  opposite  orientations.  In  many  crys- 
tals the  character  of  the  twinning  is  difficult  of  observation, 
but  I  have  not  noticed  any  instance  of  brilliant  coloration 
answering  to  this  description.  So  far  as  it  goes  this  argument 
is  in  favour  of  the  simple  stratum  theory  ;  but,  in  view  of  our 
ignorance  as  to  how  the  twin  planes  originate,  it  can  hardly 
be  considered  decisive. 

I  have  also  examined  a  number  of  what  appeared  to  be 
simply  twinned  crystals,  kindly  sent  me  by  Mr.  Stanford,  of 
the  North  British  Chemical  Works.  The  light  reflected  from 
the  twin  plane  is  not  easily  observed  on  account  of  its  feeble 
character,  at  least  when,  as  in  the  experiments  now  referred 
to,  the  incidence  is  limited  by  the  requirement  that  the  light 
must  enter  the  crystal  at  a  face  parallel  to  the  twin  plane. 
Using,  however,  the  method  described  by  Prof.  Stokes  (§  13), 
I  was  enabled  to  separate  the  reflexions  at  the  twin  plane  from 
those  at  the  external  surfaces  of  the  crystal.  A  narrow  slit 
iulmitted  sunlight  into  the  dark  room,  and  was  focused  upon 
the  crystal  by  a  good  achromatic  object-glass*.  When  the 
obliquely  reflected  light  was  examined  with  a  hand  magnifier, 
a  ghost-like  image  corresponding  to  the  twin  plane  could 
usually  be  detected.  As  the  crystal  was  rotated  in  its  own 
plane,  this  image  vanished  twice  during  the  revolution. 

It  is  worthy  of  notice  that  there  is  an  evident  difl^erence 
both  in  the  briglitness  and  quality  of  the  reflected  light  ob- 
tained from  diflerent  crystals,  even  though  apparently  simply 
twinned.  This  suggests  that,  instead  of  a  single  twin  plane, 
there  may  sometimes  be  in  reality  3,  5,  or  a  higher  odd  num- 
ber of  such  in  close  juxtaj)Osition.  In  other  specimens, 
affording  similar  reflexions,  the  principal  thicknesses  on  either 
side  of  a  very  thin  layer  are  undoubtedly  of  the  same  kind, 
so  that  the  number  of  twin  planes  must  be  even.  Here, 
again,  the  reflected  light  exhibited  marked  differences,  when 
various  crystals  were  examined.  In  none  of  those  now 
referred  to  could  the  light  reflected  from  the  thin  layer  be 
observed  without  very  special  arrangements. 

*  I  did  not  succeed  in  my  first  trials  when  1  employed  a  common  lens. 
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In  these  experiments  the  h'ght  entered  and  left  the  crystal 
by  a  face  parallel  to  the  twin  planes.  In  one  specially  well- 
formed  and  apparently  simply  twinned  crystal  I  was  able  to 
observe  a  much  more  obli(|ue  reflexion  from  the  internal  sur- 
face or  surfaces.  The  li^ht  lu>re  entered  and  left  the  crystal 
by  cleava<2;e  taces  making  a  large  angle  with  the  reflecting 
planes,  and  thus  under  conditions  widely  different  from  those 
considered  hitherto,  and  in  the  latter  part  of  the  preceding 
theoretical  discussion.  Three  reflected  images  were  seen,  all 
completely  ])olarized  (the  original  light  being  unpolarized),two 
in  one  direction  and  the  third  in  the  oppositcMlirection.  These 
images  are  coloured,  and  present  tolerably  discontinuous 
spectra,  giving  rise  to  a  suspicion  that  the  twin  plane  is  not 
really  single.  These  observations  were  made  without  special 
arrangements  by  merely  examining  the  reflected  images  of  a 
candle-flame,  when  the  crystal  was  held  close  to  the  eye. 

I  have  made  many  exjieriments  on  the  crystallization  of 
chlorate  of  potash  in  the  ho[ie  of  tracing  the  genesis  of  the 
coloured  crystals,  but  without  decisive  results.  Besides  the 
usually  small  but  highly  coloured  crystals,  found  by  Stokes,  I 
have  obtained  many  largei*  ones  in  which  the  reflexion  is 
feebler  and  less  })ure.  These  appear  to  be  distinct  from  the 
exceedingly  thin  plates  which  at  the  early  stage  of  crystalliza- 
tion swim  about  in  the  solution.  Mounted  in  Canada  balsam 
the  crystals  in  question  show  colours  of  varying  degrees  of 
brightness  and  purity  ;  and  under  these  circumstances  the 
effect  can  hardly  be  due  to  the  action  of  the  external  surfaces 
(in  contact  with  the  balsam).  The  light  disappears  twice 
during  the  revohttion  of  the  plates  in  azimuth,  just  as  in  the 
case  of  the  more  highly  coloured  specimens.  It  seems  natural 
to  suppose  that  the  reflexion  takes  place  from  twin  surfaces 
relatively  few  in  number,  and  perhaps  less  regular  in  disjjo- 
sition.  Altogether  the  existence  of  these  crystals  favours  the 
view  that  fully  formed  colour  is  due  to  a  large  number  of 
regular  alternations. 

Some  interesting  observations  bearing  u])on  our  ])resont 
subject  have  been  recorded  by  j\Ir.  ^ladaii*^'.  Transparent 
crystals,  fre(^  from  twinning,  were  heated  on  an  iron  plate  to 
the  neighbourhoot!  of  the  fusion-point.  During  the  heating 
no  change  was  observable,  but  "when  the  temperature  had 
sunk  a  few  degrees  a  remarkable  change  spread  quickly  and 
quietly  over  the  crystal-plate  causing  it  to  reflect  light  almost 
as  brilliantly  as  if  a  film  of  silver  had  been  de[)ositeil  on  it." 
Subsequently    examined,    the    altered   crystals   are   found   to 

*  "  On  the  r^ffect  of  Heat  in   cli.infrinpr  the  Structiu-e   of  Crystals  of 
Potassium  Chlorate,"  '  Is'ature,'  May  2U,  i6s(j. 
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"  reflect  little  light  at  small  angles  of  incidence,  but  at  all 
angles  greater  than  about  10°  tiiey  reflect  light  with  a  bril- 
liancy which  shows  that  the  reflexion  must  be  almost  total. 

When  the  plate  is  turned  round  in  its  own  plane,  two 

positions  are  found,  differing  in  azimuth  by  180°,  in  which 
the  crystal  reflects  no  more  light  than  an  ordinary  crystal 
under  the  same  conditions.  In  these  easels  the  plane  of  inci- 
dence coincides  with  the  plane  of  crystallographic  symmetry.'* 
Mr.  Madan  worked  with  comparatively  thick  (1  millim.) 
plates,  from  which  the  associated  twin  had  been  removed  by 
grinding.  In  repeating  his  experiments  I  found  it  more  con- 
venient to  use  thin  plates,  such  as  may  be  obtained  without 
difliculty  from  crystallizations  upon  a  moderate  scale,  and 
which  appear  to  be  free  from  twinning'^.  There  seems  to  be 
little  doubt  that  the  altered  crystals  are  composed  of  twinned 
layers.  Except  in  respect  of  colour,  there  is  no  diflerence 
between  the  behaviour  of  these  crystals  and  that  of  the  bril- 
liantly iridescent  ones  described  by  Stokes.  If  light  be  inci- 
dent at  a  small  angle,  and  be  polarized  in  or  perpendicularly 
to  the  plane  of  incidence,  the  polarization  of  the  reflected 
light  is  the  opposite  to  that  of  the  incident. 

The  only  difference  that  I  should  sup])ose  to  exist  between 
the  constitution  of  these  crystals  and  that  of  the  iridescent 
ones  is,  that  in  the  former  case  the  alternations  are  irregular, 
and  also  probably  more  numerous.  Mr.  Madan  conceives 
that  there  are  actual  cavities  between  the  layers  in  the  heated 
crystals,  comparing  them  to  films  of  decomposed  glass  !• 
It  is,  however,  certain  that  no  closeness  of  contact  could  ob- 
viate the  optical  discontinuity  at  a  twin  plane;  and  there  is 
besides  a  marked  experimental  distinction  between  the  cases  in 
question.  It  is  easy  to  observe,  and  was,  I  think,  observed  by 
Brewster,  that  the  application  of  water  to  a  film  of  decom- 
posed glass  destroys  the  eflect.     The  water  insinuates  itself 

*  It  is  not  cleai"  why  composite  crystals  free  from  included  motlier- 
liquor  should  sutler  di-iruptioii  upon  heating.  A  line  drawn  on  the  twin 
plane  would  tend  to  expand  equally,  to  whichever  crystal  it  be  considered 
to  belong. 

t  "Although  a  large  amount  of  light  must  escape  reflexion  at  a  single 
cavity,  yet  if  the  transmitted  rays  encountered  a  large  number  of  precisely 
similar  and  similarly  situated  cavities  at  slightly  lower  levels  in  the 
crystil,  the  sum  of  the  partial  reflexions  would  produce  an  effect  almost 
equivalent  to  a  total  reflexion  of  the  original  incident  ray,  and  a  corre- 
sponding deficiency  in  the  amount  of  light  transmitted  through  the  whole 
plate.  The  brilliaucy  of  the  colours  in  the  light  reflected  from  the  well- 
known  films  of  decomp  )sed  glass  is  ac  'ounted  for  in  precisely  the  same 
way,  and  the  successive  separate  films  of  glass  can  be  easily  seen  under  a 
microscope  at  the  edges  of  the  compound  tilm,  where  they  only  partially 
overlap." 
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into  the  cavities,  and  greatly  attenuates  the  reflecting  power. 
If  a  corresponding  experiment  be  tried,  by  wetting  the  edge 
of  one  of  Mr.  Madan's  crystals  with  saturated  solution  of  the 
salt,  no  change  is  observed  to  ensue. 

"Whether  there  are  cavities  or  no,  the  fact  that  during  the 
preparation  the  silvery  reflexion  does  not  set  in  until  the 
crystal  has  sensibly  cooled  is  of  great  interest.  I  have  found 
that  if  a  crystal  in  which  the  silvery  lustre  has  alread}^  been 
produced  be  reheated,  the  lustre  disappears,  to  return  again 
upon  a  fall  of  temperature.  The  operation  may  be  repeated 
any  number  of  times. 

The  existence  of  twin  strata  in  Iceland  spar  was  observed 
by  Brewster*,  and  Reusch  t  has  shown  that  such  strata  can 
be  induced  artificially  by  suitably  applied  pressure  (fig.  1)  in 
rhombs  originally  homogeneous. 
The  planes  of  these  strata  trun- 
cate the  polar  edges,  /.  e.  the 
edges  which  meet  symmetrically 
at  the  obtuse  trihedral  angle  (0). 
Being  desirous  of  examining 
whether  the  reflexion  from  these 
strata  would  conform  to  the  law  ^ 
deduced  from  theory,  I  submitted 
a  rhomb  to  the  treatment  pre- 
scribed by  Reusch  with  the  effect 
of  develo{)ing  several  exceetlingly 
thin  twin  laminae  (four  or  five  at 
least)  in  close  juxtaposition. 
When  light  is  reflected  from  these  strata  in  a  plane  perpen- 
dicular to  the  edge  (0  D)  which  they  truncate,  the  brilliancy 
is  considerable.  But  the  observation  which  I  wished  to  make 
required  that  the  plane  of  incidence  should  bo  perpendicular 
to  this,  so  as  to  include  the  truncated  edge  and  the  optic  axis. 
Without  much  difliculty  it  was  proved  that  in  this  plane  the 
rejiexion  vanished,  reviving  on  either  side  as  the  plane  of  inci- 
dence deviated  a  little  from  the  plane  of  symmetry.  The 
observation  was  facilitated  by  immersing  the  crystal  in  a 
small  cell  containing  water  orbisulphide  of  carbon,  the  twin 
strata  being  horizontal,  and  the  plane  of  symmetry  parallel  to 
two  of  the  sides  of  the  cell. 


*  Treatise  on  Optics,  ]8o3,  p.  .349. 
t  Pogg.  Ann.  t.  xii.  p.  448  (^1607). 
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XXVir.  On  a  Tlijdrofitatlc  Balance.   By  J.  Joly,  M.A.,  B.E., 

Ass/slant  to  the  Professor    of   Civil    Englneerimj,    Trinitij 
College,  Duhlin*. 

[Plate  II.] 

^j^HR  hydrostatic  balance  described  in  this  paper  will  be 
J-  found  illustrated  on  Plate  II.,  refei-ence  to  which  will 
enable  its  principle  to  be  the  more  readily  und(u-stooil.  It 
will  be  seen  from  fi^.  1  that  it  consists  essentially  of  a  vessel 
provided  with  one  narrow  tubular  opening,  and  suspended  so 
that  this  tubulure  is  downward.  Within  is  a  second  vessel; 
this  vessel  is  closed,  and  is  made  of  such  light  material  that 
it  floats  buoyantly  in  water. 

A  fine  wire  is  attached  to  the  lower  end  of  this  inner  vessel, 
and  passes  through  the  tubulure,  which  is  fixed  onto  the  outi^r 
vessel  by  a  nozzle  so  that,  when  this  is  screwed  oif,  and 
the  vessel  turned  up,  the  space  surrounding  the  float  can  be 
readily  filled  with  water.  When  filled,  and  the  nozzle  re- 
placed, the  vessel  is  hung  up,  as  in  the  figure,  with  the 
tubulure  downwards.  The  diameter  of  the  tul)ulure  being 
only  some  3  millim.,  there  is  perfect  security  against  outflow  ; 
indeed  the  appai'atus  mav  be  shaken  or  rolled  about  u{)on  a 
table  with  impunity.  When  the  balance  is  hung  it  is  obvious 
that  the  inner  vessel  or  float,  in  virtue  of  its  buoyancy,  will 
tend  to  ascend  within  the  licpiid,  and  if,  as  in  fig.  2,  we 
liang  a  pan  on  the  wire,  and  load  weiglits  on  the  pan,  we  find 
that  we  can  add  weiglits  up  to  a  certain  point,  when  the  \y.\n 
descends  with  the  sinking  of  the  float  within  the  vessel.  Ihis 
weight — just  adequate  to  cause  the  pan  to  descend — we 
assume  for  the  present  to  be  constant,  and  equal  W,  suppose. 
W  is  evidently  equal  to  the  weight  of  a  mass  of  water  having 
a  volume  equal  to  the  displacement  volume  of  the  float,  less 
the  weight  of  the  float,  of  the  wire,  and  of  the  ]ian  attached 
to  the  wire.  We  Ciui  evidently  ascertain,  now,  the  weight  of 
any  mass  not  heavier  than  W.  It  is  as  if  we  were  using  a 
balance,  one  arm  of  which  was  loaded  with  an  unalterable 
weight  W.  Thus,  we  place  the  substance  to  be  weighed  on 
the  |)an,  and  add  weights  till  the  ])an  descends.  At  this 
point  we  know  that  the  weight  W  is  in  the  ])an.  If  the  added 
weight  amounts  to  lo,  suppose,  then  .i'=W — u\ 

Practically,  however,  W  is  a  quantity  variable  with  the 
temperature  of  the  float  and  of  the  water,  their  densities 
altering  to  different  extents.  When,  therefore,  accurate 
results  are  reqitired,  we  cannot  assuuie  any  constant  for  the 
balance,  but  must   determine  afresh  the  force  W  with  each 

*  Comiuuuicated  by  the  Author. 
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dotermination  of  .v.  Or,  ^vhat  is  the  same,  we  procceil  by 
siinplv  reniovino;  x  when  equilibrium  has  been  obtained  with 
a;  +  «',  and  sub.stltuting  a  weicrht  Wj,  so  that  equilibrium  is 
again  obtained,  when  Wi  is  the  required  value  of  ,v.  It  is 
easy  to  guard  against  change  of  temperature  in  the  brief 
interval  necessary  to  effect  the  successive  equilibrations.  The 
process  of  weighing  is,  in  short,  the  well-known  one  of  sub- 
stitution, and  with  the  usual  correction  for  unequal  air 
ilisplacements  of  the  weights  and  the  substance  is  accurate 
to  a  degree  depending  on  the  sensibility  of  the  float  to 
indicate  a  small  change  of  load,  when  the  downward  acting 
forces  are  very  nearlv  in  equilibrium  with  the  upward  acting 
forces.  This  consideration,  i.  e.  the  degree  of  sensitiveness 
possessed  by  the  arrangement,  next  claims  attention. 

The  system  as  described  is,  in  principle,  identical  with  the 
Nicholson  hydrometer,  used  as  a  weighing  macliine,  the  latter 
arrangement  being  supjiosed  inverted  while  still  retaining  the 
liquid.  But  the  inversion  of  the  hydrometer  introduces  this 
important  ditference,  that  the  stem  su})porting  the  pan  of  the 
hydrometer,  a  compression  member,  becomes  in  the  hydro- 
static balance  a  tension  member,  and  hence,  stiffness  being 
no  longer  a  requisite,  may  be  made  of  extreme  fineness,  and 
the  retarding  effect  of  the  adhesion  of  the  liquid  on  the  wire 
at  its  circle  of  emergence  much  reduced. 

If,  indeed,  we  assume  the  effect  of  this  adhesion  of  the 
surface-film  to  increase  in  direct  ])roportion  to  the  radius 
of  the  circle  of  emergence,  it  would  appear — observing  that 
the  tensional  strength  of  the  wire  increases  proportionally  to 
the  square  of  its  radius — that  the  sensibility  to  a  small 
fraction  of  the  entire  load  falls  oft"  only  as  the  square  of  the 
carrying  ca])acity  or  load  which  the  balance  will  bear.  There 
is,  in  short,  reason  to  exj)ect  that,  as  wc  increase  the  size  and 
carrying  capacity  of  tliis  kind  of  balance,  no  diminution  of  the 
Jract'wnal  sensibility  occurs,  but  rather  an  increase  ;  the 
sensibility  increasing  apjiroximately  as  the  square  root  of  the 
power  of  the  balance.  Thus,  if  we  double  the  diameter  of 
the  wire,  the  balance  will  now  indecid  indicate  nothing  smaller 
than  double  the  least  wf-ight  formerly  causing  dis])lacement ; 
but,  on  the  other  hand,  we  may  assume  a  quadrupled  carrying 
capacity.  This  leaves  out  of  consideration  the  eftect  of  vis- 
cosity of  the  liquid. 

The  eftect  of  viscosity  will  hardly  be  to  reduce  the  sensi- 
bility, but  rather  to  render  more  tedious  the  use  of  floats 
having  large  disj)lacements.  As,  however,  the  tangential 
resistance  to  the  motion  of  a  solid  surface,  in  the  act  of  com- 
nmnicating  a  shearing  strain  to  a  liquid,  is  proportional  to 
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the  extent  of  surface,  and  as  this  area  increases  at  a  slower 
rate  than  the  volume  inclosed  by  it,  it  appears  that  the 
tediousness  attondinf^  oj)erations  is,  a^ain,  not  fairly  assumed 
to  be  an  attendant  disadvantage  which  increases  proportionally 
with  increase  of  power  of  the  balance.  The  effect  is  indeed, 
probably,  complicated  by  the  presence  of  currents  or  eddies 
in  the  liquid. 

As  regai'ds  the  effects  of  solid  friction,  contact  between  the 
movable  and  immovable  parts  might,  indeed,  be  altogether 
avoided.  Thus  we  might  attach  the  wire  externally  to  a  fiat 
cantilever,  or  flat  s[)ii'al-spring,  so  that  it  is  retained  in  the 
centre  of  the  tubulure  b\  the  horizontal  rigidity  of  the  spring, 
while  the  s|)ring  may  possess  such  small  vertical  rigidity  as 
not  to  interfere  with  the  sensibility  of  the  balance.  It  will 
be  seen,  however,  from  the  figures,  that  this  plan  is  not  re- 
sorted to.  It  appears,  indeed,  unnecessary  to  do  more  than 
gtiard  against  contact  down  the  wall  of  the  tubulure  ;  and  this  is 
providecl  for  in  the  little  projecting  collar  placed  at  the  point 
where  the  tubulure  ineets  the  wider  nozzle.  The  diametcn-  of 
the  passage  here  provided  for  the  wire  is  about  1*5  millim.  ; 
the  tubulure  is  about  '6  millim.  in  diameter.  The  edge  of 
the  collar  is  shnrpened  to  a  knife-edge  all  round,  but  just 
burnished  smooth.  With  this  arrangement,  if  the  precaution 
be  taken  of  using  a  smooth  piece  of  wire,  there  a})])ears  but 
little  retardation  due  to  friction  :  this,  doubtless,  is  partly  due 
to  the  position  of  the  collar  within  the  liquid,  the  liquid  acting 
as  a  lubricant.  The  effect  of  substituting  a  collar  of  burnished 
agate  for  the  brass  collar  has  been  tried  as  in  the  balance, 
fig.  2,  but  with  hardly  appreciable  gain  in  freedom.  This 
little  balance  (tig.  2)  is  represented  half  its  actual  dimensions. 
The  float  is  a  sphere  of  thin  blown  glass,  weighing  about 
12  o-rannnes,  its  diameter  beincr  about  (i'3  centimetres.  The 
outer  vessel  is  of  brass,  partmg,  ni  a  screw-jomt,  mto  henn- 
spheres.  For  convenience  of  weighing  by  replacement,  a 
double  ])an  of  thin  brass  is  attached  to  the  wire.  This  pan, 
together  with  the  suspending  gear,  weighs  about  11  grammes. 
The  susfiending  wire  traversing  the  surface  of  the  liquid  is  of 
brass  ;  its  diameter  is  0"09  millim.  Its  breaking  strength  is 
403  grannnes. 

The  balance  is  protected  from  draughts  and  sudden  changes 
of  temperature  by  a  glass  case,  from  the  roof  of  which  it 
de})ends,  hanging  freely"^.     The  Aveights  are  introduced  at  a 

*  For  delicate  work  the  further  precaution  of  preserving  the  whole  in 
a  clianiber  not  exposed  to  sudden  fluctuations  of  temperature  is,  I  find, 
ncfcssary.  Trouble  from  tliis  source  miirbt  be  fiuardcd  Mgainst  by  sur- 
rouudiu'"-  the  outer  vessel  with  a  uou-couductiug  covering. 
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half  door  in  the  lower  part  of  the  case.     The  case  needs  no 
levellinrr-screws. 

At  [)°0.  the  load  carried  in  the  pan,  when  equilibrium 
obtains,  is  104'()60  oraninies.  A  change  of  load  of  1  niilli- 
graninie  now  causes  displacement,  and  effects  the  descent  or 
ascent  of  the  pan.  This  l)alance  then  estimates  the  weiidit  of 
100  grammes  to  an  accuracy  of  100,000. 

I  must  here  observe,  however,  that  working  tlie  balance  to 
this  degree  of  accuracy  needs  some  care.  Where  estimation 
to  an  accuracy  of,  say,  three  milligrammes  only  is  needed  no 
sjiecial  precautions  are  likely  to  be  required.  But  with  the 
construction  shown  in  the  figure  for  confining  the  trav(d  of 
the  ])an  and  float  there  would  seem  to  be  an  amount  of  ad- 
hesion before  the  pan  is  set  in  motion,  which  the  small  force 
of  one  milligramme  will  sometimes  be  unable  to  overcome. 
It  is  seen  in  figs.  1  and  2  that  the  double-eyed  hnk  to  wliich 
the  suspension  wire  is  attached  moves  through — but  without 
contact  while  moving — an  eye  which  arrests  its  motion 
ascending  and  descending,  affording  it  only  about  one  centi- 
metre run.  The  float  thus  never  reaches  either  to  the  top  or 
to  the  bottom  of  the  containing  sphere,  and  adhesion  at  these 
points  is  avoided.  The  construction  of  this  link  is  simple, 
but  necessitates  the  exercise  of  a  little  care  in  the  process  of 
e(pu'libration  in  order  that  the  effect  of  adhesion  at  the  link 
may  be  guarded  against.  Thus  it  may  be  necessary  to  shake 
the  balance  by  tap])ing  the  case,  or  to  bring  the  link  to  the 
centre  of  its  run  with  the  forceps,  when  dealing  with  the  last 
couple  of  milligrammes.  It  would,  doubtless,  be  easy  to 
arrange,  so  that  the  adhesion  necessitating  these  precautions 
when  weighing  Avith  the  milligrammes  would  be  eliminated. 
In  fig.  3  two  kinds  of  bearing  are  suggested  :  one  (a) 
where  there  is  contact  at  two  ])oints  ;  the  other  (h)  at  one 
point  only,  when  the  link  is  at  either  limit  of  its  run. 

All  these  arrangements  secure  the  advantages  of  guardin<r 
the  wire  against  the  effects  of  a  very  excessive  weight  added 
erroneously,  and  of  rendering  a  slow  motion  of  displacement 
more  readily  observable.  If  care  is  taken  in  addintr  and 
removing  weights,  the  wire  remains  uniformly  in  the  one 
state  of  strain. 

If  delicate  weighing  is  to  be  carried  out  on  these  balances 
it  is  necessary  to  use  water  that  has  been  carefully  filtered 
as  sediment  will  settle  down  into  the  tubulure,  and  cloo-  the 
wire,  adhering  to  it  as  it  emerges  from  the  liquid. 

In  the  balance  depicted  in  fig.  1  there  is  no  ])rovi.sion  for 
the  effects  of  variation  of  temjxu'ature  :  anv  notable  chano-e 
of  temperature  will,  with  that  construction,  result  in  drawino- 
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air  into  tlie  containing  vessel,  or  cx])olling  some  of  its  con- 
tents. For  occasional  use,  where  the  balance  is  filled  and 
emptied  frequently,  as  in  travelling,  this  will  cause  no  trouble 
as  the  effects  of  small  temperature  change  will  be  inconsider- 
able. Thus,  taking  the  case  of  concentric  spheres  of  brass, 
the  inner  displacing  179  grammes  (diam.  =  7  centims.),  the 
outer  having  a  diameter  of  U  centims.,  and  the  intervening 
space  filled  with  water,  the  effect  of  1'"'  C.  change  is  a  displace- 
ment of  14  cubic  milliuK^tres  of  water,  about  half  a  drop. 
The  entry  of  a  Uttie  air  obviously  does  no  harm  :  it  sim])ly 
rises  to  the  top  of  the  vessel,  and  in  no  way  interferes  with 
the  truth  or  capacity  of  the  macbine.  A  little  expelled  water 
is  easily  dried  off. 

If  it  be  desired,  however,  to  render  the  arrangement  nearly 
])ermanent,  so  that  the  o])eration  of  filling  need  but  very 
seldom  be  repeated,  the  effects  of  temperature  in  exj)elling 
water  or  drawing  in  air  must  be  met  in  some  way.  In  the 
balance  of  fig.  2  this  is  done  by  providing  tlie  expansion 
reservoir  shown  surrounding  the  tubulure,  and  which  com- 
nuuiicates  with  the  interior  of  the  sjjhere  by  the  narrow  tube 
nearly  reaching  to  the  bottom  of  the  reservoir,  as  shown  in 
the  figure.  The  large  surface  of  water  exposed  in  this 
reservoir  bears  to  stand  at  a  level  above  or  below,  by  a  couple 
of  millimetres,  the  surface  level  of  the  water  in  the  tubulure, 
as  in  the  well-known  experiment  on  capillarity  in  com- 
nmnicating  tubes  of  very  unequal  bore.  Hence,  with  rise  of 
temperature  the  reservoir  receives  the  expelled  water  ;  Avith 
fall  of  temperature  it  parts  with  some  of  its  contents,  and  no 
water  is  lost.  The  annular  reservoir  communicates  with  the 
air  by  a  very  small  perforation,  and  the  loss  by  evaporation  is 
very  small. 

To  enable  the  balance  to  be  readily  filled,  the  ring  by  which 
it  is  sus})ended  is  arranged  to  screw  out  of  a  little  tubulure 
communicating  with  the  interior.  The  balance  is  filled  in  a 
few  seconds  by  screwing  out  this  ring,  and  immersing  the 
s})here  in  a  vessel  of  water  ;  when  no  more  bubbles  ascend 
through  the  tubulure,  the  ring  is  screwed  home,  while  the 
tubulure  is  still  beneath  the  surface  of  the  water.  On  with- 
drawal a  little  water  runs  out  at  the  lower  tubulure,  till  the 
head  in  the  reservoir  has  been  syphoned  down  to  a  position 
of  equilibrium  with  the  surface-tension  at  the  tubulure;  the 
head  is  now  still  further  reduced  by  applying  a  little  bibulous 
pa})er  to  the  tubulure,  in  order  to  provide  for  a  subsequent 
rise  in  temperature. 

If  the  float  be  made  of  a  substance  having  a  low  coefficient 
of  expansion,  such  as  glass,  and  the  containing  vessel  be  of 


Mr.  J.  Joly  071  a  Hydrostatic  Balance.  '11 V 

material  liaving  a  liioli  coefficient  of  expansion,  as  zinc,  such 
dimensions  may  be  ojiven  to  the  a])paratus  that  the  water 
space  will,  with  change  of  temperature,  increase  at  the  rate  of 
expansion  of  water.  In  other  words,  there  woulil  be  no 
expulsion  of  water  or  entry  of  air  with  atmospheric  A'ariations 
of  temperature.  Thus  for  a  spherical  Hoat  in  a  spherical 
chamber,  and  assuming  any  desirable  radius,  r,  for  the  float, 
let  X  be  required  radius  of  outer  vessel  ;  also  let  g,  z,  «',  be 
the  coefficients  of  cubical  expansion  of  glass,  zinc,  and  water  ; 
equating  the  increments  of  volume  for  a  rise  of  one  degree. 

x^z  =  r^g  +  i^v^ — r^)w  ; 

,/  =  0'000025;  r  =  0-000082;  zt?  =  0-00015  ;  a:3  =  l-838r^ 

Take  now  the  case  of  ?*  =  3  centims.  (a  displacement  of  113 
cubic  centims.),  then  ^•=3*67  centims.,  which  is  sufficiently 
large,  and  would  permit  of  a  vertical  travel  of  one  centimetre. 
Such  a  little  balance  would  weigh  to  100  grammes  and  the 
external  diameter  of  the  outer  case  need  not  exceed  7*5 
centims. 

Again,  the  expansibilities  of  ii'on  and  zinc  would  be  found 
suitable.  ^Vith  these  materials  the  form  of  fig.  1  might 
conveniently  be  conferred  on  the  balance,  and  large  apparatus 
constructed,  capable  of  carrying  four  or  five  kilogrannnes, 
and  indicating,  probably,  a  very  small  fraction  of  the  load. 

The  use  of  mercury  in  jdace  of  water  suggests  itself  as  a 
means  of  conferring  a  greater  degree  of  compaclness.  In 
this  case  iron  or  wood  might  be  used  in  their  construction. 

For  the  })urpose  of  determining  the  s|)ecific  gravities  of 
solids,  I  use  a  little  claw  for  supporting  the  substance  under 
water,  which  can  be  suspended  by  a  fine  wire  from  a  hook 
beneath  the  pan.  The  substance  is  first  weighed  in  the  pan, 
the  claw  being  attached  and  inunersed  in  a  vessel  of  water 
placed  beneath.  On  transferring  the  substance  to  the  claw 
an  increased  weight  will  be  required  for  equilibrium  ;  the 
increase  is  obviousl}'  the  weight  of  displaced  water. 

It  is  observable  in  the  hydrostatic  balance  that,  when  the 
float  is  about  to  descend,  the  system  is  one  of  unstable 
equilibrium.  The  descent  of  the  float  is  accomjianied,  in  fact, 
by  decreased  disjjlacement  in  the  liquid  due  to  the  emergence 
of  the  wire,  the  efl'ect  being  similar  to  that  of  an  ever-increas- 
ing downward  pull  upon  the  float :  once  started,  it  tends  to 
descend  to  its  lowest  j)oint.  If  we  provide  a  second  wire, 
similar  to  the  emerging  wire,  extending  downwards,  and 
dipj)ing  into  a  vessel  of  water,  as  occurs  in  the  operation  of 
determining  specific  gravity,  the  eflect  is  in  all  cases  obA'iously 
annulled.      The    correction    is,    however,    with    wire    of  the 
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(liiinieter  0"0D  millim.,  quite  unnecessary  ;  tlie  displacement  of 
on(^  centinK^tre  of  this  wire  representing  but  a  small  fraction, 
0"0G  of  a  inilligraninie. 

I  state  these  particulars  at  length,  as  I  do  not  at  present 
know  of  any  other  weighing  machine  in  which  a  similar 
degree  of  delicacy  may  be  so  combined  with  the  qualities  of 
inexpensiveness  and  compactness,  up  to  any  ordinarily  re- 
quired power,  as  in  this  balance. 


XXVIIT.   On  the  Influence  of  Liglit  7ipon  Electric  Discharge. 
By  J.  BOKGMANN. 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 
Gentlemen, 

SOME  highly  interesting  experiments  of  Hertz,  Hallwachs, 
Wiedemann-Ebert,  and  Arrhenius  have  proved  irrefutably 
the  influence  of  ultra-violet  light-vibrations  on  the  electric  dis- 
charge of  bodies  in  the  air.     Under  the  influence  of  liglit  the 
potential  on  bodies  diminishes  (especially  if  the  potential  be 
negative);  an  electric  current  is  even  established  between  the 
illuminated  body  and  any  other  unisolated  body.     Some  time 
ago   1   published  two  articles  *,  in  which   I  have  tested  the 
transmission  of  the  electric  current  through  the  air  in   its 
ordinary  state  of  elasticity  and  temperature.     The  flames  or 
])()ints  served  me  in  my  experiments  as  electrodes.     The  use 
of  such  electrodes  engenders  a  continual  current  through  the 
air,  even  at  a  comparatively  considerable  distance  between 
the  electrodes.     My  experiments  brought  me  to  the  conclu- 
sion that  in  this   case  one  must  admit  on  the  kathode-flame 
considerably  less  particular  resistance  at  the  passage  of  elec- 
tricity from  the  air  to  the  electrode  than  on  the  anode-flame 
at  its  passage  from  the  electrode  to  the  air.     It  seems  to  me 
that  there  exists  a  link  between  recently  made  experiments, 
demonstrating  the  influence  of  light  on  the  iliminution  of  the 
potential   upon  bodies,  and   my  own  experiments.     In  both 
cases  we  have  the  formation  of  the   electric  current  in  the 
ordinary  air — a  fact  usually  not  observed  and  even  denied. 
In  the  experiments  of  Hertz,  Arrhenius,  and  others  the  electric 
current  in  the  air   manifests   itself  in  case  of  ilUnninating  a 
negatively  charged  body.    According  to  my  own  exj)eriments, 
such  a   current  is  produced  immediately  between  the  flames 
or  points.     But  if  in  the  first  case  the  setherial  vibrations  of 

*  Journal  of  the  Russian  Physico-Chemical  Society,  tt.  xviii.,  xix. ; 
La  lumiere  clcctrique,  xxii.  pp.  19^,  27G,  xxvii.  pp.  70,  126,  182 ;  Phil. 
Mag.  xxiii.  p.  384,  xxiv.  p.  374. 
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light  falling  upon  the  body  aid  the  passage  of  the  electricity 
from  that  body  into  the  atmosj)liere,  in  my  experiments  sucn 
setherial  vibrations  are  generated  by  the  electrode-flames 
themselves,  or  in  case  of  electrode-points  are  caused  by  electric 
lights  which  are  ahvays  formed  at  the  extremities  of  the 
points. 

Consequently,  in  such  cases  as  those  I  mention,  in  the  elec- 
trodes themselves  are  found  the  conditions  favourable  to  the 
passage  of  electricity  from  the  electrodes  to  the  air,  as  is 
proved  by  the  above  experiments.  According  to  all  pro- 
bability, on  the  limits  separating  the  air  from  the  body  charged 
with  electricity  appears  a  particular  polarization  as  presumed 
by  Edlund.  The  a3therial  vibrations  of  light  weaken  this 
jiolarization,  /.  e.  the  energy  of  light  in  this  case  favours  the 
formation  of  the  current.  Somethino;  almost  similar  to  this 
we  have  perhaps  in  the  phenomena  called  photo-electric. 

I  repeated  the  experiments  of  Hallwachs  with  a  zinc  disk 
charged  with  negative  electricity,  and  found  that  under  the 
influence  of  electric  light  the  diminution  of  the  potential  upon 
the  disk  is  accomplished  unequally.  At  the  beginning  of  the 
illuminating  the  loss  of  the  charge  takes  place  much  slower 
than  afterwards,  i.  e.  the  lonrfer  the  disk  remains  illuminated 
the  quicker  is  accomplished  the  diminution  of  its  potential. 
Some  experiments  even  show  that  an  after-action  of  the  light 
is  observed. 

I  also  made  the  following  experiment : — An  electric  regu- 
lator was  removed  to  a  considerable  distance  from  the  zinc 
disk,  and  the  electric  lijiht  was  weak.  When  the  disk  was 
illuminated  no  diminution  of  the  potential  on  it  was  visible, 
even  when  a  zinc  screen,  perforated  for  the  passage  of  the 
light,  was  placed  very  near  the  disk.  I  removed  the  screen 
and  in  its  stead  I  placed  before  the  disk  a  Bunsen's  flame  in 
contact  with  the  earth,  and  at  such  a  distance  that  it  could 
have  no  influence  on  the  charge  of  the  disk.  As  soon  as  the 
regulator  was  opened  and  the  light  thrown  upon  the  disk, 
the  diminution  of  the  potential  of  the  disk  immediately  began, 
i.  e.  a  current  was  established  between  the  disk  and  the  Jiame. 
Thus  the  use  of  a  flame  as  one  electrode  favorises  the  crea- 
tion of  a  current  tlu-ough  the  air  when  a  charged  zinc  disk 
standing  as  the  opposite  electrode  is  illuminated. 

St.  Petersburg,  Yours  truly. 

May  18,  1888.  Dr.  J.  BORGMANN. 
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XXIX.  On  the  Injluence  of  a  Plane  of  Transverse  Section  on  the 
Magnetic  Perineahility  of  an  Iron  Bar.  By  Professor  J.  A. 
EwiNG,  FM.S.,  University  Collcc/e,  Dundee,  and  Mr. 
William  Low^. 

XT  lias  been  remarked  Lv  Professor  J.  J.  Thomson  and  Mr. 
H.  F.  Newall  (Proc'  Camb.  Phil.  Soc.  Feb.  1887)  that 
when  an  iron  bar  is  cut  across,  and  the  ends  are  brought  into 
contact,  the  magnetic  permeability  is  notably  reduced. 

Our  attention  was  drawn  to  the  matter  in  experimenting 
on  the  magnetization  of  iron  in  very  strong  fields,  by  what 
wo  have  called  the  "  isthmus''^  method  f,  in  which  a  bobbin  with 
a  nan-ow  neck  was  magnetized  between  the  poles  of  a  largo 
electromagnet.  We  tbund  that  when  a  solid  bobbin  was 
used  the  central  neck  was  much  more  strongly  magnetized 
than  when  the  neck  was  a  distinct  piece  separated  by  planes 
of  transverse  section  from  the  conical  ends  ;  and  we  were 
forced  to  ascribe  the  defect  of  permeability  in  the  latter  case 
to  the  existence  of  two  [)lanes  of  section  at  the  ends  of  the 
short  central  piece  of  metal  in  which  the  induction  was  being 
measured.  To  examine  the  influence  of  transverse  section 
more  fully,  and  to  see  how  far  that  influence  is  modified  when 
the  cut  pieces  are  pressed  against  one  another,  we  made  a 
series  of  experiments  in  which  the  permeability  of  cut  and 
uncut  bars  was  determined  by  a  method  similar  to  that  used 
by  Dr.  J.  Hopkinson  J.  The  bar  to  be  tested  was  let  into  a 
massive  yoke  of  wrought  iron,  which  provided  a  double  path 
for  the  return  of  the  lines  of  induction  from  end  to  end.  The 
effect  of  this  is  to  get  rid  in  great  measure  of  the  self- 
demagnetizing  influence  of  the  bar's  ends,  so  that  the  metal 
may  be  tested  in  a  condition  ap])roximating  to  endlessness. 
Fig.  1  shows  the  aj)paratus  :  the  bar  a  is  sunk  in  holes  in  the 
yoke  hh.  The  lower  end  of  the  bar  abuts  against  a  set  screw 
c,  and  on  the  upper  end  there  is  an  iron  plunger  d,  through 
which  a  stress  of  compression  can  be  produced  in  the  bar  by 
loading  the  lever  e.  The  diameter  of  the  bar  was  0*79  centim. 
(section  0*49  square  centim.)  ;  the  clear  length  of  the  bar 
between  the  inside  faces  of  the  yoke  was  12*7  centims.,  and 
the  cross  section  of  the  yoke  gave  an  iron  surface  more  than 
100  times  greater  than  the  cross  section  of  the  bar.     The 

o 

*  Read  in  abstract  before  Section  A  of  the  British  Association  at  Man- 
chester, and  now  published  with  later  additions.  Communicated  by 
Professor  Kwiug. 

t  Froc.  llov.  Soc.  vol.  xlii.  p.  200. 

X  "  Magnetization  of  Iron,"  Phil.  Trans.  1885,  Part  II.  p.  456. 
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"magnetic  resistance ''   of  the  yoke  may  be  approximately 
allowed  for  by  making  a  small  addition  to  the  actual  length 

Fi-.  1. 
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of  the  bar  between  the  faces  of  the  yoke  :  in  what  follows 
this  has  been  done  by  treating  the  bar  as  having  a  virtual 
length  of  13  centims.  The  bar  was  woimd  over  the  whole  clear 
length  with  a  magnetizing  solenoid  through  which  currents 
were  sent  from  a  battery  of  accumulators.  A  small  induction- 
coil  less  than  1  centim.  long  was  wound  at  the  middle  of  the 
bar,  and  was  connected  to  a  ballistic  galvanometer,  which  was 
calibrated  in  the  usual  way  by  means  of  an  earth  induction- 
coil.  To  measure  the  magnetization  the  magnetizing-current 
%vas  reversed  several  times,  and  readings  w^ere  taken  of  the 
transient  currents  induced  in  the  small  coil  by  reversal  of  the 
magnetizing  force  acting  on  the  bar.  In  every  case  a  series 
of  readings  was  taken,  beginning  with  small  magnetizing 
currents  and  going  on  to  stronger  ones,  and  from  these  u 
curve  of  33  (the  magnetic  induction)  and  ^  (the  magnetizing 
force)  was  drawn. 

The  first  group  of  experiments  show  how  transverse  cuts 
reduce  the  permeability  of  a  wrought-iron  bar,  and  how 
longitudinal  compression  partially  neutralizes  the  efltect  of 
the  cuts. 

The  bar  was  turned  to  be  of  the  same  diameter  throughout, 
and  to  fit  without  jamming  in  the  holes  of  the  yoke.  It  was 
first  tested  in  the  solid  state,  then  when  cut  in  the  lathe  into 
two  parts,  then  in  four  parts,  lastly  in  eight  parts  ;  in  each 
case  two  curves  of  33  and  ^  were  detei-mined,  one  when  the 
bar  was  not  loaded,  the  other  when  it  was  compressed  with  a 
stress  of  22G  kilogs.  per  square  centim.  The  results  are 
shown  by  the  curves  of  fig.  2,  where  the  curves  in  full  lines 
refer  to  the  exjteriments  made  without  load,  and  the  dotted 
lines  refer  to  those  made  when  the  bar  was  loaded.  Com- 
paring, in  the  first  place,  the  no-load  curves  of  fig.  2,  we  see 
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that  each  cuttino-  caused  a  marked  loss  of  j)crineability.  This 
will  also  be  apparent  from  the  following  table,  which  gives  a 
series  of  values  (taken  from  the  curves)  of  the  magnetic 
induction  before  and  aft(?r  cutting,  for  corresponding  values 
of  the  magnetizing  force  : — 


Table  I. 

— Effect  of  Successive  Cuttings. 

Thickness 

of  equiva- 

Magnetizing 

Induction,  S3  (C.G.S.  units). 

lent  air-space,  in 
millimetres. 

force,  § 

(C.G.S.units). 

Solid 

Bar  cut 

Bar  cut 

Bar  cut 

For  the 

Mean  for 

bar. 

in  two. 

in  four. 

in  eight. 

first  cut. 

seTen  cuts. 

7-5 

8500 

0900 

4800 

2000 

0027 

0036 

10 

llOOU 

9000 

(5400 

3770 

0-026 

0032 

15 

13400 

11.550 

8900 

5550 

0023 

0030 

20 

14400 

130(M1 

10750 

7150 

0019 

0026 

30 

15350 

14550 

12940 

98(_)0 

0014 

0020 

r>() 

lB4t)0 

15950 

15000 

13300 

001 1 

0013 

70 

17100 

1(3840 

16120 

15200 

0008 

0009 

The  last  two  columns  of  the  table  have  been  calculated  on 
the  supposition  that  the  effect  of  each  cut  is  equivalent  to  the 
introduction  of  a  film  of  air,  or  rather  of  space  the  permeability 
of  which  is  equal  to  unity,  between  the  cut  faces,  with  no 
alteration  in  the  permeability  of  the  metal  itself.  They  show 
the  thickness  in  millimetres  which  this  equivalent  air-space 
would  need  to  have  to  explain  the  observed  loss  of  permeability 
on  the  [)art  of  the  bar.  They  are  calculated  by  a  simple 
application  of  the  method  introduced  by  Hopkinson  in  pre- 
determining the  magnetic  field  in  dynamo  machines*.  Calling 
35  the  induction  before  cutting  and  S'  the  induction  for  the 
same  value  of  ^  after  cutting,  /a  the  permeability  of  the 
uncut  metal,  I  the  effective  length  of  the  bar,  and  x  the 
thickness  of  the  air-space  equivalent  in  "  resistance  "  to  the 
cut,  the  line-integral  of  the  magnetizing  force  is  : — 


before  cutting  the  bar,  and 


V'^'ic  after  cutting  the  bar  ; 

/^ 

from  which  _  I  (^-^'\ 

The  last   column  but  one  in   the   table    gives  values  of  this 
*  J.  iiiid  E.  IIopkia.>ou,  Thil.  Traus.  188G.  Tart  I. 
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quantity  oonvspoiuling  to  the  first  cut  ;  tlie  last  eolunin  ^ives 
mean  values  for  the  seven  cuts  by  which  the  bar  was  finally 
divided  into  eight  pieces.  It  will  be  seen  that  the  average 
thickness  of  air-space  in  the  later  cuts  has  been  greater  than 
in  the  first,  probably  because  the  first  cut  has  happened  to 
produce  f]atter  faces  than  the  subsequent  cuts.  As  the  mag- 
netizing force  is  increased,  the  thickness  of  the  equivalent 
air-space  diminishes  to  a  very  marked  degree*. 

Fiar.  2. — Effects  of  successive  cuttings  on  the  magnetic  permeability 
of  ;i  wrought-iron  bar. 
No  load 

Load  of  2:?ti  kilou'.*.  per  sqiian'  fiMitim.      

irooo 


1 5000 
MOllli 


89 


8OO0 
7000 
6ooo 
5000 
40  00 
3000 
■2000 
1000 


w 


m 


mmm^mmmum 


■■■BH 


70      7j 


Magnetizing  Force,  £)  (C.G.S.). 

*  The  magnetic  "resistance"  of  the  joint  may  of  course  also  be  ex- 
pressed as  equivalent  to  so  much  length  of  the  iron  bar  itself,  tliis  length 
being  found  by  multiplying  the  thickness  of  "  air-space  '  by  tlie  perme- 
ability of  the  solid  bur,  under  corresponding  values  of  J).  The  numbers 
in  the  last  column,  treated  in  this  way,  give  from  41  to  22  millimetres 
of  iron  as  equivalents  of  the  resistance  of  the  joint. 
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Compressive  stress  produced  by  external  load  has  an  influ- 
ence of  the  same  kind.  Tli(3  effects  of  compression  are, 
however,  complicated  by  the  fact  that  this  stress  reduces  the 
permeability  of  the  solid  metal  (for  moderate  magnetizing 
forces*).  Hence  on  a  cut  bar  it  exerts  two  antagonistic 
influences,  tending  to  increase  the  pcrmeabiHty  of  the  bar  by 
its  action  at  the  pJane  of  section,  and  to  diminish  the  perme- 
ability by  its  action  on  otlier  parts  ;  and  when  the  planes  of 
section  are  numerous  enough,  the  former  influence  swamps  the 
latter.  Fig.  2  shows  that  when  the  bar  was  cut  into  two  parts 
the  negative  eftect  of  load  predominated  ;  the  dotted  curve 
(with  load)  lies  below  the  plane  curve  (without  load).  When 
the  bar  was  cut  into  four  j^arts,  the  two  effects  came  near  to 
neutralizing  each  other.  When  the  bar  was  cut  into  eight 
parts  the  positive  eftect  of  load  was  the  stronger  ;  the  dotted 
curve  then  lies  above  the  plane  curve.  The  tbllowing  table 
gives  the  inductions  found  in  the  last  case  and  in  the  solid 
bar,  and  the  thickness  of  the  apparent  air-space  at  the  planes 
of  section. 

Table  II. — Influence  of  Compression  (22G  kilogs.  per  square 

centim.). 


Magnetizing 
force,  $. 

7'5 
10 
20 
30 
50 
70 

Induction,  33,  under  load 

of  22()  kilogs.  per  square 

centimetre. 

Thickness  of 
equivalent 
air-space, 
mean  for 
seven  cuts. 

Solid  bar. 

Bar  cut  in 
eight. 

7500 
10000 
13900 
15200 
10.500 
17200 

3Gt)0 

4900 

8300 

10700 

13750 

15700 

millim. 
0020 

0-019 

0018 

0017 

0011 

0-007 

The  influence  of  compression  is  well  seen  by  comparing  the 
thickness  of  the  air-space  here  with  its  thickness  for  corre- 
sponding magnetizing  forces,  when  there  was  no  externally 
applied  load  (Table  I.). 


*  This  effect  of  compression  becomes  reversed  -w-hpn  the  magnetization 
is  strong :  tlie  reversal  corresponds  to  tlie  "  Villari"  reversal  of  tlie  effects 
of  longitudinal  pull  from  positive  to  negative  when  the  magnetization  is 
sufficieutlv  intense. 
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This  comparison  makes  it  clear  that  the  reduction  which 
occurs  in  the  thickness  of  the  apparent  air-space  as  the  matr- 
netizing  force  is  raised  cannot  be  explained  as  an  effect  of 
magnetic  stress  in  drawing  the  parts  of  the  bar  together. 

The  magnetic  stress   (-—  in   dynes)  amounts  to  less  than  4 

I       OTT 

kilogs.  per  square  centim.  when  53  is  10,000,  and  to  less  than 
8  kilogs.  per  square  centim.  under  the  highest  value  of  S 
reached  in  these  experiments.  Nevertheless  the  changes  of 
33  are  associated  with  a  reduction  of  the  ap])arent  air-space, 
which  is  much  greater  than  the  reduction  effected  by  an  ex- 
ternally applied  load  of  '22(i  kilogs.  per  square  centim.  It  is 
startling  to  find  the  ap()arent  air-space  in  the  loaded  bar 
diminishing  from  0'020  to  0*007  millim.  as  the  magnetization 
was  strengthened,  when  the  pieces  of  the  bar  were  already 
])ressed  together  with  a  force  so  great  that  the  additional  force 
due  to  magnetization  was  relatively  insignificant. 

In  the  foregoing  experiments  the  bar  was  simply  cut  in  the 
lathe,  without  any  attempt  to  make  the  ends  strictly  plane. 
In  subsequent  experiments  comparison  was  made  of  the  per- 
meability of  a  bar,  rough-cut  in  this  way,  with  that  of  a  bar 
in  which  the  cut  faces  were  carefully  shaped  by  scraping  and 
testing  against  a  standard  Whitworth-plane.  For  this  pur- 
pose a  new  bar  was  taken,  and  after  being  tested  in  the  solid 
and  again  in  the  rough-cut  state  (cut  into  two  parts),  the  two 
parts  were  sunk  tightly  in  a  pair  of  cast-iron  blocks  with 
plane  surfaces  about  3  inches  in  diameter,  so  that  the  end  to 
be  faced  true  was  flush  with  the  surface  of  the  block.  The 
faces  of  the  blocks  were  carefully  shaped  to  true  planes  against 
each  other  and  against  a  Whitworth-plane,  the  surface  of  the 
block  itself  and  of  the  bar  that  was  held  in  it  beins  worked 
up  together.  The  bar's  permeability  was  examined  by  taking 
a  curve  of  S3  and  ^  in  six  states  : — 

(1)  Uncut  bar;  no  load. 

(2)  Uncut  bar,  loaded  with  22G  kilogs.  per  square  centim. 

(3)  Bar  cut  in  two  (at  the  middle).     Ends  as  cut  in  lathe 
(rough-cut).     No  load. 

(4)  Ditto,  loaded  with  226  kilogs.  per  square  centim. 

(5)  Surfaces  faced  true  at  the  cut.     No  load. 

(fj)   Ditto,  loaded  with  226  kilogs.  per  square  centim. 

ITie  results  are  shown  in  fig.  3,  where  four  of  the  curves 
are  drawn  in  full,  and  the  remaining  two  are  indicated  by 
having  the  experimentally  determined  points  marked  sepa- 
rately. The  curves  are  numbered  to  correspond  with  these 
uccessive  operations.     As  in  the  former  example,  curve   2 
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lies  decidedly  below  curve   1  ;  and  curve  3,  which  is  shown 
only  by  the  points  marked  thus  O,  also  below  curve  1;  curve  4 

Fig.  3. 

(1)  Solid  bar,  no  load. 

(2)  Solid  bar,  loaded. 

(4)  Cut  bar ;  ends  rough  ;  hmded. 

(5)  Cut  bar ;  ends  faced  true  ;  no  load. 
X    Cut  bar ;  ends  faced  true  (6). 

O   Cut  bar;  endsruugh;  no  load  (.3). 


??     900ft 


7000 


600G 


12       U  0        IS       :;!)       '^'i       '-'■!       ".io 
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lies  below  curve  3  and  below  curve  2.  But  it  is  remarkable 
that  curve  5  is  nearly  coincident  with  curve  3  ;  and  curve  6, 
which  is  shown  only  by  the  points  marked  thus  x  ,  is  almost 
absolutely  coincident  with  curve  2.  In  other  words,  when 
the  cut  surfaces  are  faced  to  true  planes,  the  cut  bar  does  not 
behave  very  differently  as  regards  magnetic  permeability  from 
the  same  bar  with  its  cut  surface  only  roughly  shaped  so  long 
as  it  is  not  compressed  by  an  external  load.  It  is  only  when 
33  is  raised  to  high  values  that  there  is  a  marked  difference  ; 
then  the  faced  ends  seem  brought  into  better  contact,  and  the 
thickness  of  the  apparent  air-space  becomes  decidedly  less 
than  in  the  case  of  the  rough-cut  bar.  But  when  a  sufficient 
load  is  applied,  the  cut  bar  with  its  surfaces  faced  true  behaves 
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almost  as  a  solid  bar.  Facing  the  surfaces  truly  does  not  of 
itself  do  away  with  the  apparent  air-space  :  so  long  as  no  load 
is  applied  the  apparent  space  remains.  But  when  the  surfaces 
are  faced  true  and  the  parts  are  strongly  pressed  together,  the 
"  magnetic  resistance  "  of  the  joint  practically  vanishes. 

The  following  table  shows  the  induction  and  the  thickness 
of  the  apparent  air-space  when  the  surfaces  were  faced  to  true 
planes,  and  the  bar  was  not  loaded. 


Table  III. — Cut  Bar  with  True-plane  Surfaces. 


Magnetizing 
force,  §. 

Induction,  33. 

Thickness  of 
equivalent 
air-space,  in 
millimetres. 

0058 
002(5 
0012 
0000 

Solid  bar. 

Bar  cut  and 

faced. 

r>                   6300 
10                  11000 
15                  12900 
20                 1.3900 

4300 

9000 

12000 

134.50 

In  this  example  the  apparent  air-s[)ace  between  the  faced 
surfaces  at  the  cut  vanished  completely  under  the  applica- 
tion of  load,  as  is  shown  by  the  way  in  which  the  points 
marked  thus  x  (which  refer  to  operation  No.  6)  fall  very 
exactly  on  curve  2.  The  cut  and  faced  bar,  loaded  with  22() 
kilogs.  per  square  centim.,  could  not  be  distinguished  as  to 
permeability  from  the  same  bar  in  its  uncut  state  when  that, 
was  tested  under  the  same  load. 

The  above  result  was  of  .so  much  interest,  that  the  experi- 
ment of  magnetizing  a  bar  under  load  after  the  bar  had  been 
cut  and  the  surfaces  had  been  faced  true  was  repeated  on  two 
other  bars.  In  neither  case  was  the  apparent  air-space  so 
completely  annihilated  as  it  had  been  in  the  first  instance,  by 
the  combined  effect  of  load  and  true  facing  ;  but  the  general 
result  was  confirmed,  that  a  bar  prepared  in  this  way  and 
sufficiently  loaded  was  not  materially  different  in  its  mao-netic 
properties  from  an  uncut  bar.  Fig.  4  shows  the  results  of 
another  group  of  tests  similar  to  those  of  fig.  3,  but  made 
with  a  new  bar.  Curve  aa  a  is  for  the  solid  bar  without  load; 
bbb  is  for  the  same  bar  cut  and  faced,  but  not  loaded  ;  ccc  is 
for  the  solid  bar,  and  ddd  for  the  cut  bar,  loaded  in  each  case 
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with  the  same  stress  as  before  (226  kilogs.  per  square  centim.). 
The    last   two    curves   are  as   nearly   as   possible  coincident 

Fig.  4. 

a  a  a.  Solid  bar,  no  load. 

bbb.  Bar  cut  aud  faced,  no  load. 

c  c  c.  Solid  bar,  loaded. 

ddd.  Bar  cut  and  faced,  loaded. 


i6oon 

isoon 


Magnetizing  Force,  §  (C.G.S.}. 


in  the  early  portion,  and  again  when  the  magnetization  is 
strong  ;  at  intermediate  values  of  S  they  lie  somewhat  apart, 
the  divergence  corresponding  to  a  value  of  about  O'OOOO  mil- 
lim.  for  the  maximum  thickness  of  the  apparent  air-spac^. 
The  diver o-ence  of  the  curve  (i^(i?  from  ccc  may  be  due,  in 
part  at  least,  to  some  mechanical  hardening  of  the  metal  in 
the  neighbourhood  of  the  joint  by  the  operations  of  cutting 
and  scraping  (and  tapping,  to  remove  the  bar  from  the  block 
in  which  the  face  was  scraped)  ;  the  form  of  the  c\xx\eddd 
suo-o-ests  this.  The  following  figures  relate  to  this  bar  in  the 
solid  state  and  when  cut  with  the  surfaces  fticed,  without 
load : — • 
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Magnetizing 
force,  §. 

Induction,  93. 

Tliicknes3  of 
equivalent 
air-space,  in 
millimetres. 

Solid  bar. 

Bar  cut  and 

surface  faced 

true. 

4 

3950 

3000 

0042 

G 

r.90O 

5300 

0034 

8 

9250 

7400 

0-028 

10 

10900 

9150 

0023 

15 

13250 

12000 

0016 

20 

U300 

13500 

0011 

30 

15200 

14900 

0005 

Tests  made  with  a  third  bar  gave  results  which  were  in  close 
agreement  with  those  that  have  just  been  described.  In  this 
last  case  comparative  measurements  were  made  of  the  effects 
of  various  values  of  external  load  in  causing  the  apparent  air- 
space between  well  faced  surfaces  to  disappear.  The  bar,  first 
before  being  cut  and  again  after  being  cut,  and  after  having 
its  cut  surfaces  scraped  into  true  planes,  was  magnetized  under 
first  one  and  then  another  of  a  series  of  compressing  loads  ; 
the  highest  being  of  the  same  value  as  in  former  cases  (226 
kilogs.  per  square  centim.),  and  a  curve  of  S3  and  ^  was  found 
for  each.  As  in  the  second  example  described  above,  this 
highest  load  did  not  succeed  in  altogether  obliterating  the 
apparent  air-space  except  for  magnetizing  forces  ranging  up 
to  about  5  C.G.S.  units,  and  again  for  high  forces.  And  loads 
less  than  the  highest  failed  to  make  the  air-space  vanish,  even 
under  small  magnetizing  forces.  To  compare  the  effects  of 
different  loads,  it  will  suffice  to  give  the  induction  before  and 
after  cutting  which  was  reached  by  applying  a  magnetizing 
force  of  5  O.G.S.  units  to  the  bar,  when  the  load  had  the 
successive  values  shown  in  Table  V. 

With  this  bar  a  supplementary  experiment  was  made  at 
the  suggestion  of  Sir  William  Thomson,  to  examine  the  effect 
of  introducing  a  film  of  gold-leaf  between  the  (true-plane) 
faces  of  iron  at  the  cut.  It  was  found  that  when  the  pieces 
were  not  pressed  against  each  other  by  an  external  load,  the 
presence  of  the  gold-leaf  made  no  sensible  difference  in  the 
magnetic  "resistance"  of  the  joint;  when  the  pieces  were 
pressed  together  with  a  forco  equivalent  to  220  kilogs.  per 
square  centimetre,  the  presence  of  the  gold-leaf  did  slightly 
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Table  V. — Effects  of  various  Loads  in  reducing  tho  app.uvMit 
Air-space  between  True-plane  surfaces. 


Load, 
kilogs.  per 
sq.  centini. 

Induction,  93,  given  in  each 

case  by  a  magnetic  force  .^ 

of  5  C.d.S.  units. 

Thickness  of 
equivalent 
air-space,  in 
milliinotrea. 

Before 
cutting. 

After 

cutting. 

0 
o6-5 
113 
l()9-r) 
220 

5600 
5400 
4700 
4050 
30.^)0 

4700 
4r>70 
4200 
3800 

0022 
0020 
0-017 
0  010 

nil. 

add  to  the  resistance  of  the  joint.  The  following  table 
shows  the  induction  reached  under  this  load  in  the  two  cases, 
and  the  thickness  of  air-space  which  would  be  equivalent  to 
the  extra  resistance  which  the  gold-leaf  apparently  caused  : — 

Table  VL— Eff'ect  of  a, Film  of  Gold-leaf  between  the  Faces 
at  the  Joint:  Bar  loaded  with  22(5  kilogs.  per  square 
centimetre. 


Magnetizing 
Ibrce,  ip. 

10 
20 
30 

Induction,  S8. 

Tliiekness  of 
ail-  equivalent 
to  the  differ- 
ence, in 
millimetres. 

Williout 
gold-leaf. 

With  gold- 
leaf. 

8170 
13010 
14830 

7920 
12800 
14720 

00049 
0-0032 
00018 

The  influence  of  the  gold-leaf  is  therefore  small,  when 
compared  with  the  quantities  stated  in  the  earlier  tables. 

The  results  of  the  experiments,  taken  as  a  whole,  are  very 
fairly  consistent,  but  it  must  be  admitt<'d  that  they  are  not 
readily  intelligible.  It  is  not  difficult  to  suppose  that  an 
actual  film  of  air  of  such  a  thickness  as  would  be  re- 
quired to  explain  the  resistance  of  the  joint  may  be  present 
between  the  greater  part  of  the  surfaces  when  the  surfaces  are 
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cut  in  the  lathe  without  being  accurately  shaped  into  true 
planes,  and  that  this  film  should  continue  to  be  present  when 
the  pieoes  are  pressed  together  by  external  load.  It  is  less 
easy  to  see  how  so  considerable  a  film  of  air  should  still  be 
found  when  the  surfaces  are  true  planes,  before  they  are 
pressed  together.  This,  however,  is  perhaps  possible  enough ; 
and  the  idea  that  the  resistance  is  due  to  an  actual  film  of  air 
gains  much  probability  from  the  fact  that  when  truly  plane 
surfaces  are  forcibly  pressed  together  the  cut  bar  behaves 
almost  exactly  as  if  it  had  not  been  cut.  On  the  other  hand, 
it  is  difficult  to  reconcile  the  idea  that  the  "  resistance  "  of  a 
joint  is  due  to  an  air  film,  with  the  f\\ct  which  these  experi- 
ments clearly  demonstrate — that  the  "  resistance  "  diminishes 
greatly  as  a  state  of  magnetic  saturation  is  approached.  We 
have  seen  that  this  diminution  takes  place  under  conditions 
which  make  it  apparently  impossible  that  the  diminution  can 
have  been  due  to  any  real  increase  of  closeness  in  the  contact 
of  the  air-surfaces.  In  the  case  of  a  rough-cut  bar  stronglv 
compressed  we  cannot  suj)pose  that  the  actual  thickness  of 
the  air-space  suffers  any  material  reduction  as  the  bar  becomes 
magnetized.  If  we  assume  the  resistance  of  the  joint  to  be 
due  to  the  simple  presence  of  this  air-space,  the  alternative 
would  be  that  the  permeability  of  air,  or  at  least  of  air  in 
the  condition  in  which  it  exists  when  condensed  on  the  sur- 
faces of  bodies,  increases  under  the  action  of  strong  magnetic 
forces  to  a  very  notable  extent,  a  conclusion  too  startling  to 
be  accepted  on  the  evidence  of  these  experiments  alone. 

Whatever  be  the  explanation  of  the  results,  they  make  it 
clear  that  a  joint  between  two  portions  of  the  iron  core  of  a 
magnet  has  in  general  a  distinct  magnetic  "resistance," 
which  is  in  all  cases  a  function  of  the  magnetic  induction, 
decreasing  much  when  the  induction  is  increased.  That  this 
resistance  is  present  even  when  the  surfaces  of  the  joint  are 
carefully  faced  to  be  true  planes  ;  being  in  fact  about  as  great 
then  as  when  the  surfaces  are  rough,  if  the  magnetizing  force 
is  small,  though  less  than  when  the  surfaces  are  rough,  if  the 
magnetizing  force  is  great.  That  when  the  surfaces  are  rough 
the  resistance  is  somewhat  reduced,  but  by  no  means  wholK- 
eliminated,  by  using  force  to  press  the  parts  together.  That 
when  the  surfaces  are  true  planes  a  considerable  force  will 
destroy  the  resistance  of  the  joint  almost  completely.  And, 
finally,  that  this  destruction  of  the  resistance  by  pressure, 
when  the  surfaces  are  true  planes,  is  only  a  very  little  less 
complete  when  a  film  of  gold-leaf  is  interposed  between  the 
iron  faces. 
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XXX.  The  Absorption-spectrum,  Ltuwhtons  and  Ultra-violet, 
of  large  masses  of  Oxygen.  By  Professors  LiVEiNG  and 
Dewar*. 

IN  the  course  of  experiments  on  the  spectra  of  gases  at  high 
pressures,  we  have  made  observations  on  the  absorption- 
spectrum  of  oxygen  which  confirm  and  extend  the  observations 
of  Egoroif  and  Jansen.  The  interest  of  this  spectrum  is  so 
great,  on  account  of  the  important  part  which  oxygen  plays 
in  our  world,  and  its  free  condition  in  our  atmosphere,  and,  as 
we  therefore  conclude,  in  the  interplanetary  space,  that  it 
deserves  a  separate  notice. 

In  order  to  include  the  ultra-violet  rays  in  our  observations 
we  have  had  to  contrive  windows  of  quartz  to  the  apparatus 
containing  the  gases.     A  strong  steel  tube,  1(^5  centim.  long 

Section  through  one  end  of  tlie  tube. 


—  Cap. 

—  Quartz. 
—  Gun-metal. 


and  5  centim.  wide,  was  fitted  with  gun-metal  ends,  bearing 
by  curved  surfaces  u])on  the  conical  openings  of  the  tube,  and 
forced  home  by  powerful  screw-caps.  Each  gun-metal  end 
was  pierced  centrally  by  a  conical  opening  fitted  with  a  quartz 
stopper,  2'1  centim.  thick  and  of  the  same  diameter,  with  plane 
polished  ends.  A  small  amount  of  wax  was  interposed  be- 
tween the  stopper  and  the  gun-metal  for  the  purpose  of 
ensuring  a  uniform  bearing  for  the  quartz,  which  is  very 
brittle.  Trial  proved  that  the  tube  thus  fitted  would  sustain, 
without  leakage,  a  pressure  of  upwards  of  260  atmospheres. 
The  tube  had,  besides,  near  each  end  a  screw-plug  valve  for 
admitting  the  gases.  About  the  centre  of  the  tube  was  placed 
.a  quartz  lens,  rather  less  in  diameter  than  the  tube,  held  in 
place  by  three  springs  which  pressed  against  the  walls  of  the 
tube.  This  lens  had  a  focal  length  of  about  46  centim.  ;  so 
that  when  a  source  of  light  was  placed  about  10  centim.  from 
one  end  of  the  tube,  an  image  of  it  was  formed  on  the  slit  of 
the  spectroscope  at  about  the  same  distance  from  the  other  end 

*  Communicated  by  the  Authors. 
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of  the  tube,  and  thereby  loss  of  light,  so  far  as  it  was  due  to 
the  distance  of  the  source,  was  reduced  to  a  minimum. 

Ordinary  oxygen  was  let  into  the  tube  from  an  iron  bottle 
until  the  pressure  reached  85  atmospheres,  and  on  viewing  an 
arc  light  through  the  tube  the  folloAving  absorptions  were 
visible : — 

(1)  A  very  dark  band  sharply  defined  on  its  more  refran- 
gible side,  gradually  fading  out  on  its  less  refrangible  side, 
and  divided  into  two  parts  by  a  streak  of  light,  occupying  the 
position  of  A  of  the  solar  spectrum. 

(2)  A  nnich  weaker  but  precisely  similar  band  in  the 
position  of  B  of  the  solar  spectrum. 

(3)  A  dark  band  very  difl'use  on  both  edges,  extending 
from  about  \  6360  to  X  6225,  with  a  maximum  intensity  at 
about  X  6305. 

(4)  A  still  darker  band  a  little  above  D,  beginning  with  a 
diffuse  edge  at  about  X5810,  rapidly  coming  to  a  maximum 
intensity  at  about  X.5785,  and  then  gradually  fading  on  the 
more  refrangible  side,  and  disappearing  at  about  X,5675. 

(5)  A  faint  narrow  band  in  the  green  at  about  \  5350. 

(6)  A  strong  band  in  the  blue,  diffuse  on  both  sides,  ex- 
tending from  about  X,47y5  to  X4750. 

When  photographs  were  taken  of  the  ultra-violet  part  of 
the  spectrum  of  the  arc,  and  of  the  iron  spark,  the  gas  ap- 
peared to  be  quite  transparent  for  violet  and  ultra-violet  rays 
up  to  about  X  2745.  From  that  point  the  light  gradually 
diminished,  and  beyond  X  2664  appeared  to  be  wholly  absorbed. 

The  pressure  of  the  oxygen  in  the  tube  was  then  increased 
to  140  atmospheres.  This  had  the  effect  of  increasing  sensibly 
the  darkness  of  all  the  bands  above  described  ;  but  brought 
out  no  new  bands,  except  a  faint  band  in  the  indigo  at  about 
X4470.  In  the  ultra-violet  the  absorpi/ion  appeared  to  be 
comj)lete  for  all  rays  beyond  about  X2704. 

The  foregoing  observations  were  made  with  a  spectroscope 
of  small  dispersion.  We  next  brought  to  bear  on  the  spectrum 
a  large  instrument  with  one  of  Rowland's  gratings.  Even 
with  the  high  dispersion  of  this  instrument  the  bands  at  A 
could  not  be  resolved  into  lines  ;  they  remained  two  diffuse 
bands  ;  though  the  red  potassium-lines,  which  were  produced  by 
sprinkling  the  electrode  of  the  arc  with  a  potnssium-salt,  were 
sharply  defined  and  widely  separated.  2sone  of  the  other 
bands  were  resolvable  into  lines.  This  we  attribute  to  the 
density  of  the  gas,  by  which  the  lines  are  expanded  so  as  to 
obliterate  the  interspaces  ;  and  this  supposition  is  confirmed 
by  the  observation  of  Angstrom,  that  the  band  in  the  solar 
spectrum  which  appears  to  be  identical  with  that  observed  by 
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us  a  little  above  D  was  resolved  into  fine  lines  when  the  sun 
was  high,  but  a])peared  as  a  continuous  band  when  the  sun 
was  near  the  horizon. 

On  letting  down  the  pressure  the  bands  were  all  weakened  ; 

A,  though  weaker,  became  more  shar})ly  defined  at  the  more 
refrangible  edge.  The  faint  band  in  the  indigo  A,  4470 
remained  just  visible  until  the  pressure  fell  below  110  atmo- 
s})heres.  At  90  atmospheres  A  and  B  were  still  well  seen  and 
sharp,  but  all  the  other  bands  weaker.  B  remained  visible 
until  the  pressure  fell  to  40  atmospheres.  A  was  then  still 
well  seen,  the  band  just  above  D  very  faint,  and  the  others 
almost  gone.  At  30  atmospheres  A  was  still  easily  seen,  and 
there  was  a  trace  of  the  band  above  D.  At  25  atmospheres  this 
band  had  gone,  but  A  remained  visible  until  the  pressure  fell 
to  less  than  20  atmospheres.  Hence  an  amount  of  oxygen  not 
greater  than  that  contained  in  a  column  of  air  150  metres  long 
at  ordinary  pressure  is  sufficient  to  produce  a  visible  absorp- 
tion at  A.  The  quantity  of  oxygen  in  the  tube  at  the 
highest  pressure  we  used  falls,  however,  far  short  of  the  quan- 
tity traversed  by  the  solar  rays  in  passing  through  the 
atmosphere  when  the  sun  is  vertical. 

It  will  be  noted  that  the  bands,  if  we  except  the  faint  two 
in  the  green  and  indigo  res[)ectively,  appear  to  be  identical 
with  those  terrestrial  bands  in  the  solar  spectrum  which 
Angstrom  found  to  be  as  strong  when  the  air  was  dried  by 
intense  frost  as  at  other  times.  At  least  the  positions  of  the 
maxima  agree  closely,  and  that  near  D  shows  the  same  pecu- 
liarity in  having  its  maximum  near  the  less  refrangible  end. 
We  did  not,  however,  observe  a,  which  would  be  fainter  than 

B,  and  if,  like  A  and  B,  unresolvable,  would  be  lost  in  the 
diffuse  band  which  covers  that  region.  The  bands  above 
numbered  3,  4,  5,  6  agree  also  with  those  observed  by 
Olszewski  (Wied.  Ann.  xxxiii.  p.  570)  to  be  produced  by  a 
layer  of  liquid  oxygen  7  millim.  thick.  The  point  also  at 
which  the  absorption  of  the  ultra-violet  rays  begins  agrees 
with  that  at  which  the  absorption  by  ozone  begins,  as  ob- 
served by  Hartley  (Journ.  Chem.  Soc.  xxxix.  p.  57);  but  the 
oxygen,  as  w^e  used  it,  did  not  appear  to  transmit  the  more 
refrangible  rays  beyond  2320  which  seem  to  pass  through 
ozone.  EgorofF  [Coniptes  Rendus,  ci.  p.  1144)  found  that  A 
remained  visible  when  he  looked  through  80  metres  of  atmo- 
sphere, but  3  kilog.  of  atmosphere  failed  to  produce  a. 

When  the  pressure  in  our  tube  was  reduced,  a  cloud  was 
always  formed  which  rendered  the  contents  of  the  tube  nearly 
opaque ;  the  faint  light  which  was  then  transmitted  had 
always  a  green  tinge. 
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It  is  remarkable  that  the  compounds  of  oxygen  do  not  show 
any  similar  absorptions.  Angstrom  thought  it  improbable 
that  oxygon  shouKl  have  a  spectrum  of  such  a  character,  since 
he  failed  to  obtain  an  emission  sjiectrum  resembling  it ;  and 
suggested  that  the  absorptions  might  be  due  to  carbonic-acid 
gas  or  to  ozone,  or  possibly  to  oxygen  in  the  state  in  which 
it  becomes  fluorescent  {Sped.  JS^oiin.  p.  4 1).  Neither  carbonic- 
acid  gas  nor  nitrous  oxide,  at  a  pressure  of  50  atmospheres  in 
cur  tube,  show  any  sensible  absorption  in  the  ynsible  spec- 
trum ;  and  the  absorption  of  the  ultra-violet  rays  by  the  latter 
gas  begins  at  a  higher  point,  namely  about  \  2450,  than  that 
of  uncombined  oxygen.  In  fact  we  see  the  anomalies  of  the 
selective  absorption  by  compounds  as  compared  with  that  of 
their  elements  when  we  take  the  case  of  water,  which  has  a 
remarkable  transparency  for  those  ultra-violet  rays  for  which 
oxygen  is  opaque. 

These  observations  show  that  all  stellar  spectra  obserA^ed  in 
our  atmosphere,  irrespective  of  the  specific  ultra-violet  radia- 
tion of  each  star,  must  be  limited  to  wave-lengths  not  less 
than  X  2700,  unless  we  can  devise  means  to  eliminate  the  atmo- 
spheric absorption  by  observations  at  exceedingly  high  altitudes. 

Postscript. — Since  the  foregoing  paper  was  written  we  have 
extended  our  observations  to  much  longer  columns  of  oxygen. 
A  steel  tube  18  metres  long  was  fitted  with  the  same  quartz 
ends  as  had  been  used  with  the  shorter  tube,  and  with  two 
quartz  lenses  symmetrically  placed  inside  the  tube,  one  near 
each  end,  so  that  when  an  arc-lamp  was  placed  about  14  cen- 
tim.  from  one  end  of  the  tube  the  image  of  it  was  formed  on 
the  slit  of  the  spectroscope  at  the  same  distance  from  the 
other  end. 

When  the  tube  was  filled  with  air  only  at  ordinary  pressure 
no  absorptions  could  be  detected,  but  when  the  air  was  replaced 
by  oxygen  at  the  pressure  of  the  atmosphere  the  absorption  of 
A  was  just  %-isible,  though  neither  B  nor  any  other  absorption- 
band  could  be  traced.  As  the  pressure  of  the  oxygen  was 
increased  A  became  much  darker  and  more  distinct,  and  B 
came  out  sharply  defined.  The  absorption-band  about  \5785 
was  next  seen,  and  the  dark  bands  about  A,  6300  and  A,  4770 
were  just  visible  when  the  pressure  reached  20  atmospheres. 

At  a  pressure  of  30  atmospheres  A  was  very  black,  B  also 
strong  and  sharply  defined,  and  the  forementioned  bands  were 
all  quite  strong  and  had  the  same  general  characters  as  when 
seen  through  the  shorter  tube  ;  the  band  about  X.5350  also 
could  be  seen,  but  there  was  only  a  bare  trace  of  that  in  the 
indigo  about  X  4470.  At  60  atmosj»heres  these  last  two  absorp- 
tions could  be  well  seen,  all  the  other  bands  were  very  strong, 
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B  still  quite  sharp,  but  A  somewhat  obscured  by  a  general  ab- 
sorption at  the  red  end.  At  90  atmospheres  this  general 
absorption  at  the  red  end  seemed  to  extend  to  about  one  third 
of  the  distance  between  A  and  B  ;  but  A  could  still  be  seen, 
when  the  slit  was  wide,  as  a  still  darker  band  on  a  dark  red 
background  ;  B  was  still  sharj),  and  the  other  absor})tions  all 
strengthened  and  somewhat  expanded.  The  diffuse  edges  of 
the  several  bands  now  extended  from  about — (1)  A,  6410  to 
Gli)(),  (2)  X 5865  to  5G35,  (3)  X 5350  to  5280,  (4)  X 4820 
to  4710,     (5)  X4480to4455. 

Photographs  taken  when  the  pressure  of  the  oxygen  was 
90  atmospheres  show  a  faint  absorption-band  about  L  of  the 
solar  S])ectrum,  a  stronger  band  extending  iron)  about  X3G00 
to  3640,  a  broad  diffuse  band  about  the  place  of  the  solar  lino 
0,  and  comj)lete  absorption  above  P. 

The  absorbent  column  in  the  tube  at  the  highest  pressure 
used  contained  a  mass  of  oxygen  about  equal  to  that  in  a 
vertical  column  of  the  earth's  atmosphere  of  the  same  section  as 
the  tube ;  but  the  intensity  of  the  bands  ])roduced  by  the 
compressed  gas  was  far  greater  than  that  of  the  corresponding 
bands  in  the  solar  spectrum  with  a  low  sun.  When  the  arc- 
light  was  replaced  by  a  piece  of  white  paper  reflecting  light 
from  the  sky  through  the  tube,  it  appeared  to  the  naked  eye 
to  have  a  faint  blue  tint,  similar  to  that  of  liquid  oxygen, 
which,  comparing  our  observation  with  Olszewski's,  seems  to 
have  the  same  absorptive  powers  as  the  dense  gas,  if  we  ex- 
cept A.  This  exception  is  probably  only  ap})arent,  and  due 
to  the  difficulty  of  observing  A  under  the  circumstances  of 
Olszewski's  experiment. 

The  gi-eatly  increased  intensity  of  the  absorption-bands  at 
high  pressures  bears  out  Jansen's  observation,  that  in  this 
group  the  absorption  is  proportional  to  the  product  of  the 
thickness  of  the  absorbent  stratum  into  the  square  of  its  den- 
sity, while  the  absorptions  to  which  A  and  B  belong  vary 
directly  as  the  density. 

The  appearance,  on  looking  through  the  tube  when  gas  at 
high  pressure  is  streaming  into  it,  is  very  much  like  that  of  a 
black  and  a  colourless  liquid,  which  do  not  mix,  being  stirred 
together,  and  the  tube  soon  ceases  to  transmit  any  light. 
Transparency  returns  as  the  density  becomes  uniform.  Cur- 
rents produced  by  heating  the  tube  at  one  or  two  points 
produce  a  similar  effect,  and  show  that  such  currents  in  the 
atmosphere  of  a  star  may  stop  all  rays  coming  from  its  interior. 

We  hope  before  long  to  get  the  tube  fitted  with  rock-salt 
ends  and  lenses,  and  to  determine  the  total  absorption  of  ra- 
diation by  similar  masses  of  oxygen,  nitrogen,  and  hydrogen. 

Cambridge,  August  18, 1888. 
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XXXI.  On  llie  Existence  of  an  Uiuhilatori/  Morement  accoin- 
payiying  the  Electric  Sj)ark.  By  Ernest  H.  C^ook, 
JKSc.  (Loud.),  F.I.C.j  Merchant  Venturers'  School, 
Bristol*. 

[Plate  m.] 

1.  TF  a  powdered  substance  be  scattered  over  a  smooth 
-■-  plate,  and  the  ]date  held  near  a  pair  of  terminals 
between  which  an  electric  spark  is  passing,  the  powder  will 
arranoe  itself  in  a  more  or  less  regular  series  of  concentric 
circles.  The  common  centre  of  these  circles  (when  the  spark 
is  small)  appears  to  be  a  point  directly  under  that  halfway 
between  the  terminals.  The  general  appearance  ])resented  by 
these  curves  will  be  apparent  by  a  glance  at  the  figures  in  the 
Plate  which  accompanies  this  paper.  These  are  approximately 
of  the  same  size  as  the  originiil.  It  will  be  noticed  that  the 
figures  roughly  divide  themselves  into  two  classes — (1)  those 
with  a  clear  space  in  the  middle,  and  (2)  those  with  a  circular 
space,  within  which  the  powder  is  apparently  unaffected. 

The  first  class  are  obtained  by  holding  the  plate  near  to 
the  terminals,  the  distance  varying  with  the  energy  of  the 
spark.  The  cleared  space  is  irregularly  elliptical,  with  its 
major  axis  at  right  angles  to  the  direction  of  the  spark, 
and  the  area  of  the  space  increases  as  the  intensity  of  the 
spark  increases.  The  second  class  are  formed  when  the 
distance  between  the  spark  and  plate  is  increased  until  the 
elliptical  space  ceases  to  make  its  appearance. 

2.  Mode  of  Ohtaining  thfi  Curves. — The  most  convenient 
arrangement  and  the  one  which  gives  the  best  results  is  as 
follows : — An  induction-coil  has  each  of  its  terminals  con- 
nected with  a  Leyden  jar,  and  with  one  of  the  handles  of  a 
universal  discharger.  The  plate  with  the  powder  scattered 
over  it  from  a  sieve  is  held  under  the  points  at  a  distance 
which  can  be  varied  at  pleasure  The  distance  between  the 
terminals,  and  therefore  the  length  of  the  spark,  can  also  be 
easily  adjusted.  On  connecting  the  coil  to  the  battery  a 
succession  of  sparks  of  condensed  electricity  is  obtained,  and 
the  powders  will  be  seen  to  arrange  themselves  in  the  manner 
described.  The  first  spark  causes  a  distinct  effect,  but  a 
continuance  is  necessary  to  bring  out  the  regularity  of  the 
curses. 

Should  it  be  required  to  fix  the  powders  in  the  positions 

•  Communicated  by  the  Physical  Society  :  read  June  23,  1888. 
The  paper  was  illustrated  by  a  series  of  photographs:   fiom  two  ot 
these  the  tig^ures  in  the  Plate  have  been  engraved. 
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which  they  have  taken  up,  it  is  easily  done  by  coating  the 
plate  beforehand  with  a  thin  layer  of  gum,  and  after  the 
experiment  breathing  on  it. 

3.  Effect  of  Plate. — When  the  figures  were  first  obtained 
it  was  surmised  that  they  might  be  caused  by  the  distribution 
of  the  electricity  over  the  plate  ;  that  they  were  in  fact  modi- 
fied Lichtenberg's  figures.  Experiments  were  therefore  made 
with  plates  of  various  substances  in  different  states  as  regards 
their  surfaces ;  for  example,  whether  polished  or  dull,  elec- 
trified or  unelectrified.  The  following  materials  have  been 
examined : — glass  ;  resinous  cake  of  electrophorus  (a  mixture 
of  shell-lac,  resin,  and  Venice  turpentine)  ;  ebonite  ;  paper 
(glazed  and  ungiazed)  ;  brass  (lacquered  and  unlacquered)  ; 
zinc ;  iron,  tinned  ditto,  galvanized  ditto;  wood;  paraffin;  card- 
board ;  and  glazed  and  ungiazed  earthenware.  Except  that  the 
rougher  surfaces  retard  and  prevent  the  regularity  of  the 
curves,  no  difference  whatever  could  be  observed  as  due  to 
the  substance  or  condition  of  the  surface. 

A  piece  of  plate-glass  or  polished  sheet  of  metal  answers 
admirably  for  these  experiments.  The  fact  that  the  produc- 
tion of  the  curves  is  independent  of  the  electrical  state  of  the 
support  (and  therefore  of  the  powder)  justifies  the  statement 
that  they  are  not  caused  by  any  peculiarity  of  electrical 
distribution. 

4.  Eff'ect  of  Battery  Power^  Coil,  and  Condensation. — 
Experiments  were  made  with  the  view  of  finding  if  variations 
in  the  number  of  cells,  in  the  coil,  and  in  the  capacity  of  the 
condensers  used,  caused  any  alteration  in  the  shape  or 
frequency  of  the  lines  in  which  the  powders  arranged  them- 
selves. Other  conditions  remaining  constant,  the  battery 
power  employed  to  drive  the  coil  was  changed  from  ten  pint 
bichromates  to  one.  In  no  case  could  any  difference  be 
observed  in  the  resulting  figures  produced.  Afterwards  the 
current  was  still  further  reduced  until  it  was  just  sufficient 
to  drive  the  coil,  but  so  long  as  this  was  accomplished  the 
fioures  remained  unaffected. 

Several  coils  were  used  in  the  course  of  the  earlier  experi- 
ments, but  finally  the  Avork  was  confined  to  two.  One  of 
these  was  a  very  fine  instrument  by  Iluhmkorft',  kindly  lent  to 
me  for  the  purpose  of  these  experiments  by  Mr.  Francis  J. 
Fry,  late  High  Sheriff  of  Bristol.  It  contains  a  secondary 
coil,  formed  of  twenty-four  miles  of  wire,  is  fitted  with  both 
spring  and  mercury  interrupters,  and  with  one  bichromate 
(carbons  7"  x  3^"),  gives  a  regular  succession  of  sparks  six 
inches  long.  The  second  was  a  smaller  instrument,  by  Paterson 
of  London,  fitted  with  a  condenser  of  100  sheets  of  12"  by  5", 
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and  capable  of  giving  a  small  spark  of  about  li  inch  long. 
When  coupled  with  the  Loydon  jars,  of  course,  the  length  of 
spark  was  much  diminished.  In  no  case  with  either  coil  was 
a  longer  spark  employed  than  '75  inch.  No  change  in  the 
appearance,  regularity,  or  shape  of  the  figures  was  caused  by 
replacing  one  coil  by  another. 

The  effect  of  a  difference  in  condensing-power  was  tried 
by  interposing  more  jai's.  Except  that  the  vigour  of  the 
spark  caused  a  larger  area  of  cleared  space,  no  alteration  could 
be  observed.  This  is,  of  course,  confirmed  by  the  fact  of  the 
different  coils,  possessing  condensers  of  different  areas,  giving 
identical  results. 

5.  Influence  of  Contact-Breaker. — It  might  be  supposed,  as 
was  done  by  Grove  in  reference  to  the  stratifications  in  partial 
vacuo,  that  the  intermittent  character  of  the  currents  flowing 
in  the  secondary  wire  caused  by  the  interruptions  in  the 
primary-coil  by  the  contact-breaker  would  have  some  influence 
in  producing  or  regulating  the  curves.  This,  however,  is  not 
the  case.  The  shapes  did  not  alter  no  matter  what  coil  was 
employed,  and  when  the  mercury-break  on  the  large  coil  was 
used  in  place  of  the  spring,  no  alteration  in  the  resulting 
curves  was  produced.  Moreover  the  curves  can  be  obtained 
without  the  use  of  a  coil  with  its  necessary  contact-breaker 
at  all.  For  this  purpose  it  is  only  necessary  to  connect  each 
electrode  of  a  Wimshurst  machine  to  one  or  two  Leyden  jars, 
and  to  allow  the  highly  condensed  spark  thus  obtained  to  act 
upon  the  powder.  In  fact  I  have  been  able  to  produce  the 
curves  in  this  way  without  employing  any  jars  at  all.  With 
the  machine,  however,  they  are  far  inferior  in  regularity  to 
those  produced  by  the  use  of  the  coil.  With  a  17-inch  plate 
the  best  results  have  been  obtained  with  jars  having  a  total 
area  of  foil  of  about  1500  scpiare  inches,  a  spark  of  about  3" 
long,  and  the  powder  6"  below  spark. 

G.  jS\iture  of  Electrodes. — Varying  the  material  forming 
the  points  between  which  the  sparks  were  taken  made  no 
difference  in  the  resulting  shapes.  Thus  the  same  effects  are 
produced  by  using  brass,  iron,  or  carbon  points. 

7.  Influence  of  the  Powdered  Substance.  — Soon  after  the 
first  results  were  obtained  and  upon  trying  different  sub- 
stances, it  became  evident  that,  although  accidental  irregu- 
larities occurred,  yet,  upon  the  whole,  the  curves  Avero 
remarkably  regular.  It  was  also  very  soon  noticed  that  the 
frequency  with  which  they  followed  each  other  altered  with 
an  alteration  of  the  substance  of  which  they  were  composed. 
This  induced  a  desire  to  compare  by  measurement  the  dis- 
tances between  each  successive  curve.     A  large  number  of 
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different,  powders  were  examined,  and  the  niimhor  of  lines  in 
a  certain  distance  counted.  Several  determinations  were 
made  anil  the  moan  numlxir  taken.  Althontrh  every  care  was 
tak(Mi  to  make  these  measurements  as  accurately  as  possihlo 
and  to  avoid  sources  of  error,  yet,  from  the  difficulties  peculiar 
to  the  case,  I  do  not  wish  to  pledpje  the  absolute  accuracy  of 
the  numbers,  but  put  them  forward  as  approximate  only. 
It  first  became  necessary  to  ascertain  if  the  tineness  of  the 
jiowder  affected  th(^  number  of  lin(\s  in  a  certain  leno;th.  This 
was  found  not  to  be  the  case.  Provided  the  degree  of  fine- 
ness was  such  as  to  admit  of  the  production  of  the  lines 
with  such  an  amount  of  definiteness  as  sufficed  for  their 
measurement,  the  number  of  lines  was  found  to  be  unaltered. 
The  following  tabular  statement  gives  the  results  obtained. 
The  actual  exj)eriment  was  to  count  the  number  in  a  quarter 
of  an  inch.  These  hav(!  been  multiplied  by  4,  henc(!  the 
regularity  of  the  diminution  of  the  numbers  given  in  the  first 
column : — 


No.  of  lines 
in  1  inch. 


Substances  examined. 


88.  Silica  (powdered  saud). 

80.  Magnesia  alba. 

68.  Chromic  oxide. 

I"  Antimony  sulphides ;  baric  peroxide ;  fluor  spar  ;  cupvic 
64.         -!        oxide ;  red   lead ;    lead  acetate ;     lead   oxide ;     anti- 

[       mony;   .sulpliur;    pota^^sium  hydrogen  tartrate. 
60.  Borax ;    cobaltic  oxide  ;    starch  ;  zinc  carbonate. 

{Binoxide    of    manganese ;    baric    carbonate ;    tricalcic 
phosphate;  ferrous  sulphide  ;  lead  chromate  ;  mercuric 
oxide ;  binoxide  of  tin ;    nickel  monoxide  ;  lead  car- 
bonate ;  calcic  oxide. 
i  Sodium  hydrogen  carbonate ;  potassic  sulphate  ;  potassic 
carbonate ;      mercurous     chloride ;      carbon ;     calcic 
hydrate. 
1  Tannin ;    salicylic  acid  ;   rochelle  salt ;    amnionic  sid- 
48.  <       phate  ;    baric  nitrate ;  copper  sulphate  ;    oxalic  acid ; 

(       sodic  chloride  ;  succinic  acid ;  Epsom  salts. 
44,  Alum. 

40.  Chalk. 

The  figures  f  Iron  filings ;  baric  chloride ;  baric  sulphate ;  benzoic 
werosoindefi-  |  acid;  strontium  chloride  ;  bismuth  nitrate  ;  cadmium 
nite  as  not  to>^  nitrate ;  microcosniic  salt ;  potassium  chloride ; 
permit  count-  |  potassium  bromide ;  ammonium  chloride ;  ferrous 
mg.  t       sulphate ;  ammonium  nitrate ;  pyrogallol. 

8.  Effect  of  2ficture. — While  engaged  in  repeating  the 
ex])erinients,  in  order  to  confirm  the  nuuibers,  it  was  found 
that  a  particular  sample  of  calcic  oxide  gave  48  lines  to  the 
inch  instead  of  5(i,  as  given  in  the  table.     U[)on  examining 
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the  pumple  it  was  found,  however,  to  bo  an  old  one,  and  to  be 
partially  converted  into  carbonate.  It  was  thus  a  mixture 
of  oxide  and  carbonate.  This  led  to  the  investigation 
of  other  mixtures.  It  was  thus  proved  that  the  number 
given  by  a  mixture  of  two  substances  was  intermediate  be- 
tween those  of  its  constituents.  The  following  were  examined, 
no  particular  care  being  taken  to  mix  in  definite  proportions, 
but  the  substances  simply  ground  up  together  in  a  mortar : — 


Slixture. 

Nos.  due  to  each 
constituent. 

No.  obtained. 

5G        -1 
40        / 
80       \ 
40       1 
60       ] 
68       ] 
60       1 

80     ; 

Exp,  1. 

2. 

3. 

j'  Calcic  osicle    

48 
00 
04 

G8 

50 
(>4 
64 
64 

48 
56 
66 
68 

I  Calcic  carbonate 

f  Magnesia  alba    

[  Calcic  carbonate     

f  Cobaltic  oxide 

\  Chromic  oxide    

f  Cobaltic  oxide 

[  Magnesia  alba 

0.  Effect  on  Liquids. — In  order  to  test  if  the  effect  could 
be  produced  on  the  surfaces  of  liquids  the  following  experi- 
ments were  made  : — In  place  of  a  glass  plate  with  the  powder 
scattered  over  it,  there  was  held  under  the  spark  a  shallow 
vessel  (an  ordinary  porcelain  evaporating  dish  answers  very 
well)  containing  the  liquid.  So  long  as  the  surface  was 
looked  directly  down  upon,  no  effect  could  be  observed  ;  but 
when  regarded  obliquely,  minute  ripples  were  seen  to  be  pro- 
duced upon  the  surface.  No  attenq)t  was  made  to  measure 
these,  but  they  were  judged  to  be  of  about  the  same  size  as 
those  of  the  powders,  that  is,  between  the  limits  of  88  and  40 
to  the  inch.  The  following  were  the  hquids  tested  in  tliis 
way : — water,  mercury,  alcohol,  ether,  glycerin,  and  benzol. 

10.  Experiments  ivitli  Wimshnrst  Machine. — It  has  already 
been  stated  that  the  curves  obtained  by  the  aid  of  the  machine 
are  much  inferior  in  regularity  to  those  given  by  the  intluction- 
coil ;  in  fact,  without  care  they  cannot  be  produced  at  all. 
But  there  are  some  other  peculiarities  which  deserve  notice. 
Thus,  while  with  exerj  coil  used  and  with  varying  battery- 
power  it  was  found  that  magnesia  alba  gave  80  lines  to  the 
inch,  when  the  macliine  was  used  the  number  varied  in  differ- 
ent parts  of  the  figure  from  5G  to  H-l.  There  was  no  particular 
mode  of  variation,  that  is,  no  crowding  together  at  a  special 
place,  &c.     This  irregularity  in  the  numbers  is  not,  however, 
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a  general  thing  ;  for  in  other  cases  tried,  the  numbers  did  not 
vary  among  themselves  and  agreed  with  those  obtained  with 
the  coils. 

The  common  centre  of  the  circles,  instead  of  being,  as  with 
the  coil,  halfway  between  the  terminals,  seemed  to  be  a  little 
nearer  the  positive  electrode  than  the;  negative.  Other  expe- 
riments are,  however,  necessary  before  this  can  be  regarded 
as  established. 

In  experimenting  with  this  machine  it  is  necessary  to  avoid 
placing  the  plate  too  near  the  terminals,  otherwise  the  powder 
becomes  electrified,  and  the  plate  also,  and  the  resulting  figures 
are  combinations  of  those  showing  the  distribution  of  the 
electricity  upon  the  plate,  and  the  undulatory  effect  discussed 
in  this  paper. 

Most  of  the  figures  obtained  with  the  machine  were  caused 
by  the  spark  passing  between  knobs.  They  are  imperfect  at 
the  sides,  in  consequence  of  the  undulatory  effect  being  pre- 
vented from  making  itself  felt  in  those  directions  by  the  solid 
body  of  the  knob  coming  between.  Thus  the  portion  of  the 
circles  shown  are  at  right  angles  to  the  direction  of  the  spark. 
The  figure  can  of  course  be  obtained  from  sparks  taken 
between  points,  but  it  is  more  difficult.  It  was  particularly 
noticed  in  the  course  of  these  and  some  other  experiments 
that,  whilst  substituting  a  knob  for  a  point  in  a  Wimshurst  or 
other  machine  increased  the  length  of  spark  obtainable,  it  was 
just  the  opposite  with  a  coil ;  for  here  the  spark  is  consider- 
ably reduced  if  taken  between  tioo  knobs.  The  longest  spark 
with  a  coil  is  obtained  either  between  two  points,  or  between 
one  point  and  one  knob  or  plate. 

It  was  also  noticed  that  under  the  positive  electrode  the 
powder  was  scattered  so  as  to  cause  a  space.  This  is  some- 
times, but  not  always,  the  case  under  the  negative. 

11.  Production  of  the  Cleared  Space. — It  will  be  observed 
that  the  more  or  less  elliptical  space  in  the  middle  of  the 
figures  is  not  present  in  all.  It  is  only  produced  when  the 
plate  is  held  close  up  to  the  terminals  and  when  the  vigour  of 
the  spark  is  considerable.  At  a  first  glance  at  a  figure  con- 
taining the  clear  space,  it  appears  that  the  lines  are  crowded 
together  at  the  ends  of  the  major  axis  of  the  ellipse.  Closer 
examination  and  careful  measurement  will  show,  however, 
that  this  is  not  the  case,  for  the  number  of  lines  per  unit  of 
length  is  the  same  whether  measured  at  the  ends  of  the  major 
or  of  the  minor  axis.  In  fact  the  appearance  is  just  that  of 
concentric  circles,  formed  of  the  powder,  with  the  material 
composing  the  smaller  circles  swept  up  so  as  to  form  the 
irregular  ellipse. 
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From  this  fact,  and  also  that  the  circles  can  bo  produced 
without  any  cleariuo;  of  the  powder,  I  am  led  to  conclude  that 
the  production  of  the  circles  is  duo  to  an  entirely  (liferent 
caitse  to  that  producing  the  s})ace,  but  that  both  are  necessary 
accompaniments  of  the  disruptive  discharge. 

12.  Discussion  of  Eesnlts. — When  these  figures  were  first 
obtained  it  was  imagined  that  they  were  due  to  the  sound 
which  accompanied  the  spark,  and  in  fact  gave  a  graphical 
representation  of  the  sound-waves.  This  view  was  to  some 
extent  confirmed  by  finding  that  the  same  substance  gave  the 
same  number  of  waves  in  the  same  space.  If  this  be  so, 
however,  then  there  ought  to  be  no  difference  in  the  numbers 
obt;iined  with  different  powders;  for  the  sound  of  the  spark 
produced  by  a  coil  is  remarkably  constant,  and,  if  such  a  term 
can  be  rightly  applied  to  it,  it  is  of  unvarying  pitch.  This 
view,  however,  is  also  disproved  by  the  measurements  ;  for  if 
it  be  taken  that  the  lines  show  the  phases  of  the  undulatory 
movement,  then  the  longest  distance  between  similar  [)hases 
is  that  given  by  powdered  chalk,  viz.  ■:^  of  an  inch.  But  the 
upper  limit  of  vibration  producing  a  sound-wave  may  bo  taken 
as  equal  to  40,000  per  second,  giving  a  length  for  the  wave 
of  as  nearly  as  possible  one  third  of  an  inch,  a  distance 
thirteen  times  greater  than  the  longest  given  by  these  expe- 
riments. It  is  therefore  evident  that  the  vibrations  producing 
these  curves  and  those  producing  the  sound  of  the  spark  are 
not  identical. 

From  the  fact  that  the  number  given  by  a  mixture  is  inter- 
mediate between  those  of  its  constituents,  we  should  be  led  to 
conclude,  since  the  density  of  a  mixture  follows  the  same 
law,  that  therefore  this  is  the  factor  which  regulates  the  num- 
ber given  by  any  particular  substance.  If  this  be  the  case, 
then  the  powders  should  arrange  themselves  in  a  series,  with 
those  of  the  highest  density  at  the  top  and  those  of  the  lowest 
at  the  bottom.  A  glance  at  the  tables  of  results  will,  however, 
show  that  no  such  order  is  observed.  Thus  we  have  silica 
giving  a  higher  number  (88)  than  the  heavy  oxides  of  lead 
(64) ;  magnesia  alba,  a  substance  of  very  low  specific  gravity, 
appearing  high  up  in  the  list ;  and  tannin,  also  of  low  specific 
gravity,  on  the  other  hand,  appearing  low  down.  What  con- 
ditions, if  any,  regulate  the  number  of  these  lines  I  have 
hitherto  been  unable  to  determine.  Before  any  generalization 
can  be  made  it  is  necessary  to  examine  a  very  much  larger 
number  of  substances,  and  experiments  are  being  conducted 
with  this  purpose.  At  present,  indeed,  I  am  not  disposcid  to 
attach  much  importance  to  the  al)Solute  length  of  any  one  of 
these  undulations,  but  rather  to  the  great  similarity  of  the 
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nioasiiremonts  as  a  whole.  For  although  it  is  likely  that  errors 
may  occur  in  some  of  the  individual  nioinlxirs,  it  is  hardly 
possible  that  the  whole  are  erroneous.  It  will  ther(;fore  fol- 
low that  undulations  of  a  length  of  about  one  sixty-fourth  of 
an  inch  (taking  the  mean  measurement)  accompany  the  dis- 
ruptive discharge. 

The  photograjihs  from  which  the  figures  in  the  Plate  are 
copied  were  taken  for  me  by  Mr.  Dunscombe,  of  Bristol,  and 
were  printed  from  the  negatives  without  the  latter  being 
touched  in  any  way. 

I^ofe,  June  9,  1888. — Since  the  above  was  written,  I  have 
been  informed  by  Prof.  Riicker  that  he  has  an  apparatus  in 
his  possessiou,  made  by  the  late  Dr.  Guthrie,  which  gives 
somewhat  similar  results.  This  was  copied  from  one  exhibited 
at  the  Loan  Exbibition  of  Scientific  Apparatus  in  1879.  It 
consists  of  an  elliptical  dish  with  vertical  walls.  Sand  is 
scattered  over  the  bottom,  a  glass  plate  placed  over  the  top, 
and  a  series  of  electric  sparks  produced  at  one  focus  of  the 
ellipse.  The  sand  will  then  be  found  to  arrange  itself  in  a 
series  of  circular  curves  around  the  other  focus.  The  curves 
thus  produced  bear  a  striking  resemblance  to  those  exhibited 
in  the  Plate  accompanying  this  paper,  and  are  of  course  due  to 
the  same  cause. 

XXXII.  On  the  Recalculation  of  certain  Specific  Heats  at 
Hiqli  Temperatures,  and  the  Specific  Heat  of  Water.  By 
William  Sutherland,  M.A.,  B.Sc* 

IN  the  course  of  some  work  on  molecular  physics  I  was  led 
to  search  for  some  accurate  measurements  of  the  specific 
heats  of  liquids  at  high  temperatures,  and  found  that,  although 
Hirn  had  conducted  some  good  experiments,  his  results  had 
not  been  accejjted  on  account  of  their  disagreement  with  those 
of  Regnault.  Thus,  while  for  the  heat  necessary  to  raise 
ether  from  0°  to  t  Hirn  gives  the  formula 

.^=•564^+ -000799  ^---05208^'  + -07181^*, 

Regnault  gives 

(7= -529/  + -000296  ^2_ 

For  alcohol  Hirn  gives 

q  =  'A22dt  +  '0027it'--%lS2t^  +  -0^50Gt\ 
while  Regnault^s  formula  is 

q  =  '5i76t  +  -00112t'^  +  -0,221t\ 
The  great  differences  between  the  values  for  the  specific  heats 
*  Coumiunicated  by  the  Author. 
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at  0"  given  by  tliese  formula3  have  naturally  discredited  Hirn's 
results,  seeing  that  Regnault's  values  at  0°  are  certainly  nearly 
correct.  In  the  case  of  CSj  and  CClj  Hirn's  results  are  in 
much  better  agreement  with  Regnault's  ;  but  the  above  dis- 
crepancies, as  they  condemned  Hirn's  method,  condemned 
therefore  the  whole  of  his  results. 

But  by  recalculating  the  specific  heats  from  Plirn's  experi- 
mental (.lata  I  have  been  able  to  bring  his  results  at  high 
temperatures  into  good  agreement  with  Regnault's  at  low,  and 
so  to  obtain  expressions  for  the  specific  heats  of  ether,  alcohol, 
CSa,  and  CCI4  from  0°  up  to  140°. 

Hirn  (Aim.  de  Cldm.  et  de  Phjs.  ser.  4,  x.)  adopted  the 
method  of  cooling,  but  on  so  large  a  scale  that  he  was  able  to 
avoid  the  difiiculties  usually  inherent  in  that  method.  The 
vessel  in  which  the  liquids  were  heated  was  of  about  8  litres 
capacity,  and  might  be  regarded  as  the  bulb  of  a  huge  thermo- 
meter, the  stem  of  which  was  11  metres  long  and  was  filled 
with  mercury  ;  the  pressure  of  the  mercury-column  per- 
mitted the  temperature  of  the  volatile  liquids  to  be  raised  to 
160°.  The  size  of  this  apparatus  allowed  of  the  introduction 
of  an  ethcient  stirring  mechanism  to  keep  the  whole  mass  of 
liquid  uniform  in  temperature  ;  thus  the  radical  dithculty  of 
the  method  of  cooling  when  used  on  a  small  scale  was  avoided. 

When  the  liquid  in  the  bulb  was  heated,  the  overflow  of 
mercury  at  the  top  of  the  stem  enabled  Hirn  to  measure  very 
accurately  the  expansion  of  the  liquid  up  to  high  temperatures, 
and  gave  him  a  connexion  between  the  volume  and  tempera- 
ture of  the  liquid  at  any  moment  in  the  process  of  cooling. 
in  this  way  he  succeeded  in  measuring  the  rate  of  cooling  at 
temperatures  ranging  from  160°  to  40°. 

Unfortunately  he  adopted  a  cumbersome  and  inaccurate 
method  of  treating  his  experimental  numbers  in  order  to  obtain 
from  them  the  specific  heats.  Instead  of  estimating  the  rate 
of  cooling  direct  from  the  experimental  numbers,  he  found  an 
empirical  formula  connecting  the  observed  times  and  tempe- 
ratures, and  then  from  this,  by  differentiation,  got  the  rate  of 
change  of  temperature.  But  it  is  obvious  that  this  method 
becomes  dangerous  at  low  temperatures  ;  for  then  the  rate  of 
change  becomes  slow,  and  inaccuracy  in  the  formula  which 
may  not  appear  of  appreciable  importance  in  affecting  the 
absolute  value  of  the  temperature  at  a  given  time,  may 
seriously  affect  the  value  of  the  rate  of  change.  In  other 
words,  if  the  ordinate  of  a  curve  is  approaching  a  stationary 
value,  a  formula  may  represent  the  absolute  values  of  the 
ordinates  fairly  well  and  yet  give  large  errors  in  the  values  of 
the  small  slope  of  the  tangent. 
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Although  Hirn's  formulaB  represent  his  experiments  excel- 
lently, ytit  they  introduce  in  this  manner  a  certain  amount  of 
inaccuracy  into  his  final  determinations  of  the  specific  heats. 
However,  it  is  easy  to  calculate  from  his  full  published  data 
the  correct  values. 

The  cooling  of  the  large  bulb  is  due  to  two  causes — (1)  ra- 
diation, and  (2)  introduction  of  cool  liquid  from  the  stem.  As 
it  is  the  rate  of  cooling  duo  to  radiation  only  that  is  required 
in  the  method  of  cooling,  we  must  calculate  this  from  the 
actual  rate  of  cooling. 

If,  in  time  dt,  a  mass  dp  passes  from  the  stem  where  its 
temperature  is  i  to  the  bulb  where  it  is  9,  then  if  k  is  the 
specific  heat  at  6,  and  hf  is  the  mean  specific  heat  between  i 
and  6,  the  cooling  effect  produced  by  dp  on  the  mass  p  in  the 

''""'''  dpk'{e-i)ikp. 

If,  then,  d6  is  the  actual  amount  of  cooling,  and  dr  the 
amount  due  to  radiation  in  time  dt,  we  have 

dO  _dr      dpk'{d-i) 
dt       dt       dt       kp 

Now  dpjdt  is  given  by  Hirn  in  his  experiments  on  the  rate 
of  expansion,  so  also  is  p  ;  k' jk  can  be  estimated  with  sufficient 
accuracy  from  Regnault's  formula  for  lower  temperatures  ; 
i  can  be  taken  as  the  tem}ierature  of  the  surrounding  air, 
though  that  is  too  low  ;  but  the  whole  of  the  last  term  is  small 
compared  to  the  others,  so  that  roughness  in  its  estimation 
does  not  produce  much  effect  in  the  first  calculation  of  specific 
heats. 

From  the  above  equation,  then,  we  get  the  required  rate  of 
cooling  due  to  radiation  only. 

Let  P  be  the  water-equivalent  of  the  bulb  and  stirrer  ;  then 
if  the  rate  of  cooling  of  water  at  temperature  6,  of  specific 
heat  ki,  is  i\,  while  j^i  is  the  mass  of  water  in  the  bulb,  then, 
by  the  usual  equation  for  the  method  of  cooling,  we  have 

{pk^-V)v={p^k^  +  V)v^, 

where  v  stands  for  drjdt  ;  v  and  x\  are  calculated  from  Hirn's 
data,  as  explained  above  ;  p,  jh,  find  P  are  given  by  Hirn  ; 
whence  we  can  calculate  k  if  we  take  the  values  of  k'  from 
Eegnault's  determinations.  A  communication  by  Velten 
(Wied.  Ann.  xxi.  1884)  would  seem  to  show  that  Regnault's 
values  for  the  specific  heat  of  water  at  high  temperatures  are 
altoo-ethor  worthless ;  but  I  shall  show,  in  an  addendum  to 
this  paper,  that  the  apparent   discrepancies   in    Regnault's 
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published  numbers  can  be  clearly  traced  to  an  error  of 
copyino;,  wbicb,  however,  has  had  no  effect  on  the  original 
calculations,  so  that  the  values  of  the  specific  heat  at  different 
temjieratures  have  been  found  correctly. 

The  actual  rates  of  cooling  at  different  temperatures 
were  obtained  from  Hirn's  data  by  dividing  change  of  tem- 
perature by  time  elapsed  during  change  and  taking  this  as  the 
rate  of  cooling  at  the  mean  of  the  extreme  temperatures.  The 
actual  rates  thus  found  were  plotted  and  a  curve  drawn 
amongst  the  points.  From  the  curve  were  then  taken  for  use 
in  the  formula  the  values  of  u  for  140°,  120^,  100°,  and  80°. 
As  the  curves  lay  very  steadily  amongst  the  points  down  to 
80°  and  not  so  well  below  that,  it  seemed  advisable  not  to  use 
Hirn's  results  below  that  temperature,  but  to  adopt  Regnault's 
data  at  lower  temperatures. 

The  following  table  contains  in  the  first  row  for  each  sub- 
stance the  actual  rates  of  cooling;  in  the  second  the  rates  due 
to  radiation  only  in  degrees  per  minute  ;  and  in  the  third  the 
specific  heats. 


Substance. 

140°. 

120°. 

100°. 

80°. 

Water \ 

•775 

•703 

1-023 

•575 

•535 

1-018 

•410 

-391 

1013 

-270 

•264 

1-009 

Ether  | 

1-275 

l-0()8 

-803 

•892 
-765 
-736 

•580 
•528 
•690 

Alcohol    ... 

1-22 
•9.59 

-987 

•92 

•781 
-909 

•70 
•626 

-797 

•495 
•459 
-712 

cs, 1 

2-225 
1-86 

•284 

1-625 
1-424 

-276 

1-15 
105 

-268 

•761 
•715 
•260 

CCl, • 

2-12 
1^756 
•243 

1-57 
1-361 
•233 

1-11 

•998 
•228 

•74 

•685 

•219 

To  obtain  the  most  accurate  values  of  the  specific  heats  of 
these  liquids  at  0°,  I  applied  the  method  of  least  squares  to 
Regnault's  experiments  by  the  ordinary  calorimeter  method, 
and  combined  the  results  with  the  above  to  obtain  the  follow- 
ing values  of  the  constants  in  the  formula  dq/d6=a  +  h0  +  c6^, 
where  6  represents  temperature  0. 
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a. 

b. 

c. 

Ether  

cs, 

•5195 

•229 

•198 

•0,887 

•o,;30i 
•Oaiso 

•0,123 
•O5I33 

CCl,  

The  numbers  calculated  for  alcohol  do  not  join  on  in  a 
continuous  manner  with  those  obtained  from  Rognault's  ex- 
periments, so  that  a  single  formula  of  tlie  above  type  is  not 
competent  to  represent  both  series. 

lleo-nault's  formula  has  been  given  at  the  beginning  of  this 
paper,  and  may  be  considered  to  hold  from  —10°  to  50°  ;  the 
numbers  tabulated  al)Ove  give  for  the  specific  heat  of  alcohol 
from  80°  to  140°  the  formula 

dg/cW  =  -445  +  -0026  e  +  %92  OK 

If  the  two  series  of  values  given  by  these  formuUx3  are  to  join 
on  to  one  another  in  a  continuous  manner,  there  must  be  a 
point  of  inflexion  between  50°  and  80°  in  the  curve  which 
represents  the  relation  of  specific  heat  to  temperature. 

Now  it  is  a  noteworthy  fact  that  Regnault,  in  his  experi- 
ments on  the  total  heats  of  different  liquids  (that  is,  the 
amounts  of  heat  necessary  to  raise  unit  mass  from  0°  to  t  and 
evaporate  it  at  t)  found  that  alcohol  was  the  only  exceptional 
liquid  giving  a  point  of  inflexion  between  70°  and  80°  in  the 
curve  representing  the  relation  of  total  heat  to  temperature. 
The  aoreement  between  the  position  of  this  point  and  of  that 
on  the  specific-heat  curve  is  suggestive  of  some  interesting 
points  in  the  molecular  structure  of  ethylic  alcohol.  It  would 
be  worth  while  for  some  experimenter  to  determine  by  actual 
experiment  how  the  specific  heat  of  alcohol  does  vary  between 
50°  and  80°. 


Addendum. —  On  Regnault' s  Determinations  of  the  Specijic 
Heat  of  Water  at  temperatures  above  100°. 

It  is  a  rather  remarkable  fact  in  the  history  of  Physics  that 
such  complete  uncertainty  should  reign  to-day  as  to  the  spe- 
cific heat  of  water,  the  standard  sul)stance  in  calorimetrv,  and 
a  fundamental  quantity  in  the  science  of  energy.     Observer 
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after  observer  has  devoted  himself  to  the  (question  with  every 
appearance  of  the  most  thoroiioh  provision  for  refined  accu- 
racy ;  but  seems  only  to  have  made  "  confusion  worse  con- 
founded.'' The  latest  research  of  any  elaborateness  is  that 
of  Velten  previously  mentioned.  He  draws  attention  to  ap- 
parently great  errors  in  Kegnault's  calculations  of  thespecihc 
heat  of  water  from  his  data,  giving  a  table  in  -which  are 
compared  the  values  given  by  llegnaiilt  and  those  calculated 
correctly  l)y  himself  from  liegnault^s  data.  In  twenty-seven 
of  the  experiments  tl  e  two  sets  of  values  agree  well  enough  ; 
but  in  the  remaining  thirteen,  while  llegnault's  results  are  all 
greater  than  unity,  those  of  Yelten  are  all  less  than  unit}',  the 
diiference  between  the  corresponding  values  in  the  two  series 
amounting  in  one  case  to  nearly  four  per  cent.  As  the  errors 
could  not  be  ascribed  to  misprints.  Prof.  Wiillner  wTote  to 
the  Paris  Academy  of  Sciences  to  ask  if  any  explanation 
could  be  given  for  them  ;  but  that  body  appeared  to  be  able  to 
furnish  none. 

Yet  the  explanation  is  simple  enough.  Regnault,  in  pre- 
paring his  table  {Jle'm. de  V Acad. xxi.) ,has,  in  the  thirteen  cases, 
merely  copied  a  wrong  series  of  numbers  into  the  column 
headed  "  weight  of  hot  water."  I  shall  be  able  to  show  this 
quite  clearly,  and  to  prove  that  in  his  calculations  he  nmst 
have  used  the  correct  series  of  numbers.  Velten,  using  lieg- 
nault's  erroneously  tabulated  series,  necessarily  obtains  erro- 
neous results  in  the  thirteen  cases. 

Regnault  employed  a  large  calorimeter  with  a  narrow 
graduated  neck.  Its  capacity,  when  filled  to  the  zero-mark 
on  the  neck,  was  carefully  determined  and,  with  the  water- 
equivalent  of  the  calorimeter,  was  tabulated  for  temperatures 
between  10°  and  30°.  The  neck  w^as  also  calibrated,  so  that 
the  water-equivalent  of  the  calorimeter,  when  filled  to  any 
mark  on  the  neck,  could  be  determined  with  great  accuracy. 
Let  Po  be  the  water-equivalent  of  the  calorimeter  and  the 
water  at  t^  which  fills  it  to  the  graduation  n^  on  the  neck.  A 
weight,  p,  was  then  ^\•ithdrawn  and  determined  by  weighing. 
The  hot  water  at  T  was  then  introduced,  so  that  the  calori- 
meter was  filled  to  the  graduation  n  ;  the  water-equivalent  at 
the  resulting  temperature  t  of  the  calorimeter  and  its  contents 
was  then  obtainable  from  the  table  ;  let  it  be  P,  then  the 
weight  of  hot  water  introduced  was  P  —  (Pq— js).  Let  x  be 
the  mean  sjtecific  heat  between  T  and  t,  supposing  that  between 
t  and  /(,  fo  be  unity,  then 

^(P-Po+i.)(T-0  =  (Po-p)(<-/o). 
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But  at  high  temperatures  the  high-pressure  steam  projected 
tlie  hot  Avat(;r  with  such  violence  into  the  calorimeter  that  it 
was  difficult  to  regulate  the  amount  of  hot  water  so  that  the 
free  surface  of  the  water  in  the  calorimeter  should  be  within 
the  graduated  neck  ;  Regnault,  therefore,  had  to  modify  his 
method  slightly.  He  admitted  enough  hot  water  not  to  raise 
the  surface  into  the  graduated  part  of  the  neck  ;  but  then 
added  enough  of  the  cold  water  which  he  had  withdrawn  to 
])ring  the  level  of  the  water  amongst  the  graduations.  This 
small  weight  of  water  never  exceeded  100  grammes;  let  it  bo 
denoted  by  tt,  then  the  equation  becomes 

.t-(P-Po+p-7r)(T-0=(Po-i'  +  7r)(<-0- 

Thus  Rognault  conducted  two  series  of  experiments  by 
slightly  different  methods  ;  but  he  includes  all  his  results  in  a 
single  table  without  giving  any  information  as  to  which  belongs 
to  which  series.  It  is  easy  to  see,  however,  that  the  second 
method  was  used  in  precisely  the  thirteen  experiments  in  which 
the  differences  occur,  namely,  those  numbered  3, 11,  12, 13,  27, 
29,  34  to  40,  the  last  seven  corresponding  to  the  highest  tem- 
peratures ;  because,  while  in  all  the  other  experiments  the  quan- 
tity of  hot  water  ranges  from  9904*4  gr.  to  10075*9  gr.,  in  these 
it  is,  in  all  cases  except  one,  more  than  10100  gr.  But  accord- 
ing to  Regnault^s  description  of  his  second  method,  he  uses 
less  hot  water  in  these  experiments  than  in  the  others  ;  hence 
we  must  admit  that  in  copying  the  results  of  his  second 
method  into  their  appropriate  places  in  the  table  of  results  of 
the  first  method,  Regnault  must  have  transferred  a  wrong 
series  into  the  column  headed  "  weight  of  hot  water  ;"  pro- 
bably he  copied  his  values  of  -p—ir  instead  of  P  —  Pg+p— tt, 
the  true  weight  of  hot  water.  At  all  events  it  will  now  be 
shown  that  he  must  have  used  the  correct  series  of  numbers 
in  calculating  the  values  of  the  specific  heat. 

For  if  we  assume  that  in  these  thirteen  experiments  the 
level  of  the  water  in  the  calorimeter  at  t  always  stood  at  the 
zero  mark  of  the  neck,  we  can  estimate  from  Regnault's  table 
the  quantity  of  water  P  mhixis  the  small  quantity  contained 
in  n  divisions  of  the  neck.  Subtracting  the  weight  of  cold 
water  Pq— p  +  '^  given  by  Regnault,  we  get  the  weight  of  hot 
water  added  minus  the  small  quantity  contained  in  7i  divisions 
of  the  neck.  If  we  substitute  this  for  P  — Po+Ji?— tt  in  the 
above  equation  we  shall  get  values  of  x  a  little  too  large  ;  if 
then  the  values  for  the  specific  heat  given  in  these  thirteen 
cases  by  Regnaidt  are  a  little  smaller  than  our  calculated 
values,  we  can  allow  that  he  has  calculated  his  values  from  the 
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correct  data,  especially  as  they  agree  with  his  values  in  the 
twenty-seven  other  experiments. 

I  have  applied  tliis  test  to  the  thirteen  experiments,  and 
find  that  it  is  satisfied  in  all  in  the  manner  illustrated  by  the 
following  six  examples.  The  last  column  but  one  contains  the 
values  of  ,v  as  found  approximately. 


No.  of 
experiment. 

T. 

^0- 

t. 

Specific  Heat. 

Eegnault. 

Approximate. 

Velten. 

35. 
36. 
37. 
38. 
39. 

40. 

1 

183 

►    to 

190 

13 
to 
13-6 

( 

28 
to    . 
29 

1-01430 
1-01499 
1-01756 
1-01487 
1-01621 

'     1-01528 

1 

1-017 
1-019 
1-019 
1019 
1-020 
1-020 

-9748 
-9749 
•9798 
-9804 
-9757 
-9799 

It  is  thus  seen  that  Regnault^s  experiments  are  still  reliable 
and  remain  the  most  valuable  which  we  possess  on  the  subject 
of  the  variation  of  the  specific  heat  of  water  vdih.  temperature. 
Velten  considers  that  his  values  calculated  from  Regnault's 
data  confirm  a  formula  which  he  has  given  for  the  specific 
heat  of  water  deduced  from  experiments  below  100°,  and 
which  makes  the  specific  heat  of  water  above  100°  less  than 
unity  ;  but  we  see  from  the  above  that  his  formula  is  quite 
out  of  harmony  with  Regnault's  experiments. 

Rankine  ('  Transactions  of  the  Royal  Society  of  Edinburgh,' 
XX.)  has  pointed  out  a  correction  which  is  required  in 
Regnault's  equation  to  allow  for  the  kinetic  energy  of 
the  hot  water  projected  into  the  calorimeter  by  the  high- 
pressure  steam  ;  but  it  is  perhaps  hardly  necessary  to  apply 
it  till  greater  precision  is  attained  in  the  calorimetric 
measurements. 

It  would  not  have  been  worth  while  treating  the  matter  at 
such  length  were  it  not  for  the  large  amount  of  experimental 
work  that  has  already  been  spent  on  the  subject  and  the 
im])ortance  of  showing  that  the  experiments  of  so  skilled  a 
physicist  are  not  lost  as  they  appeared  to  be,  and  of  removing 
an  unmerited  reproach  from  <o  respected  a  name. 

Melbourne, 

May  2o,  1888. 

Phil.  Mag.  S.  5.  Vol.  26.  No.  160.  Sept.  1888.  X 
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A  Treatise  on  Hydrodynamics,  with  numerous  Examples.    By  A.  B. 
Basset,  M.A.^  of  Lincoln'' s  Inn,  Barrister-at-Laiv  ;   Fellow  of  the 
Cuml>rkhie  FhiJosophical  Society,  and  formerly  Scholar  of  Trinity 
CoUeye,  Camhridye.     Vol.  I.     Cambridge :  Deightou,  Bell,  aud 
Co.    London  :  George  Bell  and  Sons.     1888. 
T~\UEING  the  last  nine  or  ten  years,  since  the  appearance  of 
-'-^    Lamb's  '  Treatise  on  the  Motion  o£  Fluids,'"  so  much  progress 
has  been  made  in  this  fascinating  subject  of  Hydrodynamics,  and 
so  many  new  problems  of  interest  have  been  attacked,  that  the 
appearance  of  the  present  treatise  is  very  welcome,  containing,  as 
it  does,  the  r-esults   of  the  most  important  investigations  in  the 
mathematical  theory  of  Hydrodynamics  which  have  been  made  in 
modern  times,  carefully  brought  down  to  date  as  closely  as  possible. 
The  subject  is  a  difHcult  one,  aud  taxes  to  the  utmost  the  ana- 
lytical resources  of  the  mathematician  ;  and  so  we  find  this  treatise 
bristling  \\ ith  formulas  invohiug  all  the  functions  yet  invented ; 
not  only  the  algebraical  and   circular  functions   of  the  ordinary 
elementary  text-books,  but  also  the  hyperbolic,  elliptic,  spherical, 
spheroidal,  conical,  and  cylindrical  functions  of  Gudermann,  Abel, 
Jacobi,  "Weierstrass,  I;egendre,  Lame,  Bessel,  Mehler,  and  others. 
To  read  such  a  treatise  with  profit  the  student  must  have  gone 
through  a  thorough  course  of  pure  mathematics  on  these  advanced 
functions.     We  fear  that  such  students  are  becoming  rarer,  now 
that  the  course  of  mathematical  subjects  at  Cambridge  has  been  so 
much  curtailed  of  late  for  the  examination  in  mathematical  honours, 
and  that  so  few  are  encouraged  to  pi'oceed  to  the  study  of  the 
higher  subjects. 

It  is  the  fashion  at  present  to  decry  collections  of  examples  as 
undignified  in  an  advanced  textbook  of  mathematics  ;  but  to  the 
properly  trained  student,  examples  and  problems  are  a  source  of 
instruction  and  delectation,  and  by  their  introduction  the  book  can 
be  considerably  condensed  ;  the  prolixity  of  foreign  mathematical 
treatises  is  thus  avoided,  and  foreign  w  riters  are  now  beginning  to 
perceive  this  and  to  take  a  leaf  out  of  our  book  by  themselves  in- 
troducing collections  of  illustratiA  e  examples,  generally  appropriated 
from  our  examination-papers. 

AVhile  the  theory  of  Hydrostatics  dates  back  to  the  time  of 
Archimedes,  the  scientific  treatment  of  Hydrodynamics,  or  the 
Mot  ion  of  Fluids,  arose  only  t\\o  or  three  hundred  years  ago,  from 
the  hydraulic  requirements  of  Italian  gardening  aud  ornamental 
waterworks,  by  which  Torricelli  and  Bernoulli  \vere  led  to  the  dis- 
covery of  the  theorems  bearing  their  names.  So  far  as  the  flow  of 
liquids  in  pipes  or  channels  is  controlled  by  fluid  friction,  their 
investigation  under  the  name  of  Hydraulics  is  im])ortant  from 
the  practical  engineering  point  of  view ;  and  numerous  treatises 
exist  in  French  and  German,  the  most  moderu  and  complete  in 


I^otices  respecting  New  Books.  307 

our  language  being  Prof.  Unwin's  article  in  the  'Encyclopaedia 

Britaniiica.' 

But  Mr.  Basset  puts  off  the  consideration  of  viscosity  and  fluid 
friction  to  a  second  volume,  and  contents  himself  for  the  present 
with  the  motion  of  the  so-called  perfect  fluid. 

The  general  equations  of  motion  are  due  originally  to  Euler  and 
Lagrange  ;  but  these  equations  have  undergone  considerable  deve- 
lopment at  the  hands  of  Stokes,  Helmholtz,  and  Clebsch,  in  their 
discussion  of  the  distinction  between  irrotational  and  rotational 
motion ;  the  physical  and  geometrical  interpretation  receiving  also 
great  benefit  from  Sir  W.  Thomson's  investigations. 

The  character  of  the  motion  set  up  in  a  liquid  by  the  motion  of  a 
solid  body  through  it  receives  careful  treatment  in  this  book,  and 
the  author  has  exhausted  all  possible  means  of  discovering  new 
cases  by  the  employment  of  electric  and  magnetic  analogies ;  but 
as  the  matter  stands  at  present,  the  only  bodies  for  which  the 
problem  can  be  considered  solved  are  the  sphere,  bodies  made  up 
of  parts  of  a  sphere,  and  the  ellipsoid. 

To  George  Green  is  due  the  credit  of  the  solution  (in  1833)  for 
the  case  of  the  motion  of  translation  of  the  ellipsoid,  while  lately  • 
Mr.  AV^.  M.  Hicks  has  extended  the  case  of  two  spheres  as  far  as 
modern  analysis  will  allow. 

The  curious  cases  of  plane  discontinuous  motion  discovered  by 
Helmholtz  and  KirchhoS  are  discussed  in  chapter  vi. ;  and  in 
this  direction  the  subject  should  yield  some  interesting  develop- 
ments to  the  investigator. 

The  splendid  modern  dynamical  principle  of  the  "  ignoration  of 
coordinates,"  due  to  Dr.  Eouth,  enables  us  to  apply  the  Lagrangian 
and  Hamiltonian  equations  to  the  motion  of  a  solid  through  liquid, 
and  chapters  viii.,  ix.,  x.,  and  xi.  are  occupied  with  the  appli- 
cation of  these  principles  to  all  the  interesting  problems  yet 
discussed. 

A  second  volume  is  promised  containing  the  theory  of  circular 
vortices,  on  the  lines  of  Prof.  J.  J.  Thomson's  essay  ;  on  the  motion 
of  a  liquid  ellipsoid  under  its  own  attraction,  including  the  most 
recent  work  of  Poincare  and  G.  H.  Darwin,  in  addition  to  Eiemann 
and  Dirichlet ;  a  chapter  on  liquid  waves  and  tides  ;  and  concluding 
with  the  theoretical  investigation  of  the  effect  of  viscosity,  a  sub- 
ject in  which  the  author  himself  has  made  valuable  researches. 

The  author  shirks  no  mathematical  difficulties,  and  his  work 
should  prove  stimulating  to  the  pure  mathematician  in  directing 
his  attention  to  parts  of  analysis  requiring  development,  as  well  as 
to  the  student  of  physical  science  and  applied  mathematics. 

A.  G.  Ge£ENHIll. 

Sunlight.     By  H.  P.  IMalet. 
(8vo,  pp.  i-xii  and  1-180.)     Triibner  &  Co. :  London. 

By  way  of  enabling  our  readers  to  form  some  notion   of  this  book 
of  extraordinary  views,  \^  hich  it  would  be  of  little  use  to  criticize 
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in  a  systematic  manner,  we  make  the  following  quotation  from 
Mr.  Malet's  preface : — 

"A  book  full  of  this  tentative  science  might  be  written,  but 
enough  has  been  said  to  show  the  confusion  of  present  schooling. 
The  one  word  missing  is  Light ;  its  results  on  gases  or  on  their 
products  is  therefore  wanting.  The  persistent  or  fickle  forces  of 
wind  and  water  flow  from  the  action  of  light ;  they  leave  the  produc- 
tions of  ocean  and  of  dry  land  along  our  shores.  All  the  plateaus 
of  our  present  continents  are  built  from  these  products  by  these 
actions,  resulting  in  more  land  by  a  longer  light  in  the  northern 
hemisphere.  In  these  buildings  gases  and  combustibles  with  their 
heating  chemical  causes  are  buried  ;  from  these  burials  we  get 
volcanic  eruptions  ;  and  from  the  sapping  of  these  burials  at  varied 
depths  by  fire  and  water  we  get  our  earthquakes.  The  similarity 
of  Aolcanic  action  is  due  to  the  burials  being  chiefly  of  similar 
materials,  but  the  late  earth  actions  in  New  Zealand  tell  of  different 
constituents.  In  whichever  way  we  look  at  these  actions  and 
materials,  there  is  no  difficulty  in  tracing  all  to  Light,  acting  on 
matter  sensitive  to  it :  that  matter  absorbed  sunlight  to  maintain 
its  own  light  of  life ;  caskets  of  earth  material  retained  that  light 
and  give  it  back  as  Are  from  those  materials.  The  whole  process 
tells  of  a  God  of  Light,  of  a  creation  by  the  Light  of  Life.  By 
this  light  we  get  our  expansion  of  gases  as  evaporation  ;  on  this 
follows  the  condensation  and  fall  of  the  liquid  gases  as  they  meet 
the  colder  air ;  then  follows  the  rarefaction  of  our  air  by  cold 
pressure,  getting  rid  of  all  earthy  particles  till  the  upper  air  meets 
the  impalpable  cold  ether  of  space  without  friction.  Erom  these 
pressed-out  earthy  particles  Laplace  thought  our  meteors  came,  a 
much  more  likely  theory  than  from  comets,  as  Professor  Newton 
taught  the  American  Association  for  the  Advancement  of  Science  in 
August  last." 

llaving  thus  presented  some  of  the  writer's  facts  and  views  in 
his  own  words,  we  confidently  leave  this  book  to  the  judgment  of 
the  reader. 

Companion  to  the  Weekly  Prohlem-papers.    By  the  Eev.  J.  J.  Milne, 
M.A.     Macmillau.     1888. 

The  titlepage  further  sets  forth  that  this  work  is  "intended  for  the 
use  of  students  preparing  for  Mathematical  Scholarships,  and  for 
the  junior  members  of  the  L^niversities  who  are  reading  for  Mathe- 
matical Honours."  Even  now  it  is  possible  for  a  reader  of  the  title 
to  be  totally  una\\are  of  the  contents  of  the  useful  book  before  us. 
We  first  glance  at  the  headings.  The  theory  of  Maximum  and 
Minimum  is  handled  by  the  Editor  under  the  heads  of  Algebraical 
and  Geometrical,  and  many  valuable  results  are  arrived  at  in  the 
course  of  the  43  pages  given  to  it.  The  same  gentleman  also  dis- 
cusses the  theory  of  Envelopes  under  the  same  two  heads,  with 
illustrations,  and  there  is  a  Note  appended  by  Mr.  E.  E.  Davis. 
This  last  writer  follows  with  a  Note  on  "  'Centroid'  applied  to 
Geometry;"  and  Prof.   Genese   adds   one  on  "  Eorce  applied  to 
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Geometry."  Prof.  Genese  then  devotes  a  chapter  to  "  Biangular 
Coordiuates:"'  t.  t>.  take  a  triangle  PAB,  ZPAB  =  0,  ZPBA  =  (/,; 
0,  <p  are  the  coordinates  of  P.  Several  neat  results  are  obtained ; 
the  method,  however,  does  not  seem  likely  to  be  of  general  utility. 
Pages  99-184  are  devoted  to  a  very  full  and  interesting  account 
by  the  Eev.  T.  C.  Simmons,  of  what  has  been  called  the  "  Kecent 
Geometry  of  the  Triangle."  There  is  nowhere  to  be  found  such  a 
handy  account,  so  that  we  can  recommend  those  of  our  readers  who 
want  to  know  what  it  is  all  about  to  read  this  article.  If,  further, 
they  prociu-e  Dr.  Casey's  '  Conies,'  and  the  fourth  edition  of  his 
'  Sequel  to  Euclid,'  they  will  be  able  to  learn  all,  or  nearly  all,  that 
has  been  printed  on  the  subject  in  English.  The  writer  has  treated 
the  question  in  an  independent  manner,  and  has  contributed  much 
of  no\elty  to  it.  Some  of  our  old  "  Diary  "  friends  would  have 
revellfd  in  this  portion  of  the  geometrical  field  :  some,  indeed,  did  a 
little  in  this  direction,  before  Brocard  laid  his  hands  upon  his  points, 
and  his  circle,  and  compelled  more  close  study  of  these  matters. 
There  is  a  short  historical  Xote  founded  upon  a  communication 
by  M.  E.  Lemoine :  some  corrections  upon  the  early  history  of  the 
subject  are  being  supplied  by  Dr.  Emmerich  to  the  columns  of  the 
'  Educational  Times  '  (see  July  1888).  Chapter  vi.  has  four  proofs 
of  Feuerbach's  theorem,  by  Eeuerbach  himself,  Messrs.  Davis, 
Langley,  and  Genese.  The  last  has  given,  perhaps,  a  simpler  proof 
still  in  a  Xote  read  before  the  London  Mathematical  Society  at  its 
March  meeting.  Chapter  vii.,  by  Mr.  Langley,  treats  of  the 
"  Theory  of  Inversion "'  and  "  Pedals."  The  remaining  chapters 
contain  "Geometrical  and  Mechanical  Constructions,"  "Theory  of 
Elimination,"  "  Summation  of  Series,"  "  Binomial  Series,"  and 
"  Algebraical  and  Trigonometrical  Identities,"  "  Miscellaneous 
Articles,"  and  specimens  of  recent  scholarship-papers.  There  is 
much  useful  matter  furnished  for  junior  students  which  they  will 
find  it  diflicult  to  come  across  elsewhere,  for  the  matters  treated  of 
do  not  come  into  the  ordinary  text-books. 

A  Treatise  on  Plane  Trigonometry,  containing  an  account  of  Hyper- 
bolic Functions,  luith  numerous  examples.  By  J.  Casey,  LL.D., 
F.R.8.  DubUn:  Hodges.  1888. 
The  theme  of  the  treatise  before  us  is  now  a  somewhat  hackneyed 
one  as  it  is  presented  in  the  numerous  manuals  which  follow  one 
another  in  rapid  succession ;  but  Dr.  Casey,  \^  ith  a  master's  touch, 
has  imparted  a  wonderful  amount  of  freshness  to  the  details  he  has 
grouped  together.  He  has  not  only  brought  out  of  his  treasure- 
house  things  new  and  old,  but  he  has  deftly  clothed  each  small  or 
great  detail,  and  assigned  it  a  niche  which  seems  to  be  the  fittest 
for  it.  He  does  not  follow  on  the  lines  suggested  by  Hoiiel,  in  his 
llemarques  sur  V enaeiynement  de  la  Triyonoynetrie,  and  run-a-muck 
against  tedious  calculations*,  but  he  explains  at  some  length,  and 

*  "  Au  lieu  d'occuper  durant  tant  de  mortelles  heures  les  pauvres 
^coliers  a  transcrire  de  nombres  a  sept  figures  (le  nombre  sepf  est,  parait-il, 
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with  great  rigour  of  proof,  the  theorems  and  processes  which  enable 
coin])uters  to  draw  up  these  same  seven-tigure  logarithmic  tables, 
leaving  tlie  teacher  to  adopl  Hoiiers  suggestions  or  not.  One 
thing  our  author  commends,  though  he  does  not  yet  adopt  the 
practice,  and  that  is  the  use — gradually  coming  into  vogue  amongst 
continental  mathematicians — of  tl\e  logarithms  of  the  Natural 
(Series,  &c.,  in  place  of  the  so-called  Tabuhxr  Logarithms.  Several 
French  treatises,  in  addition  to  the  English  one  by  Hymers  (Dr. 
Casey  does  not  recognize  apparently  as  independent  treatises  in 
English  any  of  the  more  modern  works),  as  well  as  numerous 
papers  in  mathematical  journals  and  college  examination-papers, 
have  been  drawn  upon  with  the  happiest  results.  Tbe  outcome  is 
a  work  admirably  adapted  for  students,  Eor  the  use  of  Physical 
students  especially  the  author,  though  he  has  been  anticipated  here, 
gives  a  good  systematic  account  of  the  Hyperbolic  and  other  func- 
tions, which  "  from  their  great  analogy  to  circular  functions  are  very 
interesting,  and  of  great  and  increasing  importance  in  Mathematical 
Physics."  The  generality  of  English  students,  we  believe,  will 
come  across  much  that  will  be  new  to  them  in  these  pages,  and 
need  not  fear  to  find  a  dish  of  the  cramhe  repetita. 

XXXiy.  Proceedings  of  Learned  Societies. 

GEOLOGICAL  SOCIETY. 

[Continued  from  p.  238.] 

June  20,  1888.— W.  T.  Blanford,  LL.D.,  F.R.S.,  President, 
in  the  Chair. 
T^HE  following  communications  were  read  : — 
-*-     1.  "  On  the  Occurrence  of  Marino  Fossils  in  the  Coal- Measures 
of  Fife."     By  Jas.  W.  Kirkby,  Esq. 

2.  "  Directions  of  Ice-flow  in  the  North  of  Ireland,  as  determined 
by  the  observations  of  the  Geological  kSurvey."    By  J.  R.  Kilroe,  Esq. 

While  the  striae  S.E.  of  a  line  drawn  from  Strangford  Lough  to 
Galway  Bay  all  trend  in  one  direction,  two  sets  of  striae  occur  N.W. 

un  nombre  sacr6  en  mathematiques  comme  ailleurs),  et  de  never  leurs 
id(5es  dans  les  flots  de  chiUVes,  ne  serait-il  pas  mieux  de  faire  plus  souveut 
appel  a  lem*  iutelligence  et  a  leur  bon  sens,  et  de  leur  moutrer  que  Vart 
du  calcul,  loin  d'etre  une  routine  aveugle  et  abrutissante,  fouruit,  au 
contraire,  au  calculateur  des  occasions  continuelles  de  developpor  lea  res- 
sources  de  sou  esprit  d'inveution,  en  lui  oftrant  des  sujets  d'exp^riencea 
aussi  varitSs  qu'interessants,  et  donnant  lieu  a  I'emploi  de  precedes  plus 
ou  moius  exacts,  plus  ou  moins  exp6ditils  ?  Loin  dela,  dans  les  Traites 
meme  les  plus  en  vogue,  on  ue  trouve  pas  un  seal  mot  pour  avertir  I'ecolier 
que  Ton  perd  absoluuient  son  temps  en  prenant  avec  sept  tigures  le  loga- 
rithme  d'uu  uombre  connu  seulemeut  a  uu  centieme  ou  un  millieme  pres 
de  sa  valeur,  et  qu'il  est  insenst?  de  coiiserver  dans  ime  addition  plus  de 
chi  tires  dans  uue  partie  des  termes  qu'il  n'en  existe  dans  le  terme  qui  en  a 
le  moius." 
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of  that  line,  which  are  generally  at  right  angles  to  each  other,  and 
are  frequently  seen  upon  the  same  rock-surface.  The  direction  of 
one  of  these  is  N.  by  W.  in  Antrim  and  Londonderry  ;  X,W.  over 
the  highlands  of  Fermanagh  ;  and  X,E.,  jS".,  and  N.  by  W.  in 
Donegal  »tc.  That  of  the  second  set  is  W.  25°  S.,  swinging  round 
to  W.  in  Donegal  and  S.W.  towards  Galway  Bay,  and  is  strikingly 
persistent  throughout.  Besides  these,  a  very  few  striations  occur 
which  do  not  conform  to  these  directions,  and  are  attributable  to 
local  ice-tlows. 

The  second  set  of  striations  was  referred  to  the  ice  of  the  Scottish 
Glacial  System,  and  evidence  was  cited  from  the  researches  of  Messrs. 
Symes  and  M'^Henry,  Dr.  Geikie,  and  others  in  support  of  this 
view,  which  is  coulirmed  by  the  relative  positions  of  the  boulders 
and  their  parent  rocks.  Striae  bearing  westward  have  been  ob- 
served at  a  height  of  1 100  feet  in  co.  Mayo. 

The  effects  of  the  Irish  Glacial  Si/stem  have  been  considered  by 
the  Rev.  W.  Close,  Mr.  G.  H.  Kiuahan,  and  Prof.  Hull.  Striations 
occur  up  to  1340  feet  in  Donegal.  The  ice  of  this  system  flowed 
in  a  general  S.E.  direction  to  the  S.  of  the  axis. 

With  regard  to  the  relative  age  of  the  two  sets  of  stria?,  it  is 
observable  that  those  bearing  northward  are  by  far  the  most  nume- 
rous ;  so  that  although  it  is  reasonable  to  suppose  that  a  considerable 
accumulation  of  snow  and  ice  obtained  in  the  Irish  area  whilst  the 
Scotch  system  was  gathering  its  maximum  strength,  the  striations 
produced  by  this  gathering  woidd  be  largely  effaced  by  the  west- 
ward-flowing Scotch  ice ;  and  that,  after  the  decline  of  the  latter, 
an  independent  Irish  Mer  de  glace  flowed  northward  and  southward, 
finding  its  axis  of  movement  in  the  great  central  snow-field. 

3.  "  Evidence  of  Ice -Action  in  Carboniferous  Times."  By  John 
Spencer,  Esq.,  F.G.S. 

The  author  combated  the  notion  that  there  is  any  a  priori  im- 
probability in  the  action  of  ice  during  the  period  in  question.  In 
the  case  under  consideration,  of  the  two  agents,  land-ice  or  floating- 
ice,  he  was  inclined  to  adopt  the  latter,  as  having  been  the  cause  of 
the  phenomena  he  described.  The  bed  affected  is  the  Haslingden 
Plag-rock,  a  member  of  the  Millstone-Grit  series,  which  is  directly 
covered  by  a  shale  of  the  same  series.  The  surface  of  this  Flag-rock  is 
largely  striated,  the  striae  having  a  X.E.  and  S.W.  direction,  and  being 
nearly  parallel.  The  area  exposed  is  200  square  feet.  The  Flag-rock 
dips  to  the  east  at  an  angle  of  30°  ;  but  there  seems  no  possibility 
of  these  stria?  having  been  produced  hy  landsli])s  or  local  disturbance. 
A  quarry  on  the  same  horizon,  near  Kochdale,  exhibits  similar  phe- 
nomena. As  collateral  evidence  of  ice- action,  he  alluded  to  the 
boulders  frequently  found  in  the  coal-seams. 

4.  "  The  Greensand  Bed  at  the  Base  of  the  Thanet  Sand."  By 
Miss  Margaret  I.  Gardiner,  Bathurst  Student,  Newnham  CoUege, 
Cambridge. 

This  bed  may  be  seen  between  Pegwell  Bay  on  the  east,  and  Chisle- 
hurst  on  the  west,  and  a  somewhat  similar  bed  occurs  at  Sudbury, 
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Suffolk.  An  examination  of  the  Kentish  laj'er  showed  it  to  con- 
sist of  45  per  cent,  of  quartz,  15  per  cent,  of  glauconite,  and  40 
per  cent,  of  flint.  Amongst  the  rarer  minerals  are  felspar,  magne- 
tite, spinel,  zircon,  garnet,  rutile,  tourmaline,  actiuolite,  epidote,  and 
chalcedony  ;  and  there  are  a  few  microscoi)ic  organisms,  either  lladio- 
lariaiis  or  Diatoms,  and  some  Foraminiferal  casts. 

The  Sudbury  greensand  has  75  per  cent,  of  its  grains  consisting 
of  glauconite,  and  of  the  quartz-  and  flint-grains  only  10  per  cent, 
are  flint ;  several  of  the  rarer  minerals  found  in  Kent  occur  here 
also. 

The  large  flint- percentage  in  the  Kentish  grains  was  aUuded  to 
in  support  of  the  existence  of  an  unconformity  at  the  base  of  the 
Tertiary  deposits  of  tliat  area  ;  and  the  relatively  small  percentage 
of  flint  in  the  sands  now  being  formed  along  a  verj'  similarly  situated 
shore,  was  suggested  to  be  due  to  the  drifting  of  debris  derived  from 
the  coasts  composed  of  Tertiary  and  Wealden  rocks,  which  became 
mixed  with  the  material  brought  down  by  the  Thames. 

5.  "  On  tho  Occurrence  of  Elephas  mendionalis  at  Dewlish, 
Dorset."     By  the  Eev.  0.  Fisher,  M.A.,  F.G.S. 

6.  "  On  Perlitic  Felsites,  probably  of  Archaean  age,  from  the 
flanks  of  the  Herefordshire  Beacon,  and  on  the  possible  Origin  of 
some  Epidosites."     By  Frank  liutley,  Esq.,  F.G.8. 

The  author  has  previously  described  a  rock  from  this  locality  in 
which  faint  indications  of  a  perlitic  structure  were  discernible.  In 
the  present  paper  additional  instances  were  enumerated  and  a  descrip- 
tion was  given.  The  perlitic  structure  is  difiicTilt  to  recognize,  owing 
to  subsequent  alteration  of  the  rock. 

Decomposition-products,  apparently  chiefly  epidote,  with  possibly 
a  little  kaolin,  have  been  found  in  great  part  within  the  minute 
fissures  and  perlitic  cracks. 

The  author  suggested,  from  his  observations,  that  felsites,  resulting 
from  the  devitrification  of  obsidian,  quartz-felsites,  aplites,  &c.,  may, 
by  the  decomposition  of  the  felspathic  constituents,  pass,  in  the  first 
instance,  into  rocks  composed  essentially  of  quartz  and  kaolin  ;  and 
that  by  subsequent  alteration  of  the  kaolin  by  the  action  of  water 
charged  with  bicarbonate  of  lime  and  more  or  less  carbonate  of  iron 
in  solution,  these  may  eventually  be  converted  into  epidosites. 

He  regarded  it  as  probable  that  the  rocks  are  of  later  Archaean  or 
Cambrian  age. 

7.  "  The  Ejected  Blocks  of  Monte  Somma,"  Part  I.  Stratified 
Limestones."     By  H.  J.  Johnston-Lavis,  M.D.,  F.G.S. 

Introductory . — The  author  referred  to  the  Hamilton  collection,  now 
in  the  British  Museum,  and  to  the  work  of  Prof.  Scacchi,  who  enume- 
rates 52  mineral  species  as  having  been  found  in  the  ejected  blocks, 
and  indicated  the  imjjortance  of  these  from  a  geological  and  volcano- 
logical  point  of  view.  His  own  collection  contains  over  600  specimens, 
showing  the  graduation  from  unaltered  limestones,  through  various 
stages  of   change  into  numerous  varieties  of  "true   metamorphic 
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rocks,"  which,  in  their  turn,  shade  into  igneous  rocks  more  and  more 
approaching  the  several  modifications  of  tlie  normal  cooled  magma 
of  the  volcano.  Moreover,  such  rocks  come  from  depths  where  they 
have  not  been  affected  by  alterations  of  a  secondary  nature. 

He  then  gave  a  classification  of  the  varieties  of  ejected  blocks. 
The  Tertiary  rocks  are  but  slightly  metamorphosed,  whilst  the  lime- 
stones of  Cretaceous  or  earlier  age  atford  an  almost  unlimited  series 
of  mineral  aggregates.  Physical  changes  have  converted  them  into 
carbonaceous  and  saccharoidal  marbles  ;  next  oxides  and  aluminates 
have  separated,  and  silicates  have  been  introduced.  Such  rocks 
come  under  the  definition  of  accidental  ejectamenta.  They  arc  only 
ejected  when  the  apex  of  the  crater-cavity,  formed  b)'  an  explosive 
eruption,  extends  below  the  platform  of  the  volcano  into  the  under- 
lying rocks.  He  then  traced  the  history  of  the  eruptions  of  Somma- 
Yesuvius  through  divers  phases,  showing  that  it  was  only  at  a  com- 
paratively late  period  that  limestone-fragments  were  blown  out, 
though  this  had  taken  place  long  before  the  Plinian  eruption.  The 
stratified  limestones  have  been  chosen  for  the  first  part  of  this  paper, 
because  their  original  lithological  structure  acts  as  a  guide  as  we 
proceed  from  a  normal  limestone  to  its  extreme  modifications. 

Part  I. — The  character  of  the  limestones  which  underlie  the  plat- 
form of  Vesuvius  may  be  studied  in  the  peninsula  of  Sorrento, 
where  the  mass  attains  a  thickness  of  4700  feet.  They  are  mag- 
nesian  in  varying  proportions.  A  table  was  given  showing  twenty- 
seven  analyses,  made  principally  by  Rieciardi,  the  amount  of  MgO 
ranging  from  1  to  22  per  cent.  Silica  rarely  exceeds  2  or  3  per 
cent.,  whereas  in  the  greater  number  of  limestones  it  is  absent. 
The  bituminous  matter,  though  a  powerful  colouring  agent,  usually 
exists  in  quantities  too  small  for  estimation,  but  sometimes  reaches 
3  per  cent.  Such  are  the  materials  out  of  which  the  extraordinary 
series  of  sOicate-compounds  have  been  developed ;  and  as  these 
materials  of  themselves  could  not  form  peridotes,  micas,  pyroxenes, 
&c.,  it  is  clear  that  the  silica,  alumina,  iron,  fluorine,  &c.  must  have 
been  introduced  from  without,  viz.,  from  the  neighbouring  igneous 
magma.  The  author  then  discussed  the  question  of  the  probable 
methods,  being  inclined  to  favour  the  notion  of  vapour  in  combi- 
nation with  acid  gases. 

The  bulk  of  the  paper  was  occupied  with  a  detailed  description 
of  the  microscopic  structure  of  these  stratified  limestones  and 
their  derivatives.  The  author  remarked  that  the  same  meta- 
morphic  changes  may  be  traced  on  a  much  grander  scale  amongst 
the  ejected  blocks,  and  hinted  at  the  similarit}'  of  these  changes  to 
those  of  contact-phenomena  as  seen  elsewhere,  and  even  of  regional 
metamorphism,  the  two  main  factors  to  be  considered  being  the 
composition  of  the  rock  to  be  acted  upon  and  that  of  the  magma 
acting. 

The  changes  which  ensue  in  an  impure  limestone  are,  in  the  first 
place,  the  carbonization  of  the  bituminous  contents,  which  are  con- 
verted into  graphite  ;  and  a  kind  of  rccrystallization,  ajjproaching 
the  saccharoidal  structure,  seems  to  have  taken  place,  although  the 
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stratification  &c.  is  preserved.  A  few  grains  of  pcridoto  now  begin 
to  make  their  appearance,  chiefly  as  inclusions  within  the  calcite 
crystals,  and  thus  by  degrees  the  results  already  recorded  are 
effected.  In  the  early  stages  only  is  the  metamorphism  selective. 
The  order  in  which  the  new  minerals  seem  to  develop  is  the  fol- 
lowing:— 

(1)  Peridote,  Periclase,  Humite. 

(2)  Spinel,  Mica,  Fluorite,  Galena,  Pyrites,  Wollastonite. 
(ii)  Garnet,  Idocrase,  Ncpheline,  Sodalite,  Felspar. 

Many  of  these  minerals  are  crowded  with  microliths,  which  there 
is  reason  to  believe  consist  of  pyroxene. 
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SUSCEPTIBILITY  AND  VERDET's  CONSTANT  OF  LIQUIDS. 
BY  H.  E.  J.  G.  DU  BOIS. 
T^^JIIS  investigation,  carried  out  in  the  physical  institute  of  Stras- 
-'-  burg  University,  had  for  its  principal  object  to  decide  whether 
the  two  "  constants  "  above  mentioned  are  really  constant  within  a 
considerable  range  of  magnetizing  forces  ;  Silow,  Sehuhmeister,  and 
Quincke,  on  the  one  hand,  Htscheglajeff,  on  the  other,  having  found 
variations  of  the  susceptibility  and  of  Verdet's  constant  respectively. 

The  magnetic  measurements  were  made  by  Quincke's  second 
manometric  method*  ;  an  apparatus  being  specially  constructed  in 
order  to  exactly  set  the  manometer's  narrow  tube  to  any  given 
angle  with  the  horizon.  When  this  angle  is  made  very  small,  say 
30',  quantitative  measurement  becomes  somewhat  difficult ;  but  the 
method  then  affords  an  excellent  qualitative  test.  AVhen  the  dif- 
ference in  susceptibility  of  the  liquid  and  the  adjoining  gas  is  but 
one  ten-thousandth  of  the  susceptibilitv  of  water,  it  may  still  be 
detected  by  this  method,  first  used  by  Quet  and  Verdet,  and  quite 
recently  developed  by  Toepler  and  llennig.  The  space  above  the 
liquid  was  not  generally  evacuated,  but  tilled  with  coal-gas  or  car- 
bonic acid,  whose  susceptibility  may  be  neglected.  By  substituting 
oxygen  for  the  gas,  always  keeping  the  same  liquid,  the  suscepti- 
bility of  the  former  may  be  measured  in  terms  of  that  of  the  liquid. 

The  field  between  the  poles  of  the  large  electromagnet  used  was 
measured  by  means  of  Leduc's  magnetometer  t,  based  on  Lipp- 
mann's  mercurial  galvanometer. 

A  Lippich's  polarizer  was  used  to  determine  the  rotation  of  the 
plane  of  polarization. 

The  following  is  a  summary  of  the  results  obtained : — 

The  susceptibility  and  Verdet's  constant  for  all  simple  liquids, 
salts  in  solution,  and  gases,  appear  to  be  constant  for  magnetizing 

*  Quincke,  Wied.  Atm.  vol.  xxiv.  j).  374  (188-5). 
t  Leduc,  Journ.  de  Phijs.  [2]  vol.  vi.  p.  184  (1887) 
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forces  up  to  12,500  C.G.S.  (and  probably  up  to  much  higher 
values).  This  was  proved  by  direct  uieasureiueut  on  H,0,  aud 
solutious  of  FeClj  and  MuCl^  withiu  the  range  of  experimental 
errors. 

A  solution  of  any  paramagnetic  salt  in  a  diamagnetic  liquid  may 
be  brought  to  a  certain  concentration  at  wliich  it  is  magnetically 
"  inactive  ''  in  a  given  Held.  By  the  qualitative  test  alluded  to  it 
was  then  found  inactive  in  any  other  field  ;  from  this  fact  an  indi- 
rect verification  of  the  absolute  constancy  of  the  susceptibility  of 
both  the  hquid  and  the  salt  in  solution  is  easily  deduced.  Various 
salts  aud  oxygen  were  thus  tried,  all  with  the  same  result. 

The  properties  of  solutions  were  further  investigated  at  some 
length,  specially  at  the  concentrations  for  which  they  proved  either 
optically  or  magnetically  inactive  ;  the  general  result  being  a  con- 
firmation of  the  assumption  usually  made,  viz.  that  the  action  of 
solvent  and  dissolved  salt  is  algebraically  superposed. 

So-called  amalgam  of  iron  seems  to  behave  differently  from 
simple  liquids ;  its  magnetization  appears  to  reach  a  maximum  like 
that  of  massive  iron.  This  result  was  calculated  from  some  of 
Quincke's  data  by  a  formula  deduced  on  the  most  general  assump- 
tion of  varying  susceptibility.  The  reason  of  this  probably  is 
that  the  amalgam  is  neither  a  chemical  compound  nor  a  real  solu- 
tion, but  rather  an  emulsion  of  exceedingly  small  particles  of  iron 
in  the  mercury.  However,  this  question  can  hardly  be  decided 
without  further  experiment. 

The  susceptibility  of  oxygen  (at  1  atmosphere  of  pressure)  rela- 
tively to  that  of  water  was  found  to  be  0*14  at  15°.  It  was  found 
to  decrease  with  temperature  much  more  rapidly  than  the  density, 
a  result  published  somewhat  earlier  by  Quincke*. 

The  temperature-coefficient  of  the  susceptibility  of  water  was 
found  to  be  a  decrease  of  0-25  per  cent,  per  degree. 

Besides  the  qualitative  v  erification  of  the  sign  of  the  susceptibility 
and  of  Verdet's  constant  for  the  substances  most  characteristic  in 
this  respect,  absolute  determinations  were  made  of  the  suscepti- 
bilities of  a  few  standard  substances.  The  values  at  temperature 
15°  are  contained  in  the  following  table,  the  susceptibility  of  a 
vacuum  being  of  course  taken  as  zero  (its  permeability  =1). 


Substance. 

Density. 

Susceptibility. 

Water 

0-9992 

0-7963 

0-7250 

1-2692 

0-00135 

000123 

-0-837.10"^ 
-0-694     „ 
-0-642    „ 
-0-816    „ 
+0-117    „ 
+0-024    „ 

Alcohol  

Ether     

Bisulphide  of  carbon    

Oxygen;  1  atmospbere    ... 
Air ;  1  atmosphere  

*  Wied.  Ann.  vol.  xxxiv.  p.  442  (1888). 
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VoY  the  detiiils  of  experiment,  for  the  discussion  of  its  results 
and  of  those  previously  obtained,  the  orij^inal  must  be  referred  to. 
— Wiedemann's  Anualea,  vol.  xxxv.  p.  137  (1S88). 


SELECTIVE  ABSOEPTION  OF  METALS  FOR  ULTRA-VIOLET  LIGHT. 
BY  JOHN  TROWBRIDGE   AND  W.  C.  SABINE*. 

The  question  of  the  absorption  of  the  ultra-violet  rays  by  metallic 
surfaces  possesses  considerable  interest,  both  from  a  practical  and 
a  theoretical  point  of  view.  By  the  kindness  of  Prof.  Pickering, 
Director  of  the  IIar^'ard  University  Observatory,  we  were  provided 
with  a  number  of  inetallic  surfaces  prepared  by  Professor  Wright 
of  Y^ale  College.  These  metallic  surfaces  were  de])osited  upon  glass 
by  means  of  electricity.  The  surfaces  were  of  gold,  platinum,  tel- 
lurium, palladium,  copper,  silver,  and  steel.  A  preliminary  trial 
had  shown  us  that  a  heliostat  mirror  of  the  same  composition  as 
that  upon  which  the  grating  was  ruled  did  not  absorb  light  of 
greater  wave-length  than  2900.  A\^e  resolved,  therefore,  to  compare 
other  metals  with  speculum  metal.  Since  our  heliostat  ai'range- 
ment  required  two  mirrors  to  direct  the  light  upon  the  slit  of 
the  spectroscope,  we  employed  a  speculum  mirror  for  the  movable 
mirror  of  the  heliostat,  and  replaced  the  iixed  mirror  by  mirrors 
of  metals  whose  selective  absorption  we  wished  to  compare  with 
that  of  speculum  metal.  To  our  surprise,  the  metallic  mirrors  of 
gold,  copper,  nickel,  steel,  silver,  tellurium,  and  palladium  all 
reached  the  same  limit  as  speculum  metal.  Mere  was  a  complete 
experimental  proof  that  colour  in  no  way  influences  the  selective 
absorption  of  metals  for  the  ultra-\  iolet  rays ;  for  the  copper 
mirror,  which  gave  a  strong  yellow  light  by  reflexion,  was  as 
capable  of  reflecting  light  of  as  short  wave-length  as  the  brilliant 
white  surface  of  polished  silver.  Although  the  metallic  surfaces 
we  employed  were  bright,  slight  differences  in  polish  undoubtedly 
existed,  and  therefore  we  are  not  justified  in  placing  much  reliance 
upon  the  evidence  presented  by  the  intensity  of  the  photographs  of 
the  solar  spectrum  obtained  by  light  reflected  into  the  spectroscope 
by  these  various  metallic  surfaces.  The  photographs,  however,  can 
be  classified  according  to  intensity,  in  order  of  numbers  as  follows, 
number  1  indicating  the  greatest  intensity: — 1,  steel ;  2,  gold ; 
3,  platinum  ;  4,  palladium  ;  5,  silver  ;  6,  tellurium  ;  7,  copper. 

It  was  evident  from  these  experiments  that  selective  absorption 
of  metals  is  far  less  than  the  absorption  exercised  by  the  earth's 
atmosphere.  We  therefore  resohed  to  employ  the  light  of  the 
elect  ric  spark  between  metallic  terminals,  in  order  to  ascertain 
whether  any  limit  of  absorption  could  be  reached.  For  this  pur- 
pose, the  light  of  the  spark  between  copper  terminals  was  reflected, 
by  means  of  a  mirror  of  the  metal  whose  selecti\e  absorption  we 
wished  to  examine,  upon  the  slit  of  the  spectroscope.    To  protect  the 

*  From  an  advance  proof  from  the  '  Proceedings  of  the  American 
Academy.'     Commimicated  by  the  Authors. 
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surface  of  the  mirror  from  the  effects  of  the  spark,  a  thin  plati?  of 
quartz  was  placed  in  front  of  it.  It  was  foniid  that  the  copper 
mirror  showed  no  limit  of  selective  absorption  by  reflexion  for 
wave-lengths  of  light  produced  by  burning  copper  at  the  limits  of 
the  copper-spectrum,  that  is,  at  wave-length  2100.  The  photo- 
graphic plate  taken  by  this  method  showed  all  the  lines  that  the 
plates  showed  which  were  taken  by  the  direct  light  of  the  spark 
unreflected  and  unabsorbed  by  any  medium.  The  palladium  mirror 
was  substituted  for  tlie  copper  mirror,  and  also  showed  no  limit  of 
selective  absorption  above  wave-length  2100.  We  are  led  to  con- 
clude, therefore,  that  the  metallic  surface  of  the  speculum  metal 
u])on  which  the  lines  are  ruled  which  form  the  diffraction-grating 
does  not  hx  by  selective  absorption  the  limit  of  metallic  spectra  at 
ISW  to  2100.  This  limit  more  likely  resides  in  the  materials 
forming  the  sensitive  emulsion  with  which  the  sensitive  plates  are 
coated.  We  have  found  that  a  marked  difference  exists  in  different 
emulsions  in  regard  to  sensitiveness  to  ultra-violet  light.  The 
various  staining  processes,  which  enhance  to  such  a  marked  degree 
the  sensitiveness  of  photographic  plates  to  wave-lengths  of  greater 
length,  do  not  seem  to  affect  the  limit  of  metallic  spectra  in  the 
ultra-\  iolet.  Thus,  plates  stained  with  erythrosine,  which  are 
extremely  sensitive  to  yellow  and  green  light,  continue  to  give  the 
same  limit  in  the  ultra-violet  after  staining  as  they  did  before  they 
were  submitted  to  the  staining  process. 
Jefferson  Physical  Laboratory, 
Cambridge,  U.S. 


ON  A  KIND  OF  ELECTRICAL  CURRENT  PRODUCED  BY  ULTRA- 
VIOLET RAYS.      BY  M.  A.  STOLETOW. 

The  researches  of  Hertz,  E.  Wiedemann  andEbert,and  Hallwachs 
having  demonstrated  the  influence  of  the  ultra-violet  rays  on  elec- 
trical discharges  of  high  potential,  I  conceived  the  idea  of  trying  if 
a  similar  effect  could  be  obtained  with  electricity  of  low  potential. 

Two  metal  disks,  22  centim.  in  diameter,  are  placed  vertically 
opposite  each  other  in  front  of  a  lantern  with  a  Aoltaic  arc  fed 
by  a  dynamo  (12  amperes,  70  volts).  The  disk  turned  towards  the 
lamp  is  of  wire  gauze,  the  other  is  solid ;  the  two  form  a  kind  of 
condenser,  of  which  one  armature  may  be  illuminated  on  its  internal 
face  through  the  meshes  of  the  other. 

I  take  any  battery,  and  connect  its  negative  pole  to  the  solid 
disk  and  the  gauze  disk  is  connected  with  the  positive  pole.  A 
Thomson's  astatic  galvanometer  is  introduced  into  the  circuit, 
which  is  broken  by  an  air-space. 

When  the  lamp  is  lighted  the  galvanometer  is  deflected  and 
remains  so ;  a  kind  of  current  traverses  the  circuit.  Any  opaque 
screen,  or  any  kind  of  glass,  placed  between  the  arc  and  the  gauze 
cause  the  deflections  to  disappear ;  a  quartz  plate  only  enfeebles  it 
to  a  slight  extent.  The  deflection  is  constant  as  long  as  tlie  lamp 
acts ;  any  irregularity  is  at  once  apparent  in  the  changes  of  current. 
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If  tho  poles  of  the  battery  are  reversed  there  is  only  a  small 
deflection  ;  it  seems  that  the  illumiuation  of  the  positive  armature 
is  not  effective. 

It  is  clearly  the  action  of  the  ultra-violet  radiation  which  pro- 
duces here  the  flow  of  negative  electricity,  as  in  the  experiments 
cited,  the  layer  of  air  acquires  a  kind  of  unipolar  conductivity. 

1  have  repeated  these  experiments  with  batteries  of  1  to  100 
elements.  I'or  two  Daniel  Is,  the  distance  of  the  disks  being  2  to 
3  millim.,  the  deflections  are  30  to  50  divisions,  1  division  corre- 
sponding to  9xl0~"  amperes.  With  100  zinc-water-copper 
elements  traces  of  a  current  are  obtained  even  with  disks  separated 
by  JO  centim. 

Cleaning  the  solid  disk  increases  the  effect.  The  intensity  of 
the  arc  has  great  influence,  in  order  to  investigate  the  laws  of  the 
phenomenon  the  arc  must  be  kept  constant  and  the  comparisons 
be  made  as  quickly  as  possible. 

By  obs*erving  these  precautions  I  arrive  at  the  following  con- 
clusions ; — 

(1)  If  the  surface  illuminated  is  diminished  (by  covering  |, 
|,  I  of  the  gauze  with  a  screen)  the  current  diminishes  in  pro- 
portion. 

(2)  When  the  distance  I  of  the  disk  is  varied  the  current  varies 
also ;  but  it  is  not  inversely  proportional  to  I,  and  it  seems  rather 

E 

to  follow  the  law  ^= -. 

a  +  hl 

(3)  When  the  electromotive  force  E  which  charges  the  disk  is 
increased  the  current  constantly  increases ;  so  long  as  E  is  small 
(to  two  Daniells)  it  is  proportional  to  it,  and  then  increases  more 
slowly.  The  apparent  resistance  of  the  layer  of  air  seems  thus  to 
increase  with  the  electromotive  force. 

If  the  two  disks  are  of  different  metals,  their  electrical  difference 
must  be  allowed  for  in  estimating  the  electromotive  force.  The 
proportionality  of  i  to  the  external  electromotive  force  is  then 
masked  by  the  difference  in  question.  If  the  total  electromotive 
force  makes  the  solid  disk  positiA'e  there  is  no  effect. 

This  suggested  to  me  the  idea  that  a  current  might  be  obtained 
in  any  circuit  even  ivithout  a  lattery,  provided  the  gauze  be  of  a 
metal  more  positive  than  that  of  the  solid  disk.  Thus,  with  a  disk 
of  perforated  zinc  us  gauze,  and  a  solid  disk  of  silvered  copper,  I 
obtained  a  current.  This  is  a  kind  of  element  where  the  illumi- 
nated air  takes  the  place  of  liquid,  and  \Aliich  acts  as  long  as  the 
illumination  lasts,  the  current  being  maintained  at  the  cost  of  the 
radiant  energy.  When  the  two  disks  are  brought  closer  until  they 
finally  touch,  the  current  increases  to  a  certain  limit,  it  then  passes 
through  zero,  and  changes  its  sign  (thermoelectric  effect). 

By  comparing  the  current  in  the  condenser  zinc-siher  with  that 
which  one  Daniell  produces,  I  have  arrived  at  a  a  alue  of  0-97  to 
1*06  volt  for  the  difference  Zn/Ag.  This  is  accordingly  a  galvono- 
metric  method,  for  comparing  the  electric  differences  of  metals, 
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which    seems   to   give   result^   agreeing  with   those   of   ordinary 
methods. 

It  would  be  interesting  to  extend  this  research  to  different  gases 
and  at  various  pressures.  The  method  started  enables  us  to  inves- 
tigate the  electrical  effects  of  radiation  under  conditions  which  are 
much  simpler,  and  more  accessible  to  measurement,  than  in  the 
experiments  of  the  authors  cited  above*. 

The  effect  of  the  voltaic  arc  is  enormously  increased  by  intro- 
ducing certain  metals  ;  among  those  which  I  have  tried,  aluminium 
is  the  most  effective ;  then  come  zinc  and  lead.  These,  I  think, 
are  the  metals  of  which  the  ultra-Aiolet  spectrum  is  richest ;  it  is 
also  to  be  observed  that  they  are  the  most  positive  metals  in  Yolta's 
series. 

I  have  made  some  experiments  by  another  method.  Having 
charged  my  gauze  condenser  by  a  battery,  I  leave  it  insulated  under 
the  action  of  the  rays  for  some  time,  and  I  then  measure  the 
discharge- current.  In  order  to  increase  the  charge  and  retard  the 
loss  due  to  the  rays,  a  large  and  known  capacity  (standard  mica 
condenser)  is  joined  to  the  illuminated  condenser.  In  this  way  the 
resistance  of  the  layer  of  air  may  be  calculated ;  the  results  are  in 
agreement  with  those  obtained  by  the  first  method.  If  the  disks 
are  of  different  metals,  the  effect  of  the  rays  tends  to  equalize  their 
potentials ;  and  by  connecting  the  two  armatures  by  the  galvano- 
meter, after  a  sufficient  time  a  charge-current  is  obtained  corre- 
sponding to  the  electrical  difference  of  the  metals. — Comjites  liaulus, 
April  16,  1888. 


IN^'ESTIGATIONS  ON  THE  INFLUENCE  OF  MOISTUEE  ON  THE 
LENGTH  OF  CERTAIN  WOODS,  AND  IVORY.  BY  RUDOLFF 
HILDEBRAND. 

The  residts  of  this  research  are  summed  up  by  the  author  as 
follows : — 

(1)  Within  certain  limits,  the  length  of  woods  in  the  direction 
of  their  fibres  depends  on  the  proportions  of  water  in  the  cell-wall, 
and  with  an  absorption  of  water  amounting  to  20-30  per  cent,  the 
increase  of  length  may  amount  to  0*1  to  2  per  cent.,  according  to 
the  kind  of  wood. 

(2)  The  woods  are  shortest  when  all  water  is  withdrawn  from 
them. 

(3)  Dry  woods  are  highly  hygroscopic. 

(4)  AVoods  attain  their  greatest  length  by  absorbing  water  from 
air  charged  with  it,  or  by  complete  soaking  with  water. 

•  This  Note  was  written  before  I  knew  of  a  recent  research  of  M. 
Arrhenius  (Wiedemann's  Annalen,  No.  4,  1888),  who  obtains  {maIo<rou8 
results  by  working  either  with  phosphorescent  air,  which  forms  part  of  an 
electrical  discharp-e-tube,  or  with  rarefied  air  illuminated  from  the  outside. 
The  method  of  M.  Arrhenius  is  not  delicate  enough  for  pressures  above 
20  millim.,  and  it  does  not  bring  out  the  difference  in  the  function  between 
the  two  electrodes  of  the  current  in  air. 

Compare  also  Phil.  Mag.  [5]  vol.  xxv.  p.  .314  (Ed,  Phil.  Mag.). 
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(5)  The  length  of  the  woods  increases,  from  the  condition  of 
dryness,  witli  the  moisture.  After  the  wood  has  attained  the 
greatest  length  the  absorption  of  water  from  moist  air  continues, 
but  more  slowly  than  before. 

(6)  Certain  kinds  of  wood,  after  being  completely  dried,  are 
unable  to  attain  the  length  which  they  have  when  air-dried.  The 
behaviour  of  plum-tree  wood  is  very  remarkable :  after  reaching  a 
certain  maximum,  which  is  inversely  proportional  to  the  increase 
of  moisture,  its  length  decreases. 

(7)  The  length  and  weight  of  the  woods  increase  with  the  rela- 
tive moisture  of  the  air,  and  decrease  with  it. 

(8)  The  usual  modes  of  treatment  of  wood — polishing,  soaking 
with  oil — do  not  cut  off  the  influence  of  saturated  air.  The  best 
is  varnishing. 

(D)  In  the  longitudinal  direction  of  the  teeth,  ivory  is  liable  to 
great  changes  in  length  as  the  moisture  varies. — Wiedemann's 
Amialen,  ]\o.  6,  18S8. 


LECTURE-EXPEKIMENT.      BY  M.  P.  SIMON. 

There  are  a  certain  number  of  experiments  which  serve  to  de- 
monstrate the  fact  that,  when  a  body  is  heated,  the  rays  which  it 
emits  are  a  function  of  the  temperature,  that  they  follow  each  other, 
superposing  themselves  in  the  order  of  the  colours  of  the  spectrum 
from  red  to  violet. 

A  known  method  consists  in  stretching  a  platinum  wire  in  the 
flame  of  a  Buusen-burner  and  in  vie\\iug  it  with  a  prism.  The 
spectrum  is  then  seen  complete  in  the  centre  and  diminishing 
towards  the  edges,  where  it  only  contains  red  rays. 

I  have  arranged  the  experiment  in  a  different  manner,  which 
produces  the  phenomenon  very  brilliantly.  A  spectroscope  is  taken, 
and  turned  towards  an  ordinary  gas-jet  so  as  to  obtain  a  spectrum  ; 
then  across  the  slit,  and  very  near  it,  a  platinum  wire  is  stretched 
which  is  made  incandescent  by  a  current,  a  rheostat  being  interposed 
in  the  circuit.  In  these  conditions,  and  without  heating  the  wire, 
the  spectrum  is  traversed  by  a  dark  line.  The  current  is  now  gra- 
dually passed  through  the  wire.  At  a  given  moment  the  dark  line 
will  disappear  in  the  red  only.  Evidently  the  wire  emits  a  red 
radiation  of  the  same  intensity  as  that  of  the  spectrum. 

The  exjieriment  is  continued  by  gradually  increasing  the  intensity 
of  the  current.  We  see  the  wire  stand  out  brightly  in  the  red  of 
the  spectum,  while  it  becomes  invisible  in  the  green,  and  is  obscure 
in  the  violet.  Gradually  heating,  the  invisible  part  gradually  ex- 
tends towards  the  violet,  until  the  entire  line  stands  out  brightly 
over  all  the  spectrum.  This  experiment  is  very  easily  made  by 
regulating  suitably  the  distance  of  the  source  of  light  from  the 
spectroscope,  that  is  to  say,  regulating  the  intensity  of  the  spec- 
trum.— Journal  de  Physique,  February  1888. 
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XXXVI.  Ed'periments  on  the  Birefringent  Action  of  Strained 
Glass.  By  John  Kerr,  LL.D.^  Free  CJnirch  Training 
College,  Glasgoio* . 

1.  rp'HE  action  of  strained  glass  in  the  polariscope  was 
J-  discovered  by  Sir  David  Brewster,  and  studied  by 
him  at  some  length,  about  seventy  years  a^o.  In  the  most  of 
his  measurements  and  specifications  of  the  effects  of  strain, 
Brewster  depended  upon  the  observation  of  tints  in  the 
polariscope,  his  optical  means  and  methods  being  the  same 
for  strained  media  as  for  doubly-refracting  crystals.  Plates 
of  glass  were  strained,  either  by  ordinary  forces  or  by  local 
changes  of  temperature,  and  were  placed  in  the  polariscope, 
in  combination  with  plates  of  sul[)hate  of  lime,  or  other 
crystals,  whose  birefringent  actions  were  known  in  kind  and 
quantity.  In  this  way  it  was  found  possible  to  determine, 
with  a  good  degree  of  approximation,  the  difference  of  retar- 
dations of  two  oppositely  polarized  rays,  which  passed  through 
the  strained  medium  without  being  sensibly  separated. 
Brewster's  principal  results  will  come  under  our  notice  as 
we  proceed  t- 

Fresnel  contributed  little  to  this  part  of  Physical  Optics 
except  his  one  experiment,  in  which,  by  the  action  of  a  train 
of  longitudinally  compressed  prisms,  he  succeeded  in  decom- 
posing a  pencil  of  common  light  into  two  separate  pencils 

*  Communicated  by  the  Author. 

t  The  most  of  Sir  David's  work  on  the  subject  is  described  in  two  of 
his  papers,  in  the  Thil.  Trans,  for  the  year  1816. 
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oppositely  polarized.  His  immediate  object  in  this  fine  ex- 
periment, and  in  some  other  work  which  he  has  mentioned  but 
lel't  und(\scril)ed,  was  to  dispose  of  doubts  that  had  been  ex- 
pr(^ssed  by  others,  as  to  the  reality  of  the  double  refraction 
to  which  the  new  phenomena  were  referred  by  Brewster''^. 

The  next  name  that  occurs  prominently  in  the  history  of 
the  subject  is  that  of  M.  Neumann,  who  constructed  a  mathe- 
matical theory  of  this  action,  based  partly  on  Fresnel's  general 
theory  of  double  refraction  f.  For  a  critical  view  of  this 
theory,  and  of  the  ex])eriments  adduced  in  connexion  with  it, 
I  may  refer  to  Verdet's  (Jplu/ue  P/ti/.siqi(eX  ',  but,  speaking  for 
myself,  and  from  an  exj)erimental  standpoint,  1  must  observe 
that  Neumann's  conclusions  are  certainly  contrary  to  fact. 

M.  Wertheim,  resuming  Brewster's  enquiry  with  improved 
means  and  arrang(unents,  experimented  on  the  subject  elabo- 
rately, and  with  great  care§.  He  secured  a  sensibly  homo- 
geneous strain,  and  a  uniform  optical  field,  by  a  proper 
distribution  of  compressing  and  stretching  weights  ;  and  he 
added  much  to  the  delicacy  of  observation  and  measurement, 
by  the  employment  of  the  sensitive  tint,  and  of  monochromatic 
light.  He  experimented  also,  as  Brewster  had  already  done, 
upon  other  media  besides  glass.  Among  the  most  important 
of  Wertheim's  general  conclusions  are  the  following  : — 

(1)  The  optical  effects  of  dilatation  and  compression  are 
contrary  ;  and  they  are  equal  when  the  strains  are  equal. 

(2)  Intensity  of  strain  and  quantity  of  optical  effect  are 
sensibly  proportional  to  each  other. 

(3)  The  absolute  value  of  the  difference  of  retardations  of 
the  two  acting  rays  is  independent  of  the  wave-length  ;  and 
the  differences  of  phase  are  therefore  inversely  as  the  wave- 
lengths. 

There  are  several  important  and  interesting  pieces  of  work, 
related  more  or  less  closely  to  Avhat  precedes,  which  have 
been  done  by  Seebeck,  Biot,  Kundt,  and  other  able  experi- 
menters; but  any  large  extension  of  this  historical  sketch 
would  be  out  of  place. 

I  have  lately  spent  a  good  deal  of  time  in  this  difficult  and 
interesting  field  ;  and  1  proceed  to  offer  a  few  notes  of  my 
experiments.  For  a  condensed  view  of  the  questions  pro- 
posed and  results  obtained,  I  need  only  refer  to  the  enuncia- 
tions of  tbe  successive  propositions  throughout  the  paper. 

2.  Jamin's  Interference-Ref motor  for  Polarized  Light. — 
This  is  the  principal  measuring-instrument  used  irv  the  ex})eri- 

*  Oeuvres  cV Augndin  Fresnel,  tome  i.  p.  713. 

t  ro}i:gendorff'8  Annalen,  liv.  p.  449  (an.  1841).       \  Tome  ii.  p.  373. 

§  Annaies  de  Chimie  et  de  Physiqtie  [3]  xii.  p.  96,  &c.  (an.  1854). 
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monts  :  it  is  ropresented  in  the  adjacent  diagram,  in  horizontal 
section   throuirh  the  source   of  lio;ht    L  and  the  observer's 


Fig.  1. 

A  and  B  are  two  blocks  of  Iceland  soar,  of  precisely  equal 
thickness,  placed  with  their  faces  parallel,  and  principal 
sections  horizontal.  A  pencil  *  of  lamp-light,  through  a 
vertical  slit  at  L,  falls  first  on  a  Foucault's  prism,  and  is 
polarized  by  it  in  a  plane  at  45°  to  the  vertical  ;  it  is  then 
doubly  refracted  in  the  spar  A,  and  the  emergent  pencils  pass 
immediately  through  a  half- wave  plate  P,  which  is  so  placed 
as  to  interchange  the  two  planes  of  polarization.  Ordinary 
ray  and  extraordinary  in  the  crystal  A  are  thus  extraordinary 
and  ordinary  in  the  crystal  B  ;  and  the  birefringent  action  of 
A  is  neutralized  by  that  of  B.  The  light  enters  A  and  leaves 
B  as  a  single  pencil ;  but  in  the  space  between  P  and  B  it 
passes  as  a  couple  of  pencils  V  and  H,  about  14  millimetres 
apart,  and  polarized  in  planes  respectively  vertical  and  hori- 
zontal. The  pencil  emitted  from  B  is  received  at  E  through 
a  NicoFs  prism,  which  is  placed  as  for  extinction  with  the 
Foucault  at  L.  When  the  principal  sections  of  A  and  B  are 
very  nearly  parallel,  the  slit  L  is  seen  crossed  by  a  set  of 
fringes,  which  are  due  to  differences  of  retardation  of  corre- 
sponding rays  of  the  pencils  V  and  H.  By  fine  screw- 
movements  of  the  spar  B,  the  fringes  are  widened  or  narrowed 
at  pleasure,  and  raised  or  lowered  over  a  fine  wire  of  reference 
which  crosses  the  slit  L. 

At  D  are  shown,  in  section,  the  two  plates  of  a  Jamin's 
glass  compensator.  These  are  slips  of  parallel-surfaced  glass, 
of  equal  thickness,  attached  to  the  horizontal  axis  of  a  small 
piece  resembling  a  WoUaston's  goniometer,  and  bearing  a 
finely  divided  circle  with  vernier.  The  plates  are  inclined 
to  each  other  at  a  small  and  constant  angle  which  is  chosen 
by  the  observer  ;  and  when  either  plate  is  vertical,  it  is  tra- 
versed normally  by  the  corresponding  pencil  V  or  H.  When 
the  compensator  is  turned  through  any  angle,  the  retardations 
of  the  two  pencils  in  the  plates  D  are  changed  unequally, 
and  the  fringes  rise  or  fall  definitely  over  the  wire  of 
reference.  All  the  preceding  pieces  are  established  on  a 
solid  optical  bench. 

*  Rather  a  system  of  pencils ;  and  similarly  afterwards. 
Y2 
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My  model  of  this  instrument  is  national  property  :  it  was 
constructed  for  mo  by  M.  Lutz  with  his  usual  skill,  and  (joes 
far  to  realize  the  inventor's  very  exacting  conception.  With 
the  instrument  as  it  stands,  it  is  not  very  difficult  to  measure 
a  difference  of  retardations  of  the  two  pencils,  true  probably 
to  the  hundredth  of  an  average  wave-length,  that  is  to  the 
five  millionth  of  an  inch  of  ])ath  in  air.  Under  very  favour- 
able conditions  (careful  setting  of  the  pieces,  moderate  range 
of  effect,  absence  of  tremors,  etc.),  the  error  of  a  single  deter- 
mination of  effect  should  not  exceed  the  twentieth  part  of  an 
average  wave-length. 

3.  Designation  of  the  iico  acting  sets  of  rays. — The  two  sepa- 
rated systems  of  rays  in  the  interference  refractor,  l)etween 
the  half-wave  plate  and  the  second  spar,  will  be  designated 
briefly,  throughout  this  paper,  as  the  pencils  V  and  H,  their 
planes  of  polarization  being  thus  distinguished  as  vertical 
and  horizontal  respectively. 

Proposition  I. 
If  a  plate  of  glass,  compressed  or  extended  in  one  direction 
jyarallel  to  its  faces,  he  traversed  normally  hy  two  j^encils  of 
light,  ivhich  are  polarized  in  planes  respectively  parallel  and 
perpendicular  to  the  direction  of  strain,  then,  both  pencils  are 
retarded  hy  the  strain  in  the  case  of  coinpression,  and  hath  are 
accelerated  hy  the  strain  in  the  case  of  tension. 

4.  The  discovery  of  this  fundamental  proposition  was 
made  with  a  bent  plate  and  the  interference  refractor.     The 

Fig.  2. 


glass  plate  shown  in  the  diagram  is  10  to  12  inches  long,  ^  to 
f  thick,  1^  to  2  wide.  Its  two  sides  are  ground  flat,  sensibly 
parallel  to  each  other,  and  perpendicular  to  the  plate-faces. 
The  three  small  semicircles  in  the  diagram  are  bearings  of 
ebony,  semicylindrical  and  equal,  through  which  the  bars  of 
the  screw-press  act  upon  the  plate.  The  small  rectangle  on 
the  upper  half  of  the  plate*  is  a  slit-screen  of  paper,  which 
is  pasted  on  the  glass  in  a  position  chosen  carefully  with  the 
help  of  the  polariscope,  so  that  the  slit  lies  along  the  middle 
*  The  plate  stands  in  the  experiments  with  its  length  vertical. 
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of  the  neutral  band  in  the  strained  plate,  with  nearly  half 
an  inch  of  screen  between  it  and  each  of  the  glass  margins. 
The  screw-press  being  clamped  firmly  to  a  heavy  vertical 
stand,  the  slit-screen  is  brought  into  the  course  of  the  two 
pencils  of  the  refractor,  as  shown  in  section  at  F  in  the 
diagram  of  art.  2  :  the  refractor  also  is  supposed  to  be  so 
arranged,  that  a  rise  of  the  fringes  indicates  a  relative  retar- 
dation of  the  pencil  V.  Things  being  thus  prepared,  the 
experimental  proof  of  the  proposition  extends  through  the 
four  following  cases,  which  are  got  by  simple  displacements 
of  the  plate-stand. 

(1)  V  through  compressed  margin,  H  through  slit  ; 
strain  raises  the  fringes  ;  V  is  retarded  relatively,  and  there- 
fore absolutely. 

(2)  V  through  extended  margin,  H  through  slit;  strain 
lowers  the  fringes  ;  V  is  accelerated  relatively,  and  there- 
fore absolutely. 

(3)  H  through  compressed  margin,  V  through  slit ; 
strain  lowers  the  fringes  ;  V  is  relatively  accelerated,  and  H 
therefore  is  absolutely  retarded. 

(4)  H  through  extended  margin,  V  through  slit  ;  strain 
raises  the  fringes  ;  V  is  relatively  retarded,  and  H  therefore 
is  absolutely  accelerated. 

I  have  reasoned  here  as  if  the  strains  in  the  margins  of  the 
plate  were  pure  vertical  compression  and  pure  vertical  tension 
respectively,  and  also  as  if  there  were  no  strain  behind  the 
slit,  in  the  neutral  part  of  the  plate.  It  is  certain  that  things 
are  not  exactly  thus  ;  and  objection  may  therefore  be  made 
to  the  proof  as  wanting  in  rigour.  If  any  doubts  remain 
on  this  account  as  to  the  truth  of  the  proposition,  they  will 
disappear  very  soon. 

The  results  of  these  experiments  are  quite  regular.  When 
a  good  plate  is  put  in  position  unstrained,  and  the  central 
fringe  is  brought  on  the  wire  of  reference,  a  quarter  turn  of 
either  screw  of  the  press  gives  a  clear  displacement  of  the 
fringes,  always  in  the  right  direction  of  rise  or  fall  according 
to  the  proposition  ;  and  as  the  strain  is  gradually  increased, 
the  displacement  of  the  fringes  also  increases  regularly, 
through  one,  two,  three,  or  more  fringe-widths,  till  the  ])lato 
breaks.  The  effects  are  equally  clear  with  different  kinds  of 
glass,  and  with  different  thicknesses. 

In  the  course  of  a  few  repetitions  of  the  experiments,  there 
was  another  important  result  that  presented  itself :  the  four 
preceding  cases  fell  clearly  into  two  sets — (1)  and  (2)  as  cases 
of  strong  action,  (3)  and  (4)  of  weak  action  ;  but  this  de- 
serves a  detached  and  formal  statement. 
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Proposition  II. 

Of  the  two  pencih  in  the  foregoinf/ ^^''"oposition,  the  one  which 
has  its  plane  of  jwlarization  parallel  to  the  line  of  strain  is  the 
more  sensitive,  being  most  retarded  or  most  accelerated  of  the 
tioo  hy  any  given  compres^sion  or  tension. 

5.  The  proof  is  .sim])lified  ])y  a  little  change  of  method.  The 
slit-screen  is  removed  from  the  plate,  and  a  narrower  screen 
is  substituted,  covering  the  neutral  band  and  leaving  more 
than  half  an  inch  of  glass  margin  on  each  side.  The  experi- 
ments may  be  taken  in  four  cases  as  formerly,  and  in  the 
same  order. 

(1)  and  (2).  Both  pencils  through  one  margin,  V  being 
outside,  that  is,  in  the  ])lace  of  greater  strain.  The  effects 
are  not  clearly  distinguishable  in  any  respect  from  those  in 
(1)  and  (2)  of  the  last  article,  the  pencil  V  being  relatively- 
retarded  by  the  strain  in  the  compressed  margin,  and  rela- 
tively accelerated  in  the  extended  margin. 

(3)  and  (4).  Both  pencils  through  one  margin,  H  being 
outside,  or  in  the  place  of  greater  strain.  The  pencil  H  is 
relatively  and  faintly  retarded  by  the  strain  in  the  compressed 
margin,  relatively  and  faintly  accelerated  in  the  extended 
margin.  The  effects  are  of  the  same  kind  as  those  in  (3) 
and  (4)  of  the  last  article,  but  fainter  in  a  striking  degree 
(for  any  given  strain)  than  those  in  (1)  and  (2).  1  find, 
indeed,  that  the  effects  in  the  present  cases  (3)  and  (4)  are 
sometimes  barely  or  not  at  all  j)erceptil)le,  especially  when 
the  plate  and  margins  are  very  wide,  and  this  even  with  plates 
which  are  very  thick  and  strained  nearly  up  to  fracture.  As 
the  pencils  pass  now  through  one  margin,  they  are  both 
accelerated  or  both  retarded  ;  and  it  follows  evidently  that 
the  pencil  V,  which  is  in  the  place  of  weaker  strain,  is  the 
more  sensitive. 

Like  the  former  experiments,  these  improve  on  rejietition, 
the  clear  contrast  between  the  two  pairs  of  cases  coming  out 
with  perfect  regularity. 

Proposition  III. 

To  explain  the  action  of  directional ly  strained  glass  in  the 
common  polariscope  ;  or  to  infer  Brewster'' s  property  of  strained 
media  from  facts  more  fundamental. 

6.  Ijrewster's  property  may  be  described  thus.  When  the 
strained  ])late  of  proposition  I.  is  })laced  between  a  pair  of 
cross(>d  Nicols,  it  acts  as  a  birefringent  medium  ;  and  if  the 
plate  of  glass  be  superposed  upon,  or  merely  compared  with, 
a  plate  of  uniaxal  crystal  with  optic  axis  parallel  to  line  of 
strain,  the  same  component  ray  is  relatively  retarded  in  both 
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plates  (1)  when  the  glass  is  compressed  and  the  crystal 
negative,  and  (2)  when  the  glass  is  extended  and  the  crystal 
positive. 

Sujipose  optic  axis  and  line  of  strain  both  vertical.  Let 
0  and  E  be  the  retardations  of  the  ordinary  and  extraordinary 
pencils  in  the  crystal,  V  and  H'  the  strain-generated  retarda- 
tions of  the  same  pencils  (V  and  H)*  in  the  glass.  We  know 
that  the  sign  of  the  ditference  E  — 0  is  the  nominal  sign  of 
the  crystal.  The  relative  retardation  H'  — V  is  therefore  nega- 
tive in  the  case  of  vertical  compression,  and  positive  in  the  case 
of  vertical  tension.  Bnt  it  follows  from  the  two  precetling 
propositions,  that  strained  glass  must  act  in  the  polariscope 
according  to  these  very  laws  ;  for  (1)  in  the  case  of  vertical 
compression,  V  >  H', 

.'.  H'-V'<0; 

and  (2)  in  the  case  of  vertical  tension,  V'<H'<0, 

.-.  H'-V'>0. 

According  to  Brewster's  usual  manner  of  putting  his  facts, 
the  extraordinary  ray  is  relatively  accelerated  in  negative 
crystals,  and  relatively  retarded  in  positive  crystals  ;  and 
similarly,  in  glass  vertically  strained,  the  component  pencil  H 
is  relatively  accelerated  in  the  case  of  compression,  relatively 
retarded  in  the  case  of  tension.  What  was  thus  presented  to 
Brewster,  in  the  case  of  glass  vertically/  compressed,  as  a  rela- 
tive acceleration  of  the  component  pencil  H,  is  now  exhibited 
more  definitely,  as  an  absolute  and  excessive  retardation  of  the 
other  component  pencil  V  ;  and  similarly,  in  the  case  of 
vertical  tension,  the  relative  retardation  of  H  is  now  exhibited 
as  an  absolute  and  excessive  acceleration  of  V. 

Those  results  are  independent  of  all  hypotheses  ;  they 
neither  presuppose  nor  exclude  any  particular  laws  of  refrac- 
tion, ordinary  or  extraordinary,  in  the  strained  medium. 
The  experimental  interpretation  of  Brewster's  property  will 
be  sim[)lified  and  conij)loted  further  on. 

7.  I'he  ivinfjed  plate.  This  new  piece  is  shown  in  two 
forms  in  the  diagram  on  the  following  page. 

It  is  a  parallel-surfoced  plate  of  glass,  j  to  ^  inch  thick, 
divided  into  a  central  pillar  and  two  wings,  by  slits  ground 
through  the  plate  for  the  greater  part  of  its  length,  like  fine 
saw-slits  through  a  plank.  The  central  pillar  is,  as  nearly  as 
possible,  a  rectangular  parallelepiped,  its  two  ends  being  ground 

*  Not  the  V  and  II  of  art.  3,  but  similarly  named  for  the  same 
puqjose,  that  is,  to  indicate  briefly  and  clearly  the  directions  of  their 
planes  of  polarization. 
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with  particular  care.     Width  of  pillar  and  of  each  wing  about 
^  inch,  length  of  slit  about  2^  inches. 


Fis:.  3. 


■^ 


The  screw-press  is  a  rectangular  frame  of  metal,  with  two 
strong  and  fine-threaded  screws  passing  through  the  top,  and 
bearing  on  a  massive  sliding  piece  of  metal  which  is  guided 
by  the  two  sides  of  the  frame.  The  winged  plate  stands 
vertically  between  the  plane  l)ase  of  the  frame  and  the  sliding 
piece,  being  se])arated  from  the  base  by  a  dozen  folds  of  tin 
foil,  and  from  the  sliding  piece  by  plates  of  wood  and  india- 
rubber.  When  the  whole  piece  is  placed  in  a  polariscope, 
and  the  screws  are  worked  forward  with  proper  care,  there  is 
an  intense  effect  of  pure  vertical  compression  obtained  in  the 
central  pillar,  without  a  trace  of  effect  in  either  wing.  Pillar 
and  wings  act  as  parts  of  one  unbroken  plate,  which  differ 
only  in  regard  to  strain. 

The  first  use  made  of  this  piece,  and  of  a  similar  plate 
arranged  roughly  for  vertical  tension,  was  to  revise  the  proofs 
of  propositions  I.  and  II.  Both  propositions  were  fully  verified, 
the  effects  being  sensibly  neither  better  nor  worse  than 
those  obtained  already  with  the  bent  plate.  Details  are 
omitted  as  unnecessary. 

Proposition  IV. 

Things  being  still  arranged  as  in  jyropositions  I.  and  II.,  it  is 
required  to  measure  the  strain-generated  retardations  of  the 
two  pencils,  and  to  shoio  that,  for  the  same  strain,  the  greater 
of  these  effects  is  exactly  or  very  nearly  ticice  the  less. 

8.  My  earliest  results  in  this  direction  were  obtained  by 
some  rough  measurements  with  the  bent  plate  and  the 
refractor.      The    plate  was    mounted    as  in   the  diagram  of 
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art.  4,  and  had  set  so  well  into  its  bearinfrs  by  iisaore,  that 
any  moderate  strain  oave  equal  optical  oftects  in  its  total  rise 
and  total  fiill.     Befrinnins  with  V  throuoh  either  margin  and 

^  111 

H  through  the  slit,  the  compensator  at  zero,  and  the  central 
fringe  on  the  wire  of  reference,  the  plate  was  then  moderately 
strained,  and  the  displaced  fringe  was  brought  back  to  its 
first  position  by  the  compensator,  which  was  then  read.  The 
places  of  Y  and  H  in  margin  and  slit  were  then  interchanged 
by  a  simple  displacement  of  the  plate-stand,  the  compensator 
was  again  brought  to  zero,  and  the  central  fringe  to  the  wire 
of  reference  ;  the  plate  was  then  carefully  unstramed,  and 
the  displaced  fringe  brought  back  as  formerly  to  its  first 
position  bv  the  compensator,  which  was  again  read.  The 
two  readings  were  taken  as  measures  of  the  two  strain- 
generated  retardations. 

Of  a  number  of  measurements  taken  in  this  way,  I  give 
here  the  last  eight,  the  numbers  in  successive  columns  being 
the  pairs  of  readings  for  the  successive  strains,  left  as  they 
were  found,  in  vernier-units  (about  84  to  the  wave-length). 
The  strain  was  tension  in  the  first  four  columns,  compression 
in  the  others. 


103 

69 

39 

74 

75 

92 

55 

85 

49 

34 

21 

37 

38 

45 

27 

43 

Approximately,  therefore,  the  greater  retardation  is  twice  the 
less. 

9.  Measurements  of  a  more  accurate  kind,  but  through  a 
rather  small  range,  were  taken  next  with  the  winged  plate 
and  refractor,  checked  by  a  Jamin's  quartz  compensator. 
The  plate  was  tested  beforehand  by  the  qiiartz  compensator, 
and  was  found  to  be  so  well  fitted  to  its  bearings,  that  a 
given  strain  of  moderate  intensity  could  be  recovered  per- 
fectly, a  good  number  of  times  in  succession :  the  plate  was 
then  placed  on  a  suitable  stand,  in  the  course  of  the  pencils 
of  the  refractor. 

(1)  V  passing  through  the  middle  of  the  central  pillar, 
and  H  through  a  wing,  the  given  strain  (vertical  compression) 
was  applied,  and  its  effect  was  neutralized  by  the  glass  com- 
pensator, which  was  then  read.  The  plate  was  then  un- 
strained, and  the  reverse  effect  was  compensated  and  the 
compensator  again  read.  If  the  two  readings  differed  in 
arithmetical  value,  their  average  was  taken  as  the  measure 
of  V,  the  strain-generated  retardation  of  the  pencil  V. 

(2)  The  plate-stand  was  moved  across  the  pencils,  till  IE 
took  the  former  place  of  V  in  the  winged  plate  ;  tlu;  oj)(!ra- 
tions  (1)  were  repeated,  and  the  average  of  the  two  new 
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readings  Avcre  taken  as  the  measure  of  H',  the  strain- 
generated  retardation  of  the  pencil  H. 

(3)  The  winged  plate  was  then  transferred  to  another 
table,  and  put  in  line  with  the  quartz  compensator  at  zero, 
between  two  crossed  Nicols  each  at  45°  to  the  vertical  :  the 
given  strain  was  again  ap])lied,  and  its  effect  compensated  ; 
and  the  corresponding  reading  of  the  quartz  compensator  was 
taken  as  the  measures  of  the  difference  V  — H'. 

\n  the  course  of  the  experiments,  there  were  precautions 
taken  and  checks  applied,  which  it  would  be  tedious  to 
describe  ;  and  in  this  way  a  good  many  of  the  measurements 
were  thrown  out  of  account ;  but  as  the  result  of  a  day's 
work  there  wore  found  to  be,  among  the  later  measurements, 
about  half  a  dozen  identical  sets  of  readings, 

V'  =  55,  H'  =  27i  V'-H'  =  96, 

for  which  all  the  tests  had  been  fairly  satisfied,  lleduced  to 
wave-lengths  (or  divided  by  84,  84,  299  respectively),  the 
values  are 

•654,  -327,  -321  ; 

and  these  measures  of  V,  H',  V  — H',  are  sensibly  as  the 
numbers  2,  1,  1.  A  second  day^s  experiments,  with 
smaller  strain,  gave  similarly 

•439,  -219,  -220; 

and  a  third  day's  work,  with  strain  again  increased,  gave 

•()35.  -317,  -314. 

It  appears  therefore,  by  this  method,  that  the  two  absolute 
retiirdations  in  question  are  sensibly  as  2  to  1. 

10.  In  a  third  set  of  measurements,  the  wnnged  plate  and 
refractor  were  used  alone,  and  the  range  of  measured  effect 
extended  to  three  wave-lengths.  V  passing  through  tho 
middle  of  the  central  pillar,  and  H  through  a  wing,  the  plate 
was  strained,  and  the  effect  was  compensated  and  measured. 
The  strained  plate  was  immediately  moved  across  the  pencils 
till  H  took  the  place  of  V  ;  and  in  this  position  the  plate  was 
unstrained,  and  the  effect  was  compensated  and  measured. 
The  next  pair  of  measurements  were  generally  taken  in  the 
contrary  order  (H'  to  V). 

The  ratio  of  V  to  H'  was  measured  many  times  by  this 
method,  and  with  great  care.  The  successive  determinations 
were  not  very  concordant  :  with  several  exceptions  they  lay 
between  2*05  and  1'95  ;  the  majority  lay  between  the  closer 
limits  203  and  1'97  ;  and  there  was  no  clear  preponderance 
of  values  above  2,  or  of  values  below  2.     A  number  of  the 
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earlier  measurements  being  left  out  as  less  accurate,  the 
average  of  the  remaining  eighty  determinations,  carried  to  4 
figures,  was  2*004:. 

Upon  the  whole,  from  these  measurements,  and  from  others 
taken  recently  by  another  method,  I  conclude  that  the  strain- 
generated  retardation  of  the  pencil  H,  in  glass  vertically 
compressed,  is  sensibly  equal  to  half  the  corresponding 
retardation  of  the  pencil  V,  its  value  in  any  case  being 
probably  as  accurate,  when  so  inferred  from  a  well  measured 
retardation  of  V,  as  when  found  itself  by  actual  measurement. 

Proposition  V. 

Strain-generated  retardations,  absolute  as  ivell  as  7'elative,  are 
sensibli/  proportional  to  the  strain. 

11.  The  ettect  of  directional  strain  which  is  observed  in  the 
polariscope,  that  is,  the  diiierence  of  strain-generated  absolute 
retardations  of  the  two  component  rays,  varies  directly  as 
the  strain.  This  was  roughly  proved  by  the  experiments  of 
Brewster,  and  has  been  already  quoted  as  a  general  conclusion 
drawn  by  Wertheim  from  a  large  number  of  accurate  measure- 
ments. On  this  part  of  the  subject,  and  for  illustration  rather 
than  proof,  I  may  present  a  set  of  measurements  of  my  own, 
which  I  took  at  an  early  stage  in  my  experiments. 

A  fine  rectangular  bar  of  plate  glass,  with  a  small  con- 
necting piece  clamped  upon  it  at  each  end,  was  sus})ended 
vertically  in  front  of  a  Jamin's  quartz  compensator  (between 
a  pair  of  crossed  Nicols  each  at  45°  to  the  vertical),  and  was 
strained  by  a  suspended  weight ;  and  the  effect  of  the  strain 
so  impressed  was  compensated  and  measured.  The  dimen- 
sions of  the  bar  in  millimetres  were — length  about  150,  thick- 
ness (along  the  ray)  G*57,  breadth  12"95 ;  and  the  only 
weights  applied  were  one  of  56  pounds  (total),  and  another 
of  28  pounds  (total).  One  hundred  fairly  concordant 
measurements  were  taken  with  each  of  the  weiohts,  and  the 
average  effects  of  the  strains  in  the  two  cases  (56  and  28) 
were  found  to  be,  in  wave-lengths, 

•0965  and  '0483. 

In  Wertheim's  experiments,  the  closely  approximate  pro- 
portionality of  optical  effect  to  intensity  of  strain  was  found 
to  hold  good,  through  the  whole  of  the  large  range  of  effect 
examined,  with  exceptions  easily  understood  in  the  case  of 
very  feeble  strains. 

Knowing  then  that  the  relative  retardation  of  V  is  pro- 
portional to  the  strain,  and  that  the  absolute  retardations  of 
V  and  H  and  the  relative  are  as  the  numbers  2, 1,  1,  we  infer 
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that  tho  absolute  retardations  also  are  sensibly  proportional 
to  tho  strain. 

Proposition  YI. 

To  analyse  the  two  strain-generated  absolute  retardations 
which  ore  compared  in  proposition  IV.,  these  retardations  being 
now  viewed  as  composite  effects  of  the  strain,  dtie  partly  to 
change  of  refringent  power  of  the  glass,  and  jiwt'tly  to  change  of 
thickness  of  the  plate. 

12.  An  elementary  solution  of  this  delicate  problem  is 
attempted  under  the  present  projjosition  and  the  two  follow- 
ing, by  means  of  the  winged  plate  and  refractor. 

When  the  winged  plate  is  unstrained,  let  e  1)6  its  thickness, 
and  wi  its  index  of  refraction  ;  when  the  central  pillar,  stand- 
ing vertically,  is  compressed  by  a  given  weight,  let  e  +  Se  be 
its  thickness,  m-\-8tn  and  m  +  B'm  its  indices  of  refraction  for 
the  pencils  V  and  H  respectively  ;  also  let  m'  be  the  index 
of  the  medium  in  which  the  plate  is  immersed.  If  the  two 
pencils  of  the  refractor  pass  through  the  plate,  V  through 
strained  pillar,  and  H  through  unstrained  wing,  the  strain- 
generated  diiference  of  their  retardations 

=  [m  +  Sm)  {e  +  Be)  —  {^me  +  m'Se) 
=  eBm  +  (m  —  m')  Be  =  V. 

In  the  same  way,  the  difference  of  retardations  of  H  through 
strained  pillar  and  V  through  unstrained  wing 

=  eB'in  +  (?n — m'')Be  =  H'. 

Let  the  winged  plate  be  immersed  first  in  common  air 
(index  =  l),  and  then  in  any  convenient  liquid  (index  =  m')  ; 
and  let  a  and  a'  be  the  values  of  the  retardation  V,  measured 
by  the  refractor  in  the  two  cases  respectively  ;  then 

€Bm-\-{m  —  l)Be=^a, (1) 

eBm-\-{m  —  m')Be  =  a} (2) 

Hence  immediately, 

(m*-V)Be=a-a', (3) 

{m'  —  V)  eBni=-(in  —  V)  a'  —  {m — ?h')  a     .     .  ^4) 

Eqs.  (3)  and  (4)  indicate  a  complete  experimental  solution 
of  the  first  part  of  our  problem,  that  namely  which  regards 
the  pencil  V  ;  for  these  equations  enable  us  to  express  the 
two  terms  of  the  first  member  of  equation  (1)  separately,  in 
terms  of  only  the  measured  quantities  ?/?,  ?/*',  a,  a'. 

In  the  same  way,  if  h  and  //  be  the  measured  values  of 
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the  retardation  H'  in  the  same  two  cases  of  air  and  liciuid 

respectively,  then, 

eh'm  +  (m-l)Se=b, (5) 

eB'm-\-  {in  —  )n')  8e  =  b' (<i) 

Eqs.  (5)  and  (6)  give  an  expression  for  eS'm  and  a  second 
expression  for  (//i  — 1)  8e,  both  involving  measured  quantities 
only  ;  but  if  the  quantities  a  and  a'  have  been  measured 
accurately,  the  difficult  and  very  tedious  measurements  of 
I>  and  //  can  be  avoided  in  a  way  that  seems  to  be  quite  safe 
though  circuitous  ;  for  by  eqs.  (1)  and  (5),  and  by  prop.  iv. 

eB'm—eSin  =  b—a= — -r (7) 

The  solution  of  our  problem  is  contained  in  the  equations  (3), 
(4),  (7),  or  in  the  three  following  : — 

(m  —l)Se=  —. — r  [a  —  a') , 
'        m  —  1 

eBm  =  a  —  (  in  —  l)8e, 
eS'm  =  eSm—-. 

We  come  now  to  the  measurements. 

Proposition  VII. 

If  a  loinged  plate,  lohose  index  of  refraction'*^  is  1*53,  be 
immersed  successively  in  atmospheric  air  and  in  ivater,  the 
differences  of  retardation  of  V  through  strained  pillar  and  H 
through  unstrained  wing,  produced  by  the  same  vertical  strain 
in  the  two  cases,  are  sensibly  as  100  to  69. 

In  other  terms,  and  in  the  notation  of  last  article,  if  m  =  1*53, 
and  ?/i'  =  l'o3,  then  a — a'  =  *31a. 

13.  Winged  plate  and  refractor  are  used  as  before,  but 
there  are  some  new  arrangements.  Two  strong  wooden  posts 
are  erected  on  opposite  sides  of  the  optical  bench;  they  are 
bound  together  at  their  lower  ends,  and  bracketed  to  the 
table,  so  as  to  form  one  rigid  piece  with  it ;  and  they  are 
connected  at  their  upper  ends  by  a  massive  bar  of  iron,  which 
is  directed  horizontally  at  right  angles  to  the  optic  bench. 
Projecting  vertically  downwards  from  the  middle  of  the  iron 
traverse,  and  forming  one  piece  with  it,  there  is  a  strong 
rectangular  frame  of  metal,  which  serves  as  a  stand  and  press 

*  Measured  on  a  small  prism  taken  from  the  same  piece  as  the  winged 
plate,  and  certainly  true  to  less  than  -3  per  cent. 
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for  the  winged  plate.  This  frame  descends,  without  contact, 
into  a  water-tight  cell  of  uniform  thickness  (about  4  centi- 
metres), which  stands  in  a  fixed  position,  with  its  limiting 
panes  vertical.  The  winged  ])late,  in  a  constant  vertical 
position,  is  immersed  thus  in  the  same  vertical  plate  of  air 
and  of  water  successively ;  and  when  all  the  pieces  are 
properly  ])laced,  the  pencils  of  the  refractor  pass  normally 
through  the  composite  ])hite,  V  traversing  the  strained  pillar 
of  the  winged  plate,  and  H  an  unstrainc^d  wing.  The  strain 
is  impressed  by  a  constant  weight  of  5(5  lbs.,  which  is  applied 
by  a  sort  of  balance-beam,  to  a  bolt  that  {)asses  through  the 
iron  traverse  and  acts  on  the  sliding  ])iece  of  the  press.  The 
beam  is  raised  and  lowered  by  two  assistants,  who  stand  on 
opposite  sides  of  the  table.  Generally,  the  plate  was  in  air 
one  half  of  the  day,  and  in  water  the  other  ;  and  a  good 
many  measurements  were  taken  in  both  cases  each  day. 

As  the  range  of  measured  effect  was  very  small,  the 
probable  error  of  observation  was  relatively  great ;  there  were 
also  accidental  disturbances,  which  could  neither  be  wholly 
prevented  nor  taken  exactly  into  account.  A  good  deal  of 
time  was  spent  in  attempts  to  get  consistent  readings.  There 
was  always  a  clear  decrease  of  effect  from  the  case  of  air  to 
that  of  water  ;  but  the  decrease  was  very  irregular,  oscillating 
about  30  per  cent,  through  a  considerable  range.  Even  the 
average  of  successive  tens  varied  from  about  25  per  cent,  to 
36.  Latterly,  when  all  known  precautions  were  taken,  the 
results  agreed  better,  but  never  quite  satisfactorily.  I  give 
here  the  results  of  the  last  four  sets,  each  of  the  numbers 
being  an  average  of  about  one  hundred  measurements  : — 

Effect  in  air  =-1632  -1712  '1712  -1712 
Effect  in  water  =-1115  '1175  -1200  -1187 
Fall  per  cent.    =   31-7  31-3  29-9  30-7 

The  smallness  of  values  in  the  first  column  was  understood  to 
be  due  to  heterogeneity  of  strain. 

In  a  later  set  of  measurements  the  method  was  different. 
The  plate  was  permanently  immersed  in  water,  and  the  strain 
was  produced  by  pressure  of  two  screws  on  the  shding  piece 
of  the  press  ;  the  effect  in  water  was  measured  as  in  the 
former  expei'iments  ;  but  the  effect  in  air  was  inferred  (by 
prop.  IV.)  as  the  double  of  the  effect  given  by  the  quartz 
compensator,  the  latter  effect  being  evidently  the  same  in  air 
as  in  water.  One  advantage  of  the  method  was  the  com- 
paratively large  range  of  effect  measured  ;  but  along  with 
this  there  were  some  disadvantages. 

(Several  hundreds  of  measurements  were  taken  in  this  way 
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with  particular  caro.  Tho  fall  por  cent,  of  effect  from  air  to 
water  osoillatod  as  formerly  about  tho  value  30,  the  agree- 
ment of  sucoossive  results  being  rather  better  than  in  the 
former  experiments,  but  not  yet  satisfactory.  The  average 
of  all  the  determinations,  carried  to  four  ligures,  was  ol'Oi"S  ; 
and  this  is  pretty  close  to  the  average  of  the  lour  [)ur- 
centages  noted  above,  which  is  30*9. 

Upon  the  whole,  and  in  the  meantime,  the  decrease  in 
question  must  be  taken,  in  round  numbers,  as  31  per  cent. 

Pkoposition  VIII. 

()/  the  two  strain-generated  absolute  retardations  compared  in 
jtrop.  IV.,  one  half  of  the  greater  is  the  only  part  which  is  j)ro- 
diiced  hy  change  of  refringent  jjoiver  of  the  glass,  the  other  half 
of  the  greater,  and  the  lohole  of  the  less,  being  due  to  change  of 
thicknes!^  of  the  jylate. 

14.  Returning  to  the  final  equations  of  art.  12,  and  sub- 
stituting for  ni,  m',  a — a',  their  values  given  or  measured  in 
art.  13,  namely,  1"53,  1*33,  '?>hi,  we  find 

53    31 
(m-l)Sg=^-^-j^a    =-498a, 

<?S»i  =a  — •498a    =*502a, 
eh'ni  =  •502a  —  'Oa  =  •002a. 

These  quantities  are  very  nearly  equal  to  'Da,  •5a,  0,  which  are 
the  values  that  satisfy  the  projjosition.  The  common  value 
of  the  differences,  which  is  •002a,  is  a  quantity  too  small  to 
be  detected  with  cerhunty  in  the  experiments,  being  less  than 
the  2500th  part  of  a  wave-length  ;  and  this  important  pro- 
position may  therefore  be  accepted  in  the  meantime,  as  true 
exactly  or  approximately. 

Cor.  Returning  to  eq.  (6)  of  art.  12,  we  see  that  ^/=0 
when  ni'  =  ni,  and  that  ^'<0  wlum  m' >  m.  The  latter  case 
has  ijeen  realized  with  the  preceding  winged  plate  immersed 
in  carbon  disulphide. 

Inferences  equally  obvious,  but  more  important,  are  stated 
in  the  next  two  propositions. 

Proposition  IX. 

The  action  of  directionally  strained  glass  in  the  common 
polariscope,  upon  light  crossing  the  line  of  strain  at  rigid  angles, 
is  due  exclusively  to  strain-generated  change  of  velocity  of  the 
component  ray  which  has  its  plane  of  polarization  parallel  to 
die  line  of  strain. 

Suppose    the    plate    vertical,  and    the    line    of   strain  also 
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vertical ;  then,  in  the  notation  of  art.  12,  the  strain-generated 
relative  retardation  of  the  component  ray  H 

=  -|t'8'm+  {m—\)heX  —  keZm  +  {rn—l)he\ 
=  — ehm. 

Thus,  in  glass  vertically  compressed,  the  relative  acceleration 
of  the  component  ray  H  is  produced  exclusively  by  a  decrease 
of  velocity  of  the  component  ray  V;  and  similarly,  with 
change  of  sign,  in  the  case  of  vertical  tension.  This  com- 
pletes the  solution  of  prop.  III. 

Proposition  X. 

In  the  glass  plate  of  prop.  VII.,  strained  homogeneously/  in 
one  direction  parallel  to  its  faces,  the  strain-generated  variations 
of  the  tliichiess  («),  and  of  the  index  (?«)  for  light  incident 
7iormally,  and  polarized  in  a  jylane  pa7'allel  to  the  line  of  strain, 
are  such  as  to  satis/2/  approximately/  the  equation 

Be        Bm 
e       m  —  1* 

For  the  equality  of  eSm  and  (in  —  l)Be  has  been  proved  by 
experiment. 

Proposition  XI. 

7o  fnd  the  effect  of  directional  compression  or  tension  in 
glass,  upon  light  passing  along  the  line  of  strain. 

15.  I  have  made  several  attempts  on  this  part  of  the  sub- 
ject at  different  times,  and  I  begin  here  with  the  latest.  The 
particular  ])late  employed  in  the  ex])eriment  is  a  rectangular 
parallelopiped  of  light  optical  flint  (of  Chance's),  ^  inch  thick, 
(3  inches  long,  and  2^  wide,  its  two  ends  (2^  by  ^)  very  well 
planed  and  polished,  so  as  to  give  good  vision  through  the 
glass,  along  the  length  of  the  plate.  This  piece  is  fixed  to  a 
suitable  stand  by  one  of  its  edges,  with  its  faces  horizontal, 
so  that  the  two  pencils  of  the  refractor  (from  a  vertical  and 
very  narrow  lamp-slit)  traverse  the  two  ends  at  right  angles, 
one  of  the  pencils  passing  as  close  as  possible  to  the  outer 
lateral  surface  (6  by  j)  through  the  whole  of  its  length.  In 
these  trj-ing  circumstances,  the  fringes  are  obtained  almost  as 
well  through  the  glass  as  through  air,  the  plate  being  a  singu- 
larly good  one,  the  glass  homogeneous  and  isotropic,  and  the 
surfaces  of  incidence  and  emergence  accurately  plane  and 
parallel. 

To  strain  the  glass  moderately,  and  in  a  manner  sufficiently 
regular  for  a  qualitative  experiment,  an  assistant  lays  his  bare 
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arm  gently  along  the  outer  lateral  surface  of  the  plate  for  five 
seconds,  and  then  ■withdraws  it.  Moderate  though  the  heating 
is,  the  fringes  are  largely  afiected  by  it,  being  rapidly  displaced 
and  inclined,  and  before  the  end  of  the  five  seconds  deformed 
even  to  extinction.  In  1  to  1^  seconds  they  reappear  dis- 
tinctly, but  so  placed  as  to  indicate  a  large  relative  retardation 
of  the  pencil  which  is  next  the  heated  surface,  and  so  inclined 
as  to  indicate  an  extremely  rapid  decrease  of  the  optically 
eftective  strain  from  the  heated  surface  inwards.  As  the 
observation  is  continued,  the  fringes  fall  back  to  their  iniiial 
positions  and  directions,  quickly  at  first,  then  more  and  more 
slowly,  for  4  or  4^  minutes.  When  the  experiment  is  repeated 
with  a  time  of  heating  as  short  as  2  seconds,  or  even  1  second, 
the  efiects  are  distinct  enough  though  less  intense,  the  fringes 
being  well  displaced  and  inclined,  without  extinction  or  great 
deformation.  This  experiment  was  often  repeated,  and  the 
effects  were  perfectly  regular. 

When  the  plate,  as  it  stands,  is  examined  between  crossed 
Nicols,  the  effect  of  the  regular  heating  is  very  faint,  being 
easily  neutralized  by  a  hand-compensator  of  thin  glass.  Direc- 
tional strain  across  the  rays  is  therefore  out  of  account  in  the 
principal  experiment,  which  is  found  indeed  to  give  sensibly 
the  same  quantity  of  effect  whether  V  or  H  is  next  the  heated 
surface. 

The  birefringent  action  of  a  glass  plate,  strained  by  change 
of  temperature  along  one  edge,  and  traversed  by  light  per- 
pendicular to  the  faces,  w^as  examined  carefully  by  Sir  David 
Brewster,  and  the  phenomena  were  fully  discussed  afterwards 
by  Sir  John  Herschel*.  From  their  results  it  is  evident,  that 
the  predominant  strain  in  our  heated  plate  is  compression 
along  the  length  at  the  heated  edge  and  at  the  opposite  edge, 
with  a  diffuse  tension  along  the  length  in  the  intermediate 
parts  of  the  plate  :  and  this  is  proved  easily  as  follows. 

When  the  plate  is  placed  between  crossed  Nicols,  with  its 
length  vertical,  and  its  faces  perpendicular  to  the  rays,  the 
effect  of  the  regular  heating  indicates  pure  vertical  compres- 
sion at  the  heated  surface,  falling  off  rapidly  inwards,  and 
disappearing  at  ^  to  ^  inch  from  the  surface.  Inside  of  this, 
about  ^  inch  from  the  surface,  which  is  the  place  of  the  inner 
pencil  in  the  principal  experiment,  there  is  generally  an  effect 
of  the  contrary  kind,  but  so  faint  as  to  be  clearly  out  of 
account,  in  comparison  with  that  close  to  the  heated  surface. 
When  the  plate  is  in  the  same  position,  and  the  refractor  is 
employed  instead  of  the  polariscope,  the  effect  of  the  regular 

*  "  Treatise  on  Light,"  Encycl.  Mutrop.,  art.  1097. 
Phil  Mag.  S.  5.  Vol.  26.  No.  161.  Oct.  1888.  Z 
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heating  is  found,  accordingly,  to  bo  compression  along  tho 
length  of"  tho  plate,  very  intense  at  the  heated  surface,  and 
diminishing  very  rapidly  inwards.  The  cflfect  obtained  in  the 
principal  experiment  with  tho  heated  plate  admits  therefore  of 
only  one  explanation  : — a  ray  along  a  line  of  comjyression  is 
retarded  hy  the  strain*. 

This  is  not  such  a  simple  result  as  it  may  at  first  ap- 
pear to  be  :  for  the  observed  retardation  is  the  sum  of  two 
terms,  corresponding  toeS/nand  {in — l)8gof  the  retardation  a 
of  art.  12,the/?rAt  due  to  change  of  refringent  power,  and  the 
second  due  to  change  of  thickness  of  the  glass  along  the  rays  ; 
and  the  experiment  gives  us  no  information  as  to  the  ratio  of 
these  terms  ;  nor  do  we  certainly  know  as  yet  even  the  sign 
of  the  first  term.  In  this  connexion  I  must  mention  some 
earlier  experiments  with  a  bent  plate. 

16.  The  plate  was  taken  from  the  same  piece  of  light  flint 
as  the  heated  plate  of  the  last  article,  and  was  of  the  same 
length,  but  narrower  ;  and  it  was  strained  in  the  same  way  as 
the  bent  plate  of  art.  3.  It  was  fixed  in  the  screw-press  with 
its  faces  horizontal,  so  that  the  two  pencils  (vertical  and  very 
narrow)  of  the  refractor  traversed  it  along  its  length,  one 
pencil  very  close  to  a  lateral  surface,  and  the  other  at  or  very 
near  the  middle  of  the  plate.  The  action  of  this  bent  plate 
was  not  perfectly  regular,  the  strains  being  complex,  partly 
along  the  pencils  and  partly  across  :  but  upon  the  whole,  and 
quite  clearly,  the  effects  were  exactly  contrary  to  those  already 
described  as  given  by  the  heated  plate,  a  ray  along  a  line  of 
compression  being  relatively  accelerated  by  the  strain,  and  a 
ray  along  a  line  of  tension  relatively  retarded. 

To  explain  the  contrariety  of  effect  in  the  heated  plate  and 
the  bent,  consider  the  two  terms  of  the  resultant  effect,  as 
they  are  particularized  in  the  end  of  last  article.  For  light 
along  the  line  of  strain,  assume  that  the  second  term  is  abso- 
lutely the  greater  of  the  twof.  Then  (1)  in  the  bent  plate,  the 
glass  is  evidently  shortened  by  the  strain  along  a  line  of  com- 
pression, and  therefore  both  the  corresponding  second  term 
and  the  total  effect  are  accelerations ;  and   (2)  in  the  heated 

*  A  ray  alonp-  a  line  of  tension  is  of  course  accelerated  by  the  strain. 
This  effect  is  obtained  very  distinctly  when  the  plote  is  placed  as  in  tlie 
principal  experiment ;  and  the  lateral  surface,  instead  of  being  heated,  is 
cooled  by  the  rapid  evaporation  of  a  little  ether. 

t  The  assumption  is  apparently  justihed  by  what  ■we  know  of  the 
laws  of  deformation  of  p'hiss  under  directional  stress,  taken  in  connexion 
with  prop.  VIII.,  which  asserts  the  equality  of  the  two  terms  when  the 
light  is  jierpendicular  to  the  line  of  strain. 
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plate,  the  compression  beino;  really  a  small  dilatation  against 
resistance,  the  glass  is  lengthened  along  a  lino  of  compression, 
and  the  resultant  eft'ect  for  light  along  that  line  is  a  retardation. 
There  is  one  thing,  however,  that  I  have  neglected  here, 
perhaps  unwarrantably,  and  that  is  the  variation  of  index 
with  temperature  (apart  from  strain)  in  the  heated  plate. 

Proposition  XII. 

l'^07'  light  passing  along  the  line,  of  strain,  as  for  light  per- 
pendicular to  that  line,  the  velocity  of  transmission  is  diminished 
Inj  the  strain  in  the  case  of  compression,  and  increased  hy  the 
strain  in  the  case  of  tension. 

17.  In  seeking  for  a  rigorous  proof  of  this  proposition,  I 
have  met  with  greater  difficulties  than  in  any  other  part  of  the 
subject ;  but  now,  after  many  trials,  I  tind  that  the  preceding 
experiment  with  the  heated  plate,  when  properly  modified, 
serves  the  purpose  perfectly.  In  that  experiment,  as  described 
in  last  article,  the  observed  retardation  is  a  complex  effect,  due 
ajjpurently,  but  in  degrees  not  known,  to  these  four  immediate 
causes — (i)  strain  along  the  rays,  (2)  strain  across  the  rays, 
(3)  local  change  of  temperature  of  the  medium,  (4)  local 
change  of  length  of  the  plate — difference  of  actions  on  the 
two  pencils  being  understood  for  each  of  the  four. 

In  the  new  experiment,  the  cause  (3)  is  practically  elimi- 
nated thus  :  the  light  passes  near  one  edge  of  the  plate,  and 
the  heat  is  applied  for  several  seconds  along  the  opposite  edge, 
which  is  2  and  2^  inches  distant  from  the  pencils.  The  efiect 
of  (4)  is  eliminated  by  virtual  immersion  of  the  plate  in 
Canadabalsam,thisbody  having  exactly  the  same  index  (1'58) 
as  the  plate.     The  eflf'ect  of  (2)  may  be  safely  neglected. 

As  in  the  former  experiment,  the  plate  is  laid  horizontallj', 
and  the  light  passes  along  its  length,  one  pencil  almost  grazing 
the  lateral  surface.  Close  to  the  plate,  in  front  of  the  two 
ends,  and  in  the  course  of  the  two  pencils,  there  are  two  small 
panes  of  thin  parallel  glass,  which  are  supported  in  fixed 
positions  independently  of  the  plate,  so  as  to  form  virtually 
the  two  ends  of  a  constant  and  fixed  cell ;  and  the  interval 
(about  •?  millim.  wide)  between  panes  and  plate  are  filled 
with  Canada  balsam.  When  the  pieces  are  placed  with  proper 
care,  I  find  that  the  fringes  given  in  the  refractor,  through 
the  composite  plate  (flint,  balsams,  and  panes),  are  more  than 
sufficiently  good,  being  finer  than  those  given  formerly 
through  the  single  plate  of  flint. 

Things  being  thus  prepared,  a  flat  bar  of  iron,  at  a  tempe- 
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rature  a  little  above  100°  C,  is  laid  along  the  remote  edge  of 
the  plate  for  a  measured  time,  3  to  6  seconds.  The  effoct  in 
the  refractor  is  as  distinct  and  regular  as  possible,  and  indi- 
cates a  relative  retardation  of  the  ])encil  which  is  close  to  the 
edge.  Though  the  temperature  of  the  source  is  higher  than 
in  the  former  experiment,  the  effects  are  much  less  intense, 
the  range  of  dis])lacement  of  the  fringes  being  nmch  smaller 
(one  third  to  two  thirds  of  a  fringe-width),  and  their  changes 
of  inclination  much  less  marked.  To  explain  this  decrease  of 
effect,  we  have  to  remember  that  the  compression  along  the 
length  of  the  heated  plate  is  much  more  intense  at  the  heated 
edge  than  at  the  op})osite  edge,  and  also  much  more  concen- 
trated, nmch  more  ra})id  in  its  rate  of  decrease  from  the  lateral 
surface  inwards  :  we  have  to  rem(;ml)er  also  that,  in  the  old 
experiment,  there  is  a  considerable  inequality  of  temperatures, 
(with  some  consequent  inequality  of  indices),  for  the  two 
pencils.  Upon  the  whole,  this  twefth  proposition  appears  to 
me  to  be  proved  experimentally  beyond  objection. 

Proposition  XIII. 

To  specify  the  wave-surface  in  directionally  strained  glass. 

18.  As  the  line  of  strain  is  an  axis  of  physical  symmetry, 
we  may  assume  that  the  directions  of  the  three  principal  elas- 
ticities are  respectively  parallel  and  perpendicular  to  that  line, 
and  that  the  elasticities  in  directions  perpendicular  to  it  are 
equal.  Hence  we  infer,  by  the  principles  of  Fresnel's  theory, 
that  the  wave-surface  in  directionally  strained  glass  is  similar 
to  that  in  uniaxal  crystals.  From  Brewster's  property  also 
(art.  6)  it  follows  that  the  wave-surface  is  of  the  negative 
class  (the  spheroid  oblate)  in  the  case  of  compression,  and  of 
the  positive  class  (the  spheroid  prolate)  in  the  case  of  tension. 
The  results  of  the  preceding  experiments  carry  us  a  step 
further;  they  enable  us  to  connect  definitely  the  wave-surfaces 
in  the  medium  strained  and  unstrained.  Our  final  hypothesis 
may  be  stated  in  simple  terms,  by  reference  to  the  adjacent 
figure,  which  contains  five  curves  of  the  second  degree,  upon 
rectangular  axes  A  B  and  C  D  through  their  common  centre. 
The  required  sheets  of  wave-surface  are  represented  by  these 
curves  in  principal  section,  that  is,  in  plane  central  section 
along  the  line  of  strain  A  B  ;  so  that  the  sheets  are  generated 
by  revolution  of  the  curves  round  A  B. 

(1)  Strain  zero.  The  wave-surface  for  this  case  is  not  in 
question,  but  is  required  as  a  term  of  comparison  :  it  is  repre- 
sented, for  a  given  time  of  propagation,  by  the  mean  curve  in 
the  diagram,  the  primitive  circle. 
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(2)  Compression  along  A  B.     As  the  strain  increases  from 
zero,  the  wave-surface  for  the  given  time  contracts,  and  breaks 


up  into  two  sheets,  represented  by  the  two  inner  curves, 
ellipse  and  circle,  the  ellipse  touching  the  new  circle  in  points 
of  A  B,  and  the  primitive  circle  in  points  of  C  D. 

(3)  Tension  along  A  B.  As  the  strain  increases  from  zero, 
the  wave-surface  for  the  given  time  expands,  and  breaks  up 
into  two  sheets,  represented  by  the  two  outer  curves,  ellipse 
and  circle,  the  ellipse  touching  the  new  circle  in  points  of  A  B, 
and  the  primitive  circle  in  points  of  C  D. 

19.  The  matter  of  last  article  may  be  presented  otherwise 
thus,  in  the  ordinary  language  of  Physical  Optics.  Glass  in 
a  state  of  directional  strain  acts  on  light  as  a  uniaxal  crystal, 
with  optic  axis  j)arallel  to  the  line  of  strain,  the  ordinary  index 
and  the  extraordinary  being  equal  to  wi(l  +  a)  and  m  respec- 
tively, where  the  small  number  u  is  positive  in  the  case  of 
compression,  negative  in  the  case  of  tension,  and  (it  should  be 
added)  sensibly  proportional  to  the  strain. 

The  elasticities  of  the  medium,  (1)  in  the  absence  of  strain, 
(2)  along  the  line  of  strain,  (3)  at  right  angles  to  that  line, 
are  as  the  numbers  1,  1,  1  —  2u,  where  the  small  number  a 
(as  above)  is  positive  in  the  case  of  compression,  negative  in 
the  case  of  tension,  and  sensibly  proportional  to  the  strain. 
It  is  surely  not  an  accident,  that  these  optical  properties  of 


342      Messrs.  Trowbridge  and  Sabine  on  Wave-lengths 

glass,  thus  inferred,  are  so  remarkably  similar  to  the  acoustic 
pro])erties  of  the  monochord. 

20.  I  conclude,  for  the  present,  with  several  of  the  simpler 
inferences  that  may  be  drawn  from  the  preceding  specification 
of  wave-surface. 

(1)  (/onsid(T  Fresnel's  experiment  with  compressed  prisms. 
The  light  in  ihat  exjicriment  is  refracted  in  a  plane  perpen- 
dicular to  the  line  of  strain.  We  see  therefore,  by  reference 
to  the  diagram  of  art.  18,  that  one  of  the  polarized  pencils  (the 
ordinary)  is  deviated  by  the  strain,  and  tluiother not.  1  have 
not  attempted  to  verify  this  inference  directly  by  experinxuit. 

(2)  Considcn*  a  plate  which  is  sti'ained  in  one  direction 
parall(d  to  its  faces,  and  a  polarized  ray  which  is  incident 
upon  it  in  the  principal  section,  that  is,  in  a  plane  parallel  to 
the  line  of  strain.  \^y  calculation  based  on  art,  18  or  19,  I 
find  that  the  difference  of  retardations  of  the  two  transmitted 
rays  varies  directly  as  the  cosine  of  the  (primitive)  angle  of 
refraction.  By  exact  measurements  with  a  quartz  compen- 
sator, through  a  considerable  range  of  incidence  (0°  to  70°), 
I  have  succeeded  in  verifying  this  inference  perfectly. 

(3)  Consider  a  polarized  ray,  which  is  incident  on  the  same 
plate  in  a  plane  ])erpendicular  to  the  line  of  strain.  Both 
refractions  are  ordinary,  and  the  difFci'encc  of  retardations  of 
the  two  transmitted  rays  varies  inversely  as  the  cosine  of  the 
angle  of  refraction. 

(4)  Inferences  (2)  and  (3)  exjilain  the  following  propo- 
sition of  Brewster's  : — "  If  a  ])late  of  glass  in  a  state  of  com- 
pression or  dilatation  is  inclined  to  the  polarized  ray  in  a 
plane  parallel  to  the  axis  of  dilatation  on  compression,  the 
tints  will  descend  in  the  scale  ;  but  if  it  is  inclined  in  a  plane 
at  right  angles  to  these  axes,  the  tints  will  ascend. ■*'  But 
here  it  should  be  noticed,  that  Brewster's  order  of  ascending 
tints  is  the  same  as  the  order  of  Newton's  rings  from  central 
black  outwards,  that  is,  the  order  of  increasing  difference  of 
retardations. 

Glasgow,  August  25, 1888. 


XXXVII.  Wave-lengths  of  Metallic  Spectra  in  the  Ultra-  Violet. 
Bij  John  Tiiowbwdge  and  W.  C.  Sabine*. 

Introdnction. 

THE  Catalogue  of  Metallic  S])ectra,  revised  by  a  Committee 
of  the  British  Association,  and  published  in  its  volumes 

*  From  an  advance  proof  from  the  '  Proceedings  of  tlie  Amcricau 
Academy.'     Communicated  bv  the  Authors. 
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for  1885  and  1887,  is  an  extremely  valuable  contribution  to 
tbe  ?ubjoct  of  spectrum  analysis  ;  it  contains  tbo  material  tor 
future  <j;eneralization  in  regard  to  the  molecular  structure  of 
so-called  elements,  or  in  renjard  to  the  harmonic  relations 
which  may  exist  between  their  wave-lengths.  Here  can  be 
found  in  juxtaposition  the  results  of  various  observers  upon 
the  metallic  spectra  of  the  same  metal,  and  the  student  can 
jutlgo  of  the  relative  accuracy  of  the  results.  A  su]ierticial 
inspection  of  this  Catalogue  will  show  that  even  distinguished 
observers,  like  Thalen  and  Kirchhoflf",  often  ditfer  in  their 
results  by  one  part  in  4000,  or  one  part  in  2500.  No  observer 
of  metallic  spectra  gives  results  to  more  than  one  tenth  of 
Angstrom's  unit,  or  to  more  than  one  tenth  of  one  wave-length. 
Physical  science,  however,  now  demands  a  greater  degree  of 
accuracy.  Various  hypotheses  in  regard  to  the  apparent 
coincidences  between  lines  of  metallic  spectra  and  lines  in  the 
solar  spectrum  have  been  propounded,  and  can  only  be  settled 
by  more  accurate  measurements  of  wave-lengths.  There  are 
also  questions  constantly  arising  in  regard  to  the  displacement 
of  lines  of  spectra  due  to  the  motion  of  the  stars  and  to 
changes  of  temperature,  which  require  a  greater  degree  of 
accuracy  in  the  measurement  of  wave-lengths  of  gaseous  and 
metallic  spectra  than  the  results  of  previous  observers  atford. 
It  may  be  remarked,  that  observations  upon  the  metallic 
spectra  of  metals  from  the  limits  of  the  visible  red  to  the 
limits  of  the  visible  violet  have  become  comparatively  easy  ; 
for  the  solar  spectrum  can  be  used  to  identify  the  lines  of  the 
metals,  and  to  ascertain  the  wave-lengths.  It  is  only  in  the 
extreme  infra-red  region  and  in  the  ultra-violet  that  such  ob- 
servations become  difficult.  In  these  regions  we  must  trust  to 
photography  to  reproduce,  by  long  exposures  of  the  sensitive 
plate,  the  feeble  lines  of  metals  which  may  manifest  themselves 
there.  In  the  infra-red  region,  as  far  as  wave-length  10,000, 
it  is  possible  to  photograph  the  solar  lines,  and  we  can  com- 
j)are  the  spectra  of  such  metallic  lines  as  may  exist  between 
the  A  line  and  the  limit  10,000  with  the  solar  spectrum. 
Beyond  this  limit,  and  beyond  wave-length  2800  in  the  violet, 
the  solar  spectrum  disappears,  and  the  problem  of  measuring 
the  wave-length  of  mehillic  lines  which  extend  beyond  these 
limits  becomes  a  difficult  one. 

Besides  the  resolution  of  the  difficulty  of  measuring  the 
wave-lengths  of  the  in^^sible  rays  of  light  with  proper  accu- 
racy, the  measurement  of  such  wave-lengths  is  destined  to 
prove  a  crucial  test  for  various  theories  which  must  arise  in 
the  progress  of  physical  science.  The  lines  of  the  jnetais  are 
exceedingly  numerous  in  the  ultra-violet  region,  far  more  so 
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tban  in  the  infra-red  region.  If  tliere  are  any  harmonic  rela- 
tions between  the  wave-lengths  of  the  spectra  of  metals,  it  is 
here  that  one  might  expect  to  observe  such  relations.  Indeed 
Professor  Griinwald,  of  Prague,  has  lately  enunciated  a 
remarkable  hypothesis  upon  the  relations  between  the  wave- 
lengths of  so-callcnl  elements,  and  finds  in  the  observations  of 
various  observers  in  the  ultra-violet  a  strong  confirmation  of 
his  hypothesis.  In  any  theoretical  work  upon  the  grouping 
of  spectral  lines,  it  is  of  fundamental  importance  that  the 
wave-len2ths  of  the  lines  should  be  determined  with  as  "Teat 
accuracy  as  possible.  The  coincidence  of  metallic  lines  with 
solar  lines  is  at  the  best  a  doubtful  piece  of  evidence.  This 
evidence  is  of  moment  only  when  the  number  of  coincidences 
becomes  great,  and  is  accompanied  by  characteristic  grouping. 
A  mistake  of  a  wave-length  in  the  question  of  position  is 
suflicient  to  destroy  the  support  which  the  author  of  any 
hypothesis  might  claim  for  it. 

Conditions  for  Accuracy  of  Measurement. 
All  measurements  of  wave-lengths  hitherto  published  have 
been  made  by  the  old  method  of  angular  measurements  with 
a  spectrometer.  We  say  old,  for  the  use  of  Rowland's  con- 
cave grating  with  its  peculiar  mounting  must  be  characterized 
as  a  new  method  and  a  new  departure  in  measurements  of 
wave-lengths.  The  observation  of  wave-lengths  of  metallic 
spectra  by  the  eye  is  most  laborious,  and  the  photographic 
plate  must  be  substituted  for  the  eye  for  most  pui'poses.  The 
angular  positions  of  the  spectral  lines  on  such  a  plate  assume 
great  im})ortance,  for  upon  these  positions  depend  the  value  of 
the  wave-lengths.  In  the  operation  of  photographing  spectral 
lines,  it  is  necessary  to  substitute  for  the  observing-telescope 
and  micrometer-eyepiece  of  the  spectrometer  a  camera-box 
provided  with  a  suitable  lens,  and  with  a  plate-holder  for  the 
photographic  plate.  Unless  the  latter  is  small  the  si)ectrum 
will  not  be  in  focus  on  all  parts  of  the  plate  ;  moreover,  unless 
the  distance  of  the  photographic  plate  from  the  diffraction- 
grating  em])loyed  is  comparatively  large,  the  distances  between 
the  spectral  lines  on  the  photograph  will  not  be  proportional 
to  wave-lengths.  To  determine  these  wave-lengths  recourse 
must  be  had  to  various  devices.  The  one  usually  em})loyed 
is  due  to  Cornu,  and  can  be  found  described  in  the  Annales  de 
VEcole  JVormale,  2  ser.  tome  iii.  p.  421  ;  also  in  the  Journal 
de  PItjt/sitjue,  x.  1881,  p.  425.  It  consists  in  photographing 
images  of  the  slit  of  the  spectroscope  upon  the  photographic 
plate  bv  turning  the  graduated  circle  of  the  spectrometer 
througn  measured  angles.     These  photographic  images  serve 
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as  fiducial  marks,  by  means  of  which  wave-lengths  of  spectral 
lines  on  the  plate  can  be  calculated.  In  the  case  of  diffraction- 
spectra  obtained  by  deflectino-  a  bundle  of  parallel  rays  at  the 
angle  of  incidence,  i,  %vith  a  deviation  of  order  n,  A7i  is  con- 
nected with  the  wave-length  \,  and  with  a  certain  constant,  a, 
of  the  grating  bv  the  formula 


An        /.      An\ 
zasin-^cos  yi —  |=w\. 


It  is  e^^dent  that  at  least  two  errors  can  arise  in  the  use  of 
this  formula  ;  one  from  defective  graduation  of  the  circle  of 
the  spectrometer,  another  from  the  process  of  referring  from 
the  photographs  of  the  slit  on  the  plate  to  the  photographs  of 
the  metallic  lines. 

We  select  the  work  of  Hartley  and  Adeney*  as  perhaps  the 
best  type  of  this  method  of  using  a  camera  with  a  spectrometer. 
Their  work  is  characterized  by  great  care  and  thoroughness, 
and  no  one  could  prol)ably  attain  better  results  by  the  use  of 
a  flat  grating,  with  its  concomitants  of  collimator,  photo- 
graphing-lens, and  camera.  These  observers  state  that  they 
were  not  troubled  by  the  underlying  spectrum  of  a  higher 
order  than  that  which  they  photographed,  for  it  was  not 
brought  to  a  focus  with  the  latter.  In  the  new  method  we 
propose  to  illustrate,  all  the  spectra  are  in  focus  together,  and 
this  fact,  instead  of  being  an  obstacle,  can  be  turned  to  great 
advantage.  In  the  absolute  measurements  of  the  wave-length 
of  light,  the  spectrometer  method  with  eye-observation  and 
with  a  micrometer  is  unquestionably  more  accurate  than  any 
photographic  method.  We  have  in  this  determination  to  deal 
with  comparatively  large  quantities,  and  with  well-defined 
directions,  which  can  be  made  to  coincide  with  optical  axes 
of  the  instrument ;  this  is  not  the  case,  however,  with  the 
majority  of  the  spectral  lines  on  a  photographic  plate  placed 
in  the  camera,  which  replaces  the  observing-telescope  of  the 
spectrometer.  The  photograph  contains  possible  errors,  and 
an}'  shifting  or  movement  of  the  spectrometer-circle  to  deter- 
mine intervals  on  the  photographic  plate  is  apt  to  introduce 
other  errors. 

The  ideal  arrangement  would  seem,  therefore,  to  be  a  pho- 
tographic apparatus  which  should  remain  in  focus  for  all  the 
sjiectra  of  the  different  orders,  in  which  distances  between 
successive  lines  on  the  photographs  of  the  spectra  should  he 
closely  proportional  to  wave-lengths  ;  so  that,  the  constant 
being  known  for  a  certain  position  of  the  sensitive  plate,  the 

*  Philosophical  Transactions,  clxxv.  (1884)  pp.  63-1^7. 
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wavo-lengths  can  be  detcnnined  by  simple  linear  measure- 
ment. Moreover,  it  is  desirable,  as  we  have  said,  that  the 
underlying  spectra  should  be  brought  to  the  same  focus  as  the 
overlying ;  for  by  this  means  we  can  compare  the  wave-lengths 
of  lines  in  the  spectra  of  different  orders,  and  halve  our  errors. 
It  is  true  that  some  confusion  results  from  having  the  metallic 
lines  in  the  spectra  of  ditlerent  orders  ])hotographed  upon  the 
same  plate  ;  but  a  little  experience  enables  one  to  s(qiarate  the 
lines  with  com])arative  ease,  and  the  gain  in  accuracy  com- 
])ensates  for  the  additional  trouble. 

The  apparatus  which  best  answers  the  requisitions  we  have 
pointed  out  is  that  of  the  concave  grating  of  Rowland,  with 
its  peculiar  mounting,  which  has  been  fully  described  in  the 
Phil.  Mag.  [5]  vol.  xvi.  (1883)  p.  197. 

Objects  of  the  Present  Investigation. 
The  conclusion  of  the  work  of  the  Committee  of  the  British 
Association  on  the  tabulation  of  metallic  spectra  seemed  to  lis 
to  require  a  survey  of  the  work,  which  must  be  done  in  the 
future  in  order  to  perfect  and  correct  the  work  of  the  past. 
We  have  therefore  examined  the  tables  given  by  the  com- 
mittee in  order  to  see  what  lacunai  could  be  supplied,  and  to 
point  out  the  directions  for  routine  work  which  may  afford 
material  for  future  generalizations.  In  the  pursuance  of  this 
work,  we  have  been  compelled  to  examine  the  accuracy  of 
measurements  of  wave-lengths  hitherto  made  in  the  ultra- 
violet. With  the  aid  of  the  new  Map  of  the  Solar  Spectrum 
published  by  Professor  Rowland  it  is  very  easy  to  determine 
the  wave-length  of  metallic  lines  in  the  visible  spectra  of 
metals  ;  for  it  is  merely  necessar}'  to  photograph  a  portion  of 
the  solar  spectrum  upon  the  same  plate  as  that  which  receives 
the  spectra  of  the  metals  under  consideration,  and  then  to  refer 
to  the  published  map.  We  have  already  remarked,  that  even 
a  superficial  examination  of  hitherto  published  catalogues  of 
wave-lengths  of  metallic  spectra  will  show  that  distinguished 
observers  differ  in  their  determinations  by  one  or  two  wave- 
lengths. The  task  of  remeasuring  the  wave-lengths  of  metallic 
lines  is  a  very  great  one,  and  approaches  in  character  the 
routine  work  now  prosecuted  in  astronomical  observatories  in 
the  i-edetermination  of  star-places,  the  photometric  iniensities 
of  stars,  and  the  classification  of  star-spectra.  In  our  present 
work  we  have  confined  our  attention  to  ultra-violet  spectra. 
Since  the  solar  spectrum  disappears  in  the  neighbourhood  of 
wave-length  2800,  the  task  of  identification  of  wave-lengths 
becomes  a  very  serious  one.  To  replace  the  solar  spectrum 
we   nmst   refer   the   lines   of  metallic   spectra   to   carefully 
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measured  lines  of  certain  metals.  When  one  metal  ceases  to 
fjive  spectral  lines  another  must  be  selected.  To  test  the 
relative  accuracy  of  what  we  have  termed  the  old  method  of 
measurement  with  that  of  the  new,  we  have  measured  the 
lines  of  electrolytic  copper,  and  have  compared  our  results 
with  those  of  previous  observers  in  regard  to  the  distribution 
of  errors.  Besides  the  comparison  of  accuracy,  we  have  ex- 
amined the  limit  of  the  spectrum  of  co])])er  in  the  ulfra-violcl, 
in  order  to  see  if  that  given  by  previous  observers  could  be 
extended. 

Appaj'atus. 

Tlie  apparatus  consisted  of  a  concave  grating  of  21  ft.  0  in. 
radius,  mounted  in  the  manner  described  by  Professor  Row- 
land, 'riie  camera  was  provided  with  a  shutter,  which  enabled 
us  to  expose  different  portions  of  the  sensitive  plate  at 
pleasure.  An  alternating  dynamo  machine  was  employed, 
together  with  a  Euhmkorf  coil.  The  alternating  machine  gave 
from  eight  to  ten  thousand  reversals  per  second.  With  a 
battery  of  from  six  to  ten  two-quart  Leyden  jars,  a  powerful 
spark  was  obtained  between  the  metallic  terminals  which  we 
employed.  The  spark  was  produced  close  to  the  slit  of  the 
ap})aratus,  and  the  time  of  exposure  varied  from  one  to  two 
hours.  At  various  times  endeavours  were  made  to  substitute 
the  more  powerful  carbon  electric  light  for  the  electric 
spark,  in  the  hope  of  shortening  the  time  of  exposure ;  but 
these  efforts  were  not  successful.  If  they  had  been,  we 
should  have  been  obliged  to  struggle  with  the  question  of 
im])urities  in  the  carbons.  An  exposure  of  fifteen  minutes 
to  the  ultra-violet  spectra  of  metals  burned  in  the  electric 
light  produced  no  image  below  wave-length  3000.  A  quartz 
condensing  lens  was  employed  with  the  arc  light^  and  there- 
fore no  light  was  lost  by  selective  absorption.  With  the 
spark  no  kuis  was  necessary. 

By  curving  the  photographic  plate  all  parts  of  it  remain 
in  focus,  and  distances  on  the  plate  are  closely  proportioned 
to  wave-lengths.  If  Y  =  wave-length,  we  have  Y  =  C-f-a./', 
where  C  and  a.  are  constants  and  x  is  the  distance  along  the 
plate. 

The  determination  of  the  wave-lengths  of  lines  extending 
over  a  range  of  three  hundred  tenth  metres  involved  the 
taking  of  three  negatives.  The  sensitive  dry  plate  (2  x  10 
inches)  was  pressed  by  sj)rings  against  the  "  forms  "  of  the 
plate-holder  into  an  arc  of  a  circle.  Having  placed  the 
plate-holder  on  the  camera  box,  the  girder  bearing  the  camera 
and  grating  was  moved  along  its  tracks  until  the  position  of 
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tlio  pointer  of  the  carriage  on  the  scale  beside  the  track  indi- 
cated tliat  liglit  of  wave-lenotlis  4200  to  4800  in  the  first 
spectrum  and  2100  to  2400  in  the  second  spectrum  would  fall 
on  the  plate.  The  shutter  was  turned  so  as  to  expose  only 
the  lower  half  of  the  plate  and  a  photograph  of  the  solar 
spectrum  from  4200  to  4800  taken.  The  shutter  was  again 
turned,  and  the  u])pcr  half  of  the  plate  given  a  long  exposure 
to  the  light  of  the  spark.  Both  sjx^ctra  were  in  focus.  The 
wave-lengths  of  the  metal  lines  were  then  found  directly,  by 
interpolation  on  the  normal  spectrum,  from  the  solar  lines 
whose  values  were  given  in  llowland^s  Photographic  Map 
and  table  of  wave-lengths  *.  The  interpolation  was  made  by 
means  of  measurements  on  a  divided  engine.  In  order  to 
cori-ect  for  any  displacement  due  to  the  motion  of  the  spark 
from  side  to  side,  or  to  jarring  arising  from  the  great  noise  of 
the  spark,  and  also  in  order  to  sift  out  the  lines  belonging  to 
the  first  spectrum  from  those  belonging  to  the  second,  the 
girder  was  moved  to  the  violet  of  the  third,  with  its  magnified 
dispersion  and  different  underlying  spectra.  The  metal  and 
solar  lines  were  taken  side  by  side,  and  the  interpolation  for 
the  wave-lengths  of  the  metal  lines  made  as  before.  From 
tliis  the  correction  to  be  applied  to  the  previous  plate  was 
found,  amounting  in  some  cases  to  '2  of  a  tenth  metre.  The 
correction  thus  found  was  applied  to  all  of  the  lines  on  the 
plate.  The  girder  was  now  moved  so  that  the  sensitive  plate 
was  in  the  extreme  ultra-violet  of  the  first  sj^ectrum,  and  the 
plate  exposed  to  the  light  from  the  sjiark.  From  this  nega- 
tive the  values  of  the  wave-lengths  of  the  faint  lines  were 
obtained  by  interpolation  from  the  values  of  the  stronger  lines 
as  determined  by  the  first  plate.  It  also  served  as  the  final 
test  wdiether  the  lines  on  the  first  negative  were  of  the  first 
or  second  order.  All  of  the  lines  more  refrangible  than  line 
2123"!  were  in  the  case  of  copper  found  from  this  negative 
and  from  line  21o(M  by  direct  measurement. 

Another  method  of  distinguishing  which  lines  on  the  first 
negative  belong  to  the  second  and  whicli  to  the  first  spectrum, 
is  to  place  in  front  of  the  slit  while  taking  the  metal  lines  a 
piece  of  plane  glass.  The  second  spectrum  for  this  refrangi- 
bility  will  be  completely  cut  out,  and  only  the  metal  lines  of 
the  first  remain,  being  in  the  visible  violet. 

The  only  source  of  error  was  in  the  setting  of  the  micro- 
scope upon  the  broad  or  faint  lines.  The  probable  error  of 
this  is  about  '1  tenth  metre.  For  the  few  most  refrangible 
lines  it  may  be  greater. 

*  American  Journal  of  Science,  March  1887  ;  Phil.  Mf.g.  March  1887. 
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Effect  of  Change  of  Temperature  of  Source  of  Light  on 
Constancy  of  Position  of  Metallic  Lines. 

In  tlie  profTvess  of  the  investigation  we  were  mucli  troul)le(l 
by  a  slight  shifting  in  position  of  the  metallic  lines  upon  the 
photographs.  This  shifting  could  be  observed  when  the 
metahic  lines  were  compared  with  a  solar  spectrum  taken 
upon  the  same  plate.  The  amount  of  this  shifting  in  no  case 
amounted  to  more  than  "1  or  "2  of  a  wave-length.  At  first  we 
thought  it  might  be  possible  that  there  was  a  change  in 
refrangibility  of  the  metallic  lines  due  to  a  difference  in 
temperature  of  the  source  of  hght,  and  a  long  study  was 
made  of  the  influence  of  the  temperature  of  the  source  of  light 
upon  its  wave-length.  When  a  metal  was  burned  in  the 
carbon  electric  light  with  varying  strength  of  current,  no  dis- 
placement could  be  observed  between  the  lines  of  the  metal 
photographed  beneath  each  other  upon  the  same  sensitive 
plate.  When  the  electric  spark  with  a  large  battery  of 
Leyden  jars  was  substituted  for  the  electric  arc,  and  the 
metallic  lines  obtained  by  the  light  of  the  spark  were  com- 
pared with  those  from  the  arc,  occasionally  a  small  displace- 
ment could  be  observed.  This  did  not  seem  to  arise  from  a 
change  of  position  of  the  source  of  light,  or  from  the  heating 
of  the  slit  of  the  spectroscope.  A  careful  study  of  the  iron 
lines  showed  us  that  the  wave-lengths  of  the  iron  lines  in  the 
sun  and  those  obtained  from  burning  iron  in  the  electric  arc 
were  the  same  to  certainly  one  hundredth  of  a  wave-length. 
The  displacement  we  observed  was  noticed  only  when  the 
electric  spark  was  employed.  This  shifting  did  not  arise 
from  a  change  of  position  of  the  spark  in  our  apparatus,  for 
it  could  not  be  produced  at  will  by  changing  the  position  of 
the  source  of  light.  Moreover,  when  the  arc-light  was  placed 
in  the  same  position  that  the  spark  occupied,  no  displacement 
could  be  observed  in  photographs  taken  by  the  aid  of  the  arc. 
We  were  forced  to  conclude  that  through  the  range  of 
temperature  afforded  by  the  electric  arc  and  the  electric 
spark  the  wave-lengths  of  the  metallic  lines  were  constant. 
The  displacement  we  observed  was  therefore  referred  to  a 
jarring  of  the  apparatus  due  to  the  noise  of  the  electric  spark. 
When  the  camera  was  at  a  considerable  distance  from  the  slit 
of  the  spectroscope,  the  displacement  was  diminished  and 
sometimes  entirely  disappeared.  The  entire  apparatus  was 
very  solid,  and  the  camera  was  clamped  to  a  massive  girder. 
It  was  difficult,  therefore,  to  believe  that  the  displacement 
could  arise  from  the  noise  of  the  spark.  We  believe,  how- 
ever, that   it  can  be    ascribed  to   this  cause,    and    that   the 
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wave-lengths  of  metallic  lines  produced  by  burning  metals  in 
the  electric  arc  or  by  vaporization  in  the  electric  spark  are  to 
one  hunilrodth  of  a  wave-length  the  same  as  those  of  the 
corresponding  lines  in  the  sun. 

Results. 

In  the  following  table  we  have  adopted  the  same  symbols 
and  k'ttcrs  to  designate  the  character  of  the  lines  which  the 
connnittco  of  the  British  Association  have  employed.  Column 
1  refers  to  the  intensity  on  a  scale  of  10.  Colunui  2  gives 
our  measurements  of  the  wave-lengths  of  the  copper  lines  in  the 
ultra-violet,  from  wave-length  2oGD'9  to  lD-i4'l.  Column  3 
contains  the  measurements  of  these  lines  by  Hartley  and 
Adeney.  Colunm  4  are  the  corrections  to  be  applied  to 
Hartley  and  Adeney's  results.  C'olumn  5  contains  measure- 
ments by  Liveing  and  Dewar.  Column  6,  corrections  to  be 
applied  to  their  results.  Column  7  gives  the  symbols  adopted 
by  the  committee  of  the  British  Association,  which  serve  to 
describe  the  character  of  the  line  : — 
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Conclusions. 

It  will  bo  o])served  that  the  corrections  to  be  applied  to 
the  wave-lenoths  obtained  by  Liveing-  and  Dewar  ai'c  ])ro- 
gressive  in  their  nature  when  compared  with  those  which 
must  be  applied  to  the  results  of  Hartley  and  Adeney.  The 
difficulty  in  identifying  lines  and  determining  coincidences 
by  emj)loying  the  tables  of  metallic  spectra  in  the  ultra- 
violet, j)ublished  by  the  British  Association,  is  illustrated  by 
our  work  ;  for  certain  lines  measured  by  Liveing  and  Dewar, 
which  are  identified  by  the  committee  with  lines  given  by 
Hartley  and  Adeney,  are  in  reality  removed  from  each  other, 
one  or  two  lines  intervening.  In  certain  cases  the  lines  of 
Liveing  and  Dewar  are  wholly  beyond  identification  with 
those  given  by  Hartley  and  Adeney. 

The  results  of  our  inquiry  into  the  accuracy  of  the  results 
of  pr(!vious  observers  in  measuring  wave-lengths  of  metallic 
spectra  in  the  ultra-violet  can  be  summed  up  as  follows  : — 

1.  We  believe  that  the  method  of  pliotogra])hing  images 
of  the  slit  upon  the  photographic  plate,  due  to  Cornit,  in 
order  to  determine  })ositions,  leads  to  unavoidable  errors. 

2.  The  best  method  of  determinino-  wave-len<>ths  of  metallic 
spectra  is  by  the  use  of  concave  gratings ;  for  linear  measure- 
ments are  sul)stituted  for  angular  ones,  underlying  spectra 
are  brought  to  the  same  focus  as  overlying  spectra,  and, 
since  a  great  number  of  lines  are  in  focus  on  the  same  plate, 
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the  conditions  are  the  same  for  all,  viz.  breadth  of  slit,  length 
of  exposure,  and  source  of  light. 

3.  Hypotheses  in  regard  to  coincidences  oi"  gaseous  and 
metallic  spectra  cannot  be  safely  based  upon  existing  measure 
ments  of  spectra  in  the  ultra-violet. 

4.  The  limit  of  the  copper  lines  is  extended  by  our  investi- 
gation. 

Jefferson  Physical  Laboratory, 
Cambridge,  U.S. 


XXXYIII.   On  Thermoelectric  Phenomena.    By  J.  Parker, 
B.A.,  late  Scholar  of  St.  Johns  College,  Cambridge*. 

WHEN  two  different  metals  at  the  same  temperature  are 
put  in  contact  with  one  another,  they  assume  a  dif- 
ference of  potential,  and  if  a  current  be  made  to  cross  the 
junction,  a  cooling  (or  heating)  effect  is  observed.  These  two 
facts  are  evidently  dependent  on  one  another,  and  a  relation 
must  exist  between  them ;  but  though  the  subject  of  Thermo- 
electricity has  been  frequently  considered,  a  satisfactory  ex- 
planation appears  yet  to  be  found. 

Duhem,  writing  in  1886,  says  : — "  L'analogie  des  lois  qui 
regissent  le  phenomene  de  Peltier  avec  les  lois  des  differences 
de  niveau  potentiel  au  contact  de  deux  substances  differentes 
a  porte  certains  physiciens  a  chercher  une  relation  entre  ces 
deux  phenomenes,  et  a  regarder  le  degagement  de  chaleur 
qui  correspond  au  phenomene  de  Peltier  commeproportionnel 
a  la  chute  que  subit  la  valeur  de  la  fonci;ion  potentielle. 
L'experience  a  depuis  longtemps  demontre  que  cette  propor- 
tionnahte  n'existait  pas." 

In  this  paper  a  very  simple  relation  is  obtained  between  the 
Peltier  effect  and  the  difference  of  potential.  I  have  also 
found  the  difference  of  potential  and  the  thermal  effect  at  the 
junction  of  two  portions  of  the  same  metal  at  different  tem- 
peratures. Combining  these  results,  we  easily  find  an  expression 
for  the  electromotive  force  of  a  thermo-electric  couple,  and 
obtain  an  analytical  proof  of  the  fact,  observed  by  Magnus, 
that  no  current  is  [)roduced  by  unequal  heating  in  a  homoge- 
neous circuit. 

It  is  well  known  that  when  a  current  crosses  a  metallic 
junction  kept  at  a  given  constant  temperature,  the  heat 
absorbed  (or  given  out)  at  the  junction  depends  only  on  the 
quantity  of  electricity  that  passes,  and  is  independent  of  the 
strength  of  the  current. 

*  Communicated  by  the  Author. 
Phil.  Mag.  S.  5.  Vol.  26.  No.  161.  Oct.  1888.         2  A 
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Take,  then,  two  plates,  A,  B,  of  two  different  metals,  say 
copper  and  iron,  and  connect  them  hy  a  wire  of  either  copper 
or  iron.  Parallel  and  close  to  these  two  plates  place  equal 
plates  of  any  metal  whatever,  as  zinc,  and  connect  the  zinc 
plates  by  long  zinc  wires  with  a  large  distant  mass  of  the  same 
metal  in  the  neutral  state,  so  that  the  zinc  j)lates  are  constantly 
at  the  zero  of  potential. 

Let  the  mass  of  the  metal  A  be  M^,  its  specific  heat  at  con- 
stant pressure  c^,  its  charge  E^,  and  its  potential  Va.  Let 
M^,  Cp,  E|3,  Yp  denote  similar  quantities  for  the  metal  B  at  the 
same  absolute  tem])erature  t.  Also  put  V^g— Va=8. 
.  By  a  theorem,  due  originally  to  Helmholtz,  but  lately  ob- 
tained by  Duhem  as  a  strict  consequence  of  thermodynamical 


5    B 


A    ou 


principles,  the  energy  of  the  electrification  of  the  system  may 
be  written 

iE„.V,  +  iE^.V^  +  E«.H„  +  E^.H^. 

As  we  are  only  going  to  consider  the  case  of  constant  pressure, 
this  may  be  written 

iE„.V.  +  iE^.V3  +  E,./;(0  +  E^./^(0. 

Now  let  our  apparatus  be  made  to  undergo  the  following 
cycle  of  reversible  operations. 

(1)  By  slowly  bringing  the  plates  B  nearer  together,  and 
slowly  separating  the  plates  A,  let  a  quantity  of  electricity  q 
be  made  to  pass  from  A  to  B  against  the  rise  of  potential  8 
without  altering  the  potential  of  either  A  or  B.  The  work 
done  on  the  system  will  be 

The  only  thermal  effect  produced  will  be  at  the  junction,  and 
the  heat  absorbed  there  may  be  represented  by  11 .  ry  in  mecha- 
nical units. 
Hence 

or 

U  =  8+p-fa (1) 
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(2)  Disconnect  the  metals  A,  B,  and  then  raise  the  tempera- 
ture to  t  +  dt.     The  heat  absorbed  \vill  bo 

By  slowly  moAdng  the  plates  A  and  B,  let  the  potentials  be 
altered  to  YJ,  V/s',  where 

V/-V  '  =  h-\-  —    dt 

^         "^        ^  dt 

The  work  done  on  the  system  will  be 

(3)  Connect  the  plates  A  and  B  again,  and  let  q  return 
from  B  to  A  without  altering  the  potential  of  either. 

The  heat  absorbed  =  —  (n  +  fZII)</,  and  the  work  done  on 
the  system  =^5'(8  +  rf8). 

(4)  Let  the  plates  A,  B,  be  again  disconnected,  and  then 
reduce  the  temperature  to  t.     The  heat  absorbed  will  be 

-{M^c^  +  M^c^)dt--E^.i^^dt--Sl^.^dU 

Lastly,  bring  the  potentials  back  to  their  original  values  Va, 
Vp.     The  work  done  on  the  system 

The  total  work  done  in  operations  (2)  and  (4)  =^q.dh. 
Hence,  from  the  complete  cycle,  we  have,  by  the  principle  of 
equivalence, 

i.  e. 

dS      dU        d   .,        . 

Tt^-dt--dt^^'-^^^ (2) 

Also,  by  Clausius'  principle, 

n    n+c/n 


^i(f-f>-o. 


t         t  +  dt 

2  A2 
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Hence,  by  (2)  and  (3), 

n-i w 

Also  we  have  seen  that 


therefore 

dt 


U^=^- (5) 

Equations  (4)  and  (5)  contain  the  whole  theory  of  the 
Peltier  effect  and  the  difference  of  potential. 

Let  us  now  consider  the  case  of  two  portions  of  the  same 
metal  at  different  temperatures. 

Let  the  quantities  M,  c,  E,  V,  refer  to  a  portion  at  the  ab- 
solute temperature  t,  and  let  Mj,  Cj,  Ej,  Vj,  refer  to  another 
portion  at  temperature  ti,  where  t^  =  t  +  r,  r  being  indefinitely 
small.  Also  suppose  the  system  to  undergo  the  following 
cycle  of  operations. 

(1)  Let  a  quantity  of  electricity,  q,  be  made  to  pass  from 
M  to  Ml  without  altering  the  potential  of  either.  The  work 
done  on  the  system  will  be 

The  heat  absorbed  at  the  junction  may  be  represented  by 
<7T .  q.     The  increase  of  the  energy  of  the  system  will  be 

iq(yi-y)+<j{m-f{t)\^h/^T+q^^T. 


Hence 

dt       "  dt       dt 


°'    2  •  /,  —  2  ,7.  +  -J. ; 


therefore 

dN      df 
^  =  7U-'lt ^-^^ 

(2)  Separate  M  and  Mj,  and  then  raise  the  temperature  of 
each  by  6.     The  increase  of  entrop}^  will  be 

(3)  After  reducing  M  and  Mj  to  a  state  of  electric  equili- 
brium, which  may  be  done  without  producing  any  thermal 
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effect,  make  q  return  from  Mi  to  M  without  altering  the 
potential  of  either.  The  heat  absorbed  at  the  junction  may- 
be written 

—  (/Tq. 

(4)  Again  disconnect  M  and  Mi,  and  then  reduce  their 
temperatures  to  their  original  values.  The  increase  of  entropy 
will  be 


M 


,       t  clt 


t.  e. 


Lastly,  reduce  the  potentials  to  their  original  values  V,  V|, 
which  may  bo  done  without  producing  any  thermal  effect. 

If  we  can  apply  Carnot's  principle  to  the  cycle  just  de- 
scribed, we  get 

\t      t  +  0/     Jf      t  dt  Jt,      t  dt 

V<       f  +  d/     Ji    t  dt  J^^g   t  dt 

I.  €. 

7    t+e'^ t-\-e  d{t+e)    tdt~' 

Hence '^  '^^  independent  of  f ,  and  =  k,  say. 

Hence,  by  (6),  '^  =ht 

dt 

If,  now,  we  join  two  portions  of  the  same  metal,  whose  tem- 
peratures t,  /q  differ  by  a  finite  amount,  and  if  V,  Vq  be  the 
potentials  which  they  assume,  then 

V-yo=i^.(i2-fo^)  =  A,say.     ...     (7) 

Also,  if  S  .  <7  be  the  heat  absorbed  at  the  junction  when   a 
quantity  of  electricity  q  passes  from  Iq  to  t, 

^  =  ^k.(t'^-t,^)+f{t)-f(to)  =  l^+f{t)^f{to).    .     .     (8) 

It  follows  immediately  from  (7)  that  if  we  take  a  piece  of 
homogeneous  wire  unequally  heated,  the  difference  of  the 
potentials  of  the  two  ends  will  be  the  same  as  if  they  were 
actually  in  contact.     The  ends  of  the  wire  may  therefore  be 
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joined  so  as  to  form  a  circuit  without  disturbing  the  equili- 
brium, as  Magnus  long  ago  found  by  experiment. 

Again,  let  A,  B  be  two  pieces  of  different  metals  in  contact, 


and  let  the  temperature  at  the  junction  be  t,  and  the  difference 
of  potential  8.  Then,  if  the  free  ends  be  at  the  same  tempera- 
ture <o;  their  potentials  will  differ  by 

This  is  not  generally  equal  to  Sq,  and  therefore,  if  the  ends  be 
joined,  a  current  will  be  produced. 

Let  us  now  make  a  thermoelectric  circuit  of  the  two  metals 
A,  B,  and  keep  the  junctions  at  the  absolute  temperatures 
t,  Iq  respectively. 

B 


^^         ^         ^ 


■< «Bi-  A. 

Let  R  be  the  resistance  of  the  circuit,  and  J  the  intensity 
of  the  current,  supposed  to  flow  from  A  to  B  through  the 
junction  of  temperature  t. 

The  "  electromotive  force  "  of  the  circuit  is  defined  to  be 
E^RJ. 

The  heat  generated  in  the  homogeneous  parts  of  the  circuit 
will  be,  by  Joule's  law,  RJ^  in  a  unit  of  time.  This  is  exactly 
balanced  by  the  heat  absorbed  at  the  junctions,  which  in  a 
unit  of  time  is  equal  to 

j.(n-no-t-.s-s,). 

Hence 

E=n-no+s„-s^ 

=  S-8.,  +  A„-A^ (9) 

by  equations  (1)  and  (8). 

It  is  a  jjviori  evident  that  the  faU  of  potential  in  the  homo- 
geneous parts  of  the  circuit  must  be  exactly  compensated  by 
the  abrupt  rises  of  potential  at  the  junctions,  so  that  equation 
(9)  affords  a  partial  verification  of  our  theory. 

If  the  temperatures  t,  to  differ  by  an  infinitesimal  quantity 
T,  the  electromotive  force  takes  the  form 

[j+(k.-h).t^  .T (10) 

Now  suppose  that  when  one  junction  is  maintained  at  a 
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certain  temperature  T,  the  current  flows  through  the  circuit 
in  the  same  direction  whether  the  other  junction  be  hotter  or 
colder  ;  then 

n=(A-^-;C-„).T^ 

so  that  the  Peltier  effect  does  not  then  cease,  as  is  commonly- 
supposed. 

Again,  by  (9), 

~  +aa.-ap=  ^-  +  (/Oa  -  kp)t. 

Hence,  by  (4), 

d  /U\ 


t^t{jy<^.-<^^=(^'^-h)t' 


If  the  "  specific  heats  "  of  electricity  in  the  two  metals  are 
proportional  to  the  absolute  temperature,  so  that  aa  =  lj, 
a^  —  lpt,  we  have 

|(y)=(i-.-0-(A>-W. 
Therefore 

and  8=mi:-lJ-{kp-lp)\t'  +  Ct  +  C'J 

where  C,  C  are  independent  of  t. 
Now 

U  =  (kp-h)T^  when  t  =  T; 

C+\(2h-L)-{2kp-lp)\T=:0.     .     .     .     (12) 
Thus,  by  (9),  the  electromotive  force  of  the  circuit  becomes 

^=  {  (^"-  l)  -  {^'- 1)  }  i^"-to')+Cit-to) 

=  -^0'-V)  +  C(«-g...by(12) 

=  ^a-g{T-'-±^|, (13) 

a  formula  first  obtained  by  Prof.  Tait. 
Also 


•^-^(f)---^^© 


^^{k.-Ia)-{h-J,)\-y^   ...hj    ill), 
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and  therefore 

whore  C„,  C^  are  constants  such  that 

c'+c^-a=o. 


XXXIX.  On  Electromagnetic  Waves,  especially  in  relation  to 
I  he  Vorticity  of  the  Impressed  Forces  ;  and  the  Forced  Vibra- 
tions  of  Electromagnetic  Systems.     By  Olivek  Heaviside. 

[Continued  from  vol.  xxv.  p.  405.] 

31.  ^PITERICAL  Waves  {ivith  diffusion)  in  a  Conducting 
Dielectric. — In  an  infinitely  extended  liomogeneoiis 
isotropic  conducting  dielectric,  let  the  surface  r  =  a  be  a  sheet 
of  vorticity  of  impressed  electric  force  ;  for  simplicity,  let  it 
be  of  the  first  order,  so  that  the  surface-density  is  represented 
by  fv.  By  (127),  §  20,  the  differential  equation  of  H,  the 
intensity  of  magnetic  force  is,  at  distance  r  from  the  origin, 
outside  the  surface  of/  (v  meaning  sin  6), 

where  /  may  be  any  function  of  the  time.  Here,  in  the 
general  case,  inchiding  the  unreal  "magnetic  conductivity '■'y,* 
we  have 

q=[(f^'r^k  +  cp){^'I7g  +  ^^.p)^,^  =  v-'[{p^pY-(rY^^^    _  (207) 

ki  =  ^'irk-\-cp) ',  J 

if,  for  subsequent  convenience, 

pi  =  4'7rk/2c,     p2  =  ^7rgl2/M,     v  =  (fxc)' 

P  =  Pi  +  p2,     <^=pi-P2- 

The  speed  is  v,  and  p^,  p^  are  the  coefficients  of  attenuation  of 
the  parts  transmitted  of  elementary  disturbances  due  to  the 
real  electric  conductivity  k  and  the  unreal  g  ;  that  is,  e'f^ 
is   the    factor  of  attenuation  due  to  conductivity.     On  the 

*  Owinp:  to  the  lapse  of  time,  I  should  mention  that  the  physical  and 
other  meanings  of  the  coefficient  g  are  explained  in  the  tirst  part  of  this 
Paper,  Phil.  Mag.  Feb.  1888.  Also  k  =  electric  conductivity ;  ^  =  magnetic 
inductivity ;  and  cI^tt  =  electric  permittivity.  All  the  problems  in  this 
paper,  except  in  §  43,  relate  to  spherical  waves ;  the  geometrical  coordinates 
are  r  and  6.  Unless  otherwise  mentioned,  p  always  signifies  the  operator 
djdt,  t  being  the  time. 


'I     .    (208) 
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other  hand,  the  distortion  produced  by  conductivity  depends 
on  a,  and  vanislies  -with  it.  There  is  some  utility  in  keeping 
in  g,  because  it  sometimes  happens  that  the  vanishing  of  k, 
making  p=  — cr,  leads  to  a  solvable  case.  We  can  then  pro- 
duce a  real  problem  by  changing  the  meaning  of  the  symbols, 
turninor  the  magnetic  into  an  electric  field,  with  other  changes 
to  correspond. 

32.  The  steady  Magnetic  Field  due  to  f  constant. — Let /be 
zero  before,  and  constant  after  ^  =  0,  the  whole  medium  having 
been  previously  free  from  electric  and  magnetic  force.  All 
subsequent  disturbances  are  entirely  due  to  /.  The  steady 
field  which  finally  results  is  expressed  by  (206),  by  taking 
p  =  0  ;  that  is,  ki  has  to  mean  47r/;,  and  q  =  ^TT{kg')^,  by  (207). 
To  obtain  the  corresponding  internal  field,  exchange  a  and  r 
in  (206),  except  in  the  first  ajr.  The  same  values  of  ^^and  q 
used  in  the  corresponding  equations  of  E  and  F  give  the  final 
electric  field.  The  steady  magnetic  field  here  considered 
depends  upon  g,  and  vanishes  with  it. 

33.  Variable  state  ichen  pi  =  p2.  First  case.  Subsiding/. — 
There  are  cases  in  which  we  already  know  how  the  final  state 
is  reached,  viz.  the  already  given  case  of  a  nonconducting 
dielectric  (§§  21,  22),  and  the  case  o-=0  in  (208),  which  is 
an  example  of  the  theory  of  §  4.  In  the  latter  case  the 
impressed  force  must  subside  at  the  same  rate  as  do  the  dis- 
turbances it  sends  out  from  the  surface  of/.  Thus,  given 
fz=f(j€~f^,  starting  when  ^  =  0,  with/o  constant,  the  resulting 

electric  and  magnetic  fields  are  represented  by  those  in  the 
corresponding  case  in  a  nonconducting  dielectric,  when  multi- 
plied by  e"''*.  The  final  state  is  zero  because/ subsides  to 
zero  ;  the  travelling  shell  also  loses  all  its  energy.  But  there 
are,  in  a  sense,  two  final  states ;  the  first  commencing  at  any 
place  as  soon  as  the  rear  of  the  travelling  shell  reaches  it,  and 
which  is  entirely  an  electric  field ;  the  second  is  zero,  produced 
by  the  subsidence  of  this  electric  field.  There  is  no  magnetic 
field  to  correspond,  and  therefore  no  "  true  "  electric  current, 
in  Maxwell's  sense  of  the  term,  except  in  the  shell. 

34.  Second  case.,  /constant. — But  let  the  impressed  /  be 
constant.  Then,  by  efi^'ecting  the  integrations  in  (206),  we 
are  immediately  led  to  the  full  solution 

H=  -f e   "        '(1+— )(1 \4-6-p«(l+p^) r, 

•2.iirr\_  \        prj\        pa/  ^       ^  ^  rap^ 

+  same  function  of  —  a   ,     .     .     (209) 

where  the  fully  represented  part  expresses  the  primary  wave 
out  from  the  surface  of/,  reaching  r  at  time  (r—a)lv  ;  whilst 
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the  rest  expresses  the  second  wave,  reaching  r  when  <=  (r  +  a)jv. 
After  that  the  actual  H  is  their  sum,  viz. 


H 


=  >^e-P^/./l+  MLosh--^sinhl^,     .      (210) 
fjbvr  \        pr/  L  pa        J  V 

agreeing  with  (206),  when  we  give  q  therein  the  special 
value  pjv  at  present  concerned,  and  A;i  =  47rA;.  I 

At  the  front  of  the  first  wave  we  have 

H  =  e-p'>«/2/itJ?', (211) 

so  that  the  energy  in  the  travelling  shell  still  subsides  to  zero. 
Equation  (211)  also  expresses  H  at  the  front  of  the  inward 
wave,  both  before  and  after  reaching  the  centre  of  the  sphere. 
The  exchange  of  a  and  r  in  the  []  in  (209)  produces  the 
corresponding  internal  solution. 

35.   Unequal  p^  and  p.2.   General  case. — If  we  put  d/dr=SJ, 
we  may  write  (206)  thus, 

s=  1 1  [(v-  ;)(v  +  J>-'"-"+(v-  'Xv-  D-'<'^"]/- ' 

It  is,  therefore,  sufficient  to  find 

e-2('-«),^-3/; (213) 

to  obtain  the  complete  solution  of  (212)  ;  namely,  by  per- 
forming upon  the  solution  (213)  the  differentiations  V  Jind 
the  operation  ki.  This  refers  to  the  first  half  of  (212)  ;  the 
second  half  only  requires  the  sign  of  a  to  be  changed  in  the  []. 
Now  (213)  is  the  same  as 

vh'-p'€'~'^^'"''^'{p^-a'-)-^(fe'>').     .     .     .   (214) 

Expand  the  two  functions  of  p  in  descending  powers  of  p, 
thus, 

/   2       '>\-^       .gfi  ,  3  o-^     3.5  o-^     3. 5 .7  cr"        n    /ti^x 


6        »  =6    o 


where  the  h's  are  functions  of  r,  but  not  of  p.     Multiplying 
these  together,  wo  convert  (213)  or  (214)  to 


'^7[l  +  ^7'i  +  ^7'-^+--](/^'),   .   (217)     I 


where  the  i's  are  functions  of  r,  but  not  of  p.     The  integra- 
tions can  now  be  eft'ected.     Let/ be  constant,  first.     Then 


(v-,^)(v+a-^[(fi^)v-'"-"'^/-)]-(-o, 
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/starting  wlieu  ^  =  0,  we  have 

&c.  &c.  Next,  operating  with  the  exponential  containing^  in 
(217)  turns  t  to  t—{r  —  a)/v,  and  gives  the  required  solution 
in  the  form 

+  same  function  of  —a  \,  .    (219) 

where  ti  =  t  —  {r—a)/v  ;  the  represented  part  beginning  when 
ti  reaches  zero,  and  the  rest  when  t—  {r  +  a)lv  reaches  zero. 

36.  Fuller  development  in  a  special  case.  Theorems  invol- 
ving Irrational  Operators. — As  this  process  is  very  complex, 
and  (219)  does  not  admit  of  being  brought  to  a  readily  inter- 
pretable  form,  we  should  seek  for  special  cases  which  are, 
when  fully  developed,  of  a  comparatively  simple  nature. 
Write  the  first  half  of  (212)  thus, 

TT      cvSa       , 

11=-::;—  e-P' 

zr 

Now  the  part  in  the  square  brackets  can  be  finitely  integrated 
when  fei'*  subsides  in  a  certain  way.     We  can  show  that 

{^p-'y'~  ^'''"^%-')  =  Jo{  f  [{r-ay-vH^]i\,  (221) 

in  which,  observe,  the  sign  of  o-  may  be  changed,  making  no 
difference  on  the  right  side  (the  result),  but  a  great  deal  on 
the  left  side. 

The  simplest  proof  of  (221)  is  perhaps  this.  First  let  r=a. 
Then 

(f7^)'(-")—(l-f  )-*(!),     .     •    (222) 

by  getting  the  exponential  to  the  left  side,  so  as  to  operate  on 
unity.     Next,  by  the  binomial  theorem, 

Now  integrate,  and  we  have  (/commencing  when  t  =  0), 

=-"(!  +  '''+ |tI^''+  -|M^-^''  +  -)'l  .(224) 
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so  that,  finally, 

(f^)^^-^0=Jo(^^O.      •     .  (225) 

It  is  also  worth  notice  that,  integrating  in  a  similar  manner, 

=Jo(<7a-) (226) 

These  theorems  present  themselves  naturally  in  problems  re- 
lating to  a  telegraph-circuit,  when  treated  by  the  method  of 
resistance-operators.     A  special  case  of  (225)  is 

p4(l)  =  (7rO-*, (227) 

which  presents  itself  in  the  electrostatic  theory  of  a  submarine* 
cable. 

We  have  now  to  generalize  (225)  to  meet  the  case  (221). 
The  left  member  of  (221)  satisfies  the  partial  difi^rential 
equation 

7;2v2=/-o-2, (228) 

so  we  have  to  find  the  solution  of  (228)  which  becomes 
Jo(o■^^')  when  r  =  a.  Physical  considerations  show  that  it  must 
be  an  even  function  of  (r—a),  so  that  it  is  suggested  that  the 
t  in  Jo  {(yti)  has  to  become,  not  t  —  (r—a)/v  or  t  +  {r—a)/v, 
but  that  ^^  has  to  become  their  product.  In  any  case,  the  right 
member  of  (221)  does  satisfy  (228)  and  the  further  prescribed 
condition,  so  that  (221)  is  correct. 

*  Thus,  let  an  infinitely  long-  circuit,  with  constants  R,  S,  K,  L,  be 
operated  upon  by  impressed  force  at  the  place  s=0,  producing  the  potential- 
difference  Vg  there,  which  may  be  any  function  of  the  time.  Let  C  be 
the  current  and  V  the  potential-difference  at  time  t  at  distance  x.     Then 

where  9=(R4-Lj;)^(K4-S/))=.  Take  K=0,  and  L=0;_  then,  if  Vj,  be  zero 
before  and  constant  after  t=Q,  the  current  at  s  =  0  is  given  by 

C,  =  V„(S/R)^i>^  (1), 

and  (227)  gives  the  solution.  Prove  thus  :  let  b  be  any  constant,  to  be 
finally  made  infinite ;  then 

;;4(1) =51(1+6^-1)-* 

by  the  investigation  in  the  text.     Now  put  6=co  ,  and  (227)  results. 

In  the  similar  treatment  of  cylindrical  waves  in  a  conductor,  ^;},  ^f,  &c. 
occur.     "We  may  express  these  results  in  terms  of  Gamma  functions. 
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If  a  direct  proof  be  required,  expand  the  exponential  opera- 
tor in  (221)  containing-  r  in  the  way  indicated  in  (216),  and 
let  the  result  operate  upon  Jo(crfO-  The  integrated  result  can 
be  simplified  down  to  (221). 

37.  Now  use  (221)  in  (220).  Let/eP'=/oe-<^',  where /o  is 
constant;  and  the  square  bracket  in  (220)  becomes  known, 
being  in  fact  the  right  member  of  (221)  multipHed  by  /q. 
So,  making  use  also  of  (228),  we  bring  (220)  to 

ifivr         L         ^\<^*      ^'/     "'■     ar  )  p''—a-^J 

^o[~[(r-aY-vH^j];  (229) 

to  which  must  be  added  the  other  part,  beginning  2a/v  later, 
got  by  negativing  a,  except  the  first  one.  The  operation 
{p-  —  <7^)~^  may  be  replaced  by  two  integrations  -with  respect 

to  ?'. 

Let  r  and  a  be  infinitely  great,  thus  abolishing  the  curva- 
ture. Let  r—a=z,  and  f^vajr,  which  is  now  constant,  be 
called  ^0*     Then  we  have  simply 


H=4^-''* 


Jo[^(.^-.^i^)*},    .     .     .    (230) 


2/iu 

showing  the  H  produced  in  an  infinite  homogeneous  conduct- 
ing dielectric  medium  at  time  t  after  the  introduction  of  a 
plane  sheet  (at  ~  =  0),  of  vorticity  of  impressed  electric  force, 
the  surface  density  of  vorticity  being  eQ6~^P^*.  This  corrobo- 
rates the  solution  in  §  8,  equation  (51)  (vol.  xxv.  p.  140), 
whilst  somewhat  extending  its  meauino-. 

The  condition  to  which  /  is  subject  may  be  written,  by 
(208), 

f=U-''^', (231) 

where /o  is  constant.  If,  then,  we  desire/  to  be  constant,  p^ 
must  vanish,  which,  by  (208),  requires  k  =  0,  whilst  y  may 
be  finite. 

But  we  can  make  the  problem  real  thus.  In  (229)  change 
H  to  E  and  fw  to  cv ;  we  have  now  the  solution  of  the 
problem  of  finding  the  electric  field  produced  by  suddenly 
magnetizing  uniformly  a  spherical  portion  of  a  conducting 
dielectric  ;  i.  e.  the  vorticity  of  the  impressed  magnetic  force 
is  to  be  on  the  surface  of  the  sphere  >•=«,  parallel  to  its  lines 
of  latitude,  and  of  surface-density  fv,  such  that/ve-^^*  is  con- 
stant. This  makes  /  constant  when  ^z  =  0  and  k  finite,  repre- 
senting a  real  conducting  dielectric. 


„      2a  cos  6 

F  = €'' 

qr^  \       qa/  \         '  qr 
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3b.  The  electric  force  at  the  origin  due  tofv  at  r  =  a. —  Ketuni- 
in^-  to  the  case  of  imj)ressed  electric  force,  the  differential 
equation  of  F,  the  radial  component  of  electric  force  inside 
the  sphere  on  whose  surface  r  =  a  the  vorticity  of  e  is  situated, 

At  the  centre,  therefore,  the  intensity  of  the  full  force,  which 
call  Fo,  whose  direction  is  parallel  to  the  axis,  is 

Fo=|(l+ga)6-2''/=|(l-a|^)6-5y.  .    .    (233) 

Unless  otherwise  specified,  I  may  repeat  that  the  forces  re- 
ferred to  are  always  those  of  the  fluxes,  thus  doing  away 
with  any  consideration  of  the  distiibution  of  the  impressed 
force,  and  of  scalar  potential,  of  varying  form,  which  it 
involves.     (233)  is  equivalent  to 

Fo= §  e-p'  { l  +  av-'  (/  -0-2)4  [e"""" V-<r^)^(yeP')  .    (234) 
Let /he  constant,  and  p  =  cr,  or  g  =  0.     Then  (234)  becomes 

Fo=f/6-'^{>  +  -)(^)Vl]e-«^-^p-<^^)V),  .  (235) 
of  which  the  complete  solution  is,  by  (221), 

Fo=  i^nb-^'av-' ( P  +  <T)Jo{(Tv-'(a'-vH')^  +  XJ,  (236) 
where,  subject  to  ^  =  0, 

(1)=X„; (236a) 


-qa 


or,  solved, 

x.  =  l-e-^'[^(a.+  ^)-J(f)'i(^i) 

-^(^^(^^^)-]<     (237) 

in  which  i=(  — l)i,  and  all  the  J''s  operate  upon  crii.  This 
solution  (236)  begins  when  t  =  a/v.  The  value  of  a  is 
4c7rJc/2c. 

In  a  good  conductor  cr  is  immense.  Then  assume  c=0,  or 
do  away  with  the  elastic  displacement,  and  reduce  (236)  to 
the  pure  diffusion  formula,  which  is 

F„^(i/)[(l)V-.i-(^)H.-^VV--}].(23. 

where  .y  =  (47r;aAa2/2/)i  The  relation  of  X^  in  (236)  to  the 
preceding  terms  is  explained  by  equations  (233)  or  (235).  I 
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39.  Ejfect  of  uniformly  magnetizing  a  Conducting  Sphere 
surrounded  by  a  Nonconducting  Dielectric. — Here,  of  course, 
it  is  the  lines  of  E  that  are  circles  centred  upon  the  axis,  both 
inside  and  outside.  Let  h  be  the  impressed  magnetic  force,  and 
liv  the  surface-density  of  its  vorticity,  at  ?•=«,  outside  which 
the  medium  is  nonconducting,  and  inside  a  conducting  dielec- 
tric. The  ditferential  equation  of  E„,  the  surface  value  of  the 
tensor  of  E  at  ?'  =  a,  is  [compare  (124),  §  19] 

E.     WwAut     Wu+VVAn;'*    '    ^    ^ 

in  which  r  =  a,  and  /i  and  q  are  to  have  the  proper  values  on 
the  two  sides  of  the  surface. 
Now,  by  (111), 

WIM=-q{l  +  {qr)-\i  +  qr)-')  .     .     .     (240) 

in  the  case  of  m  =  l,  (first  order),  here  considered.  This  re- 
fers to  the  external  dielectric,  in  which  q  =plv.  Let  v  =  co  , 
making 

W7W=-a-' (241) 

This  assumption  is  justifiable  when  the  sphere  has  sensible 
conductivity,  on  account  of  the  slowness  of  action  it  creates 
in  comparison  with  the  rapidity  of  propagation  in  the  dielec- 
tric outside.     Then  (239)  becomes, 

_  ;^  ^  _J; ^^lasinh^.g _^  1^  /  1^  _  J^\  ,^ 

Ea      /Lti^acosh  ^^a  — (^'itt)"' sinh  5'ja      j^^KH'o       H'l) 

if  (jLq  is  the  external  and  fjui  the  internal  inductivity,  and  ^j 
the  internal  q.  When  the  inductivities  are  equal,  there  is  a 
material  simplification,  leading  to 

^                 cosh  q^a—  iqio) "  ^  sinh  q^a,  ,  „   „ . 

E,:=-fipa \,,,J„i',,, —f'^,      •     (243) 

where  qi  =  {  (47r/;i  -f- Ci2))fiip}h  First  let  Ci  =  0,  in  the  conduc- 
tor, making  qi^  =  'ic'7r/jLiki2^=—s^,  say.    Then 

T^  1     cos  5a— (srt)"' sinsa,  ^^..s 

Ea=-7— 7 .     ^l,    • hv.  .     .     (244) 

47r^ia         (sa)    '  sm  sa  ^       ' 

From  this  we  see  that  sin  5a  =  0  is  the  determinantal  equation 
of  normal  systems.     The  slowest  is 

sa  =  7r,  or  —'p~'^=-^ix,-^-^d^l'n.     .     .     .     (245) 

This  time-constant  is  about  (1250)"'  second  if  the  sphere  be 
of  copper  of  1  centim.  radius ;  about  8  seconds  if  of  1  metre 
radius,  and  about  10  million  years  if  of  the  size  of  the  earth. 
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At  distiince  r  from  the  centre  of  the  sphere,  within  it,  at 
time  t  after  starting  h,  we  have 


E  = 


^  cossr— (sr)~^  sin  57*      e^'  (9.±eC\ 


Airkii'    ^;((^/(//>){(sa)-^sinsa   cos  sa 


suijjcct  to  the  determinantal  equation,  over  whose  roots  the 
summation  extends,  p  being  now  algebraic.  Effecting  the 
differentiation  indicated,  we  obtain 

E=  -  _j^^  cos  sr-(sr)-^  sinsr  ^^,^    _    ^ 
^irk^r  cos  sa 

The  corresponding  sohition  for  the  radial  component  of  the 
magnetic  force,  say  H^,  is 

.^^         /IN      Ai         /I  ^  cos  sr  — (sr)~^  sin  5r     ,  ^^.^n 

At  the  centre  of  the  sphere,  let  Hq  be  the  intensity  of  the 
actual  magnetic  force.     It  is,  by  (248), 

Ho=§/i{l+2X(cos6-fl)-ieP'}.       .     .     (249) 

Thus  the  magnetic  force  arrives  at  the  centre  of  the  sphere 
in  identically  the  same  manner  as  current  arrives  at  the 
distant  end  of  an  Atlantic  cable  according  to  the  electro- 
static theory,  when  a  steady  impressed  force  is  applied  at  the 
beginning,  with  terminal  short-circuits.  In  the  case  of  the 
cable  the  lirst  time-constant  is 

where  RZ  is  the  total  resistance  and  S^  the  total  permittance. 
It  is  not  greatly  different  from  1  second,  so  that,  by  (245), 
the  sphere  should  be  about  a  foot  in  radius  to  imitate,  at  its 
centre,  the  arrival  curve  of  the  cable. 

To  be  precise  we  should  not  speak  of  magnetizing  the 
sphere,  because  (ignoring  the  minute  diamagnetism)  it  does 
not  become  magnetized.  The  principle,  however,  is  the 
same.  We  set  up  the  flux  magnetic  induction.  But  the 
mao-netic  terminology  is  defective.  Perhaps  it  would  be  not 
objected  to  if  we  say  we  inductize"^  the  sphere,  whether  we 
magnetize  it  or  not.  This  is,  at  any  rate,  better  than  ex- 
tending the  meaning  of  the  w'ord  magnetize,  which  is  already 
precise  in  the  mathematical  theory,  though  of  uncertain 
application  in  practice,  from  the  variable  behaviour  of  iron. 

*  Accent  the  first  syllable,  like  magnetize.  Practical  men  sometimes 
speak  of  energizing  a  core,  &c.  But  energize  is  too  general ;  by  using 
inductize  we  specify  what  flux  is  set  up. 
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40.  The  following  is  the  alternative  t'orni  of  solution 
showing  the  waves,  when  Ci  is  finite.  With  the  same  assump- 
tion as  before  that  r=X)  outside  the  sphere,  the  equation  of 
H^  the  radial  component  of  H  is 

TT      2  cos  0  cosh  or—  (gr)-^  sinh  or  ,  ,   ^ 

^'=^? — (^W^'''  •  •  (25"> 

which,  at  ?'=0,  becomes 

Ho=|ga(sinh^a)-Vi (251) 

Expand  the  circular  function,  giving 

Ho=  ^^a e-^^Cl  +  e -22«  +  6-^2a +.  _j /,  .        _     ^252) 
or,  since  here  q=v~^{(j)  +  a)-  —  (t^}^ , 

=  3-e-<^'(p  +  cr)(^)  [e  .  '  +e    /^  +...](/.6^0,     •     (253) 

so,  using  (221),  we  get  finally 


4  ,  a       , 
=  -  A  -  €-"* 

O        V 


The  Jo  functions  commence  when  vt  —  a,  3a,  5a,  &c.,  in 
succession,  and  the  successive  terms  express  the  arrival  of  the 
first  wave  and  of  the  reflexions  from  the  surface  which  follow. 
In  the  case  of  pure  difi'usion,  this  reduces  to 

Ho  =  (§/i)  2a{A'Trkifx,j7rt)  i [e-'^^i^i"-/'  +  e-^n^iha^/^t  + . . .]  ^      (255) 

which  is  the  alternative  form  of  (249),  involving  instantaneous 
action  at  a  distance.     The  theorem  (in  difi'usion) 

e-xp^^j(l)=(^^)-^e-x2/«     ^     _     ^     (^256) 

becomes  generahzed  to 

€-^iq(l)=v-^e-'^*{p  +  (T)J^{<7v-''{x^-v'i:')^,     .     (257) 

if  q  =  v~^(p^  +  2(rp)K 

On  the  right  side  of  (257),  the  p  means,  as  usual,  difieren- 
tiation  to  t.  The  two  quantities  a  and  v  may  have  any 
positive  values  ;  to  reduce  to  (256)  make  v  infinite  whilst 
keeping  cr/ir  finite. 

41.  Diffusion  of  Waves  from  a  centre  of  impressed  force  in 
a  conducting  medium. — In  equation  (206)  let  a  be  infinitely 
small.     It  then  becomes 

H  =  ^rtV-2(47r^  +  cp)(l  +  ^?0e-«'/,     •     •     (258) 
the  equation  of  H  at  distance  r  from  an  element  of  impressed 
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electric  force  at  the  origin.  (Comparing  with  (233)  we  see 
tliat  the  sohition  of  (258)  maybe  derived,  when /is  constant, 
starting  when  t  =  0.  Take  g  =  0,  making  p  =  cr=47rA;/2c. 
Then 

H  =  ^  (47r^  +  67>)|e-<^''-(i.  +  ^)Jo[^X''^-^V)i]  +X,],(259) 

where  X^  is  what  the  X„  of  (237)  becomes  on  changing  a  to 
r  ;  and 

Hu  =  i//;r-2x  vol.  integral  of/,     .     .     .     (260) 

supposing  the  impressed  force  to  be  confined  to  the  infinitely 
small  sphere,  so  that  its  volume-integral  is  the  "electric 
moment/'  by  analogy  with  magnetism.  The  solution  (259) 
begins  at  r  as  soon  as  t  =  r/r.  It  is  true  from  infinitely  near 
the  origin  to  infinitely  near  the  front  ;  but  no  account  is 
given  of  the  state  of  things  at  the  front  itself.  Ho  is  the 
final  value  of  H.     We  may  also  write  X^  thus, 

and  (259)  may  also  be  written 

H  =  5|(4./.  +  .^)(l-.iL)x,.    .     .     (262) 
When  c  =  0,  (259)  or  (262)  reduce  to 
H  =  H.[(|)V*.-  +  l_(^)*{,-l/.l^/-...}],(2C3, 

where  t/=  {27rfikr'/t)K 

42.  Conducting  sphere  in  nonconducting  dielectric.  Circidar 
vorticity  of  e.  Complex  reflexion.  Special  very  simple  case. — 
At  distance  r  from  the  origin,  outside  the  sphere  of  radius  a, 
which  is  the  seat  of  vorticity  of  e,  represented  by  /V,  we  have 

H  =  <^-nW/W,)/m/n  .     .     .     (264) 

The  operator  0  will  vary  according  to  the  nature  of  things 
on  both  sides  of  r  =  a.  When  it  is  a  uniform  conducting 
medium  inside,  and  nonconducting  outside,  to  infinity,  we 
shall  have 

where  </>,,  depending  upon  the  inner  medium,  is  given  by 
(/i  {l  +  (q^a)-^}smhq^a—{gia)-^coshqta     ,^ 

^^~~ Airki  +  Cip  cosh  ^la— (^ia)-isinh^ia  ' 
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and  ^o,  depending  upon  the  outer  medium,  is  given  by 

l+{qa)-^  +  {qa)-^- 
^■^  =  f'^'    -     i+iqa)-'        •      •     •     •     (266) 

The  solution  arising  from  the  sudden  starting  of/  constant 
is  therefore 

H=  (/mA-)2(W/W„) {p .  d4>ldp)-hP\       .     (267) 

where  p  is  now  algebraical,  and  the  summation  ranges  over 
the  roots  of  0  =  0.  There  is  no  final  H  in  this  case,  if  we 
assume  ^  =  0  all  over.  But  the  determinantal  equation  is 
very  complex,  so  that  this  (267)  solution  is  not  capable  of 
easy  interpretation.  The  wave  method  is  also  impracticable, 
for  a  similar  reason. 

In  accordance,  however,  with  Maxwell's  theory  of  the 
impermeability  of  a  "  perfect"  conductor  to  magnetic  induc- 
tion from  external  causes,  the  assumption  k^  =  X)  makes  the 
solution  depend  only  upon  the  dielectric,  modified  by  the 
action  of  the  boundary,  and  an  extraordinary  simplification 
results.  01  vanishes,  and  the  determinantal  equation  becomes 
02  =  0,  which  has  just  two  roots, 

ij  ;     ....     (268) 

and  these,  used  in  (267),  give  us  the  solution 

H=  (/m/3/iw)6-^{3  cos  -  3^  (1- 2a/?')  sin  Is  V  3;  .     (269) 

where  z={vt  —  (i'—a)\/2a. 

Correspondingly,  the  tangential  and  radial  components  of  E 

are 

E  =  fivR+jWr-^[l  —  ^e-'{ocos  +  3^sm)z^3]     .     .     (270) 

F=^Vcos^[l-3^e-(^cos-V3(2-^^)sin)w3].     (271) 

This  remarkably  simple  solution,  considering  that  there  is 
reflexion,  corroborates  Prof.  J.  J.  Thomson's  investigation  *  of 
the  oscillatory  discharge  of  an  infinitely  conducting  spherical 
shell  initially  charged  to  surface-density  proportional  to  the 
sine  of  the  latitude,  for,  of  course,  it  does  not  matter  how  thin 
or  thick  the  shell  may  be  when  infinitely  conducting,  so  that 
it  may  be  a  solid  sphere.  (269)  to  (271)  show  the  establish- 
ment of  the  permanent  state.     Take  off  the  impressed  force, 

*  "  On  Electrical  Oscillations  and  the  Effects  produced  by  the  Motion 
of  an  Electrified  Sphere,"  Proc.  Math.  See.  vol,  xv.  p.  210. 
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and  the  oscillatory  discharge  follows.  But  the  impressed 
force  keeping  up  the  charge  on  the  sphere  need  not  be  an 
external  cause,  as  supposed  in  the  paper  referred  to.  There 
seems  no  other  way  of  doing  it  than  by  having  impressed 
force  with  vorticityyl'  on  the  surface,  but  in  other  respects  it 
is  immaterial  whether  it  is  internal  or  external,  or  superficial. 
It  may  perhaps  be  questioned  whether  the  sphere  does 
reflect,  seeing  that  its  surface  is  the  seat  of  /.  But  we  have 
only  to  shift  the  seat  of /to  an  outer  spherical  surface  in  the 
dielectiic,  to  see  at  once  that  the  surface  of  the  conductor  is 
the  place  of  continuous  reflexion  of  the  wave  incident  upon  it 
coming  from  the  surface  of  /".  The  reflexion  is  not,  however, 
of  the  same  simple  character  that  occurs  when  a  plane  wave 
strikes  a  plane  boundary  {k  =  <x>  )  flush,  which  consists  merely 
in  sending  back  again  every  element  of  H  unchanged,  but 
with  its  E  reversed ;  the  curvature  makes  it  much  more  com- 
plex. When  we  bring  the  surface  of  /  right  up  to  the  con- 
ducting sphere,  we  make  the  reflexion  instantaneous.  At  the 
front  of  the  wave  we  have  c  =  0  and 

H  =fvalfjbvr  =  E/'/au 

by  {'26i))  and  (270),  This  is  exactly  double  what  it  would 
be  were  the  conductor  replaced  by  dielectric  of  the  same  kind 
as  outside,  the  doubling  being  due  to  the  instantaneous  re- 
flexion of  the  inward  going  wave  by  the  conductor. 

The  other  method  of  solution  may  also  be  applied,  but  is 
rather  more  difficult.     We  have 


H= e-'A*-- 

ixvr 


Expand  the  last  factor  in  descending  powers  of  ($^a)^,  and 
integrate.     The  result  may  be  written 

where  A'=a~'(u^— ?'  +  a).     Conversion  to   circular  functions 
reproduces  (269). 

42  A.  Same  case  xchli  finite  Conductivity.  Sinusoidal  Solution. 
— It  is  to  be  expected  that  with  finite  conductivity,  even  with 
the  greatest  at  connnand,  or  ^•  =  (1()00)~\  the  solution  will  be 
considerably  altered,  being  controlled  by  what  now  happens 
in  the  conducting  sphere.  To  examine  this  point,  consider 
only  the  value  of  H  at  the  boundary.     We  have,  by  {264), 

H.  =  «^-yv=(</),  +  «j62)-'>.       .     .     .     (274) 
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Let  /  vary  sinnsoidally  with  the  time,  and  observe  the  bo- 
haAnour  of  <^i  and  ^o  as  the  frequency  changes.  The  full 
development  Avhicli  I  have  worked  out  is  very  complex.  But 
it  is  sufficient  to  consider  the  case  in  which  k  is  big  enough, 
in  concert  with  the  radius  a  and  frequency  n/27r,  to  make  the 
disturbances  in  the  sphere  be  practically  confined  to  a  spherical 
shell  whose  depth  is  a  small  part  of  the  radius.  Let  s= 
{27r/j,ikina-)^  ;  then  our  assumption  requires  e~*  to  be  small. 
This  makes 

and,  if  further,  s  itself  be  a  large  number,  this  reduces  to 

0l  =  (l+^•)  (/iiVSTT^'i)^- (276) 

Adding  on  the  other  part  of  ^,  similarly  transformed  by 
p^  =  —n^j  we  obtain 

*^^i^"l  +  (na/i')'''"\8^i)   /  "'  \{nalv)  +  {nalrf~\^JY'^'^'^'^ 

where  the  terms  containing  kx  show  the  difference  made  by 
its  not  being  infinite.  The  real  part  is  very  materially 
affected.     Thus,  copper,  let 

^i  =  (1600)->,  /^=  1,  27rn  =  1600,  a=10,  .-.  s  =  10. 

These  make  s  large  enough.  Now  jza/?;  is  very  small,  but,  on 
the  other  band, 

so  that  the  real  part  of  (^  depends  almost  entirely  on  the 
sphere,  whilst  the  other  part  is  little  affected. 

Now  make  n  extremely  great,  say  na/v=-l  ;  else  the  same. 
Then 

</,  =  (3xl0io  +  44xl0*)-2(f  xl0»o-44xl0*), 

from  which  we  see  that  the  dissipation  in  space  has  become 
relatively  important.  The  ultimate  form,  at  infinite  fre- 
quency, is 

«^  =  /ir  +  (/ti,7i/87rA:i)l(l+0;     •     •     •     •     (278) 

so  that  we  come  to  a  third  state,  in  which  the  conductor  puts 
a  stop  to  all  disturbance.  This  is,  however,  because  it  has 
been  assumed  not  to  be  a  dielectric  also,  so  that  inertia 
ultimately  controls  matters.  But  if.  as  is  infinitely  more 
probable,  it  is  a  dielectric,  the  case  is  quite  changed.  We 
shall  have 

0i  =  (47r^i+/[ii  p^(47r7ci  +  cip)-^,     .     .     .     (279) 
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when  the  frequency  is  great  enough,  and  this  tends  to  iXiVi, 
fjbi  being  the  indnctivity  and  Vi  the  speed  in  the  conductor, 
whatevoi-  g  and  k  may  be,  provided  they  are  finite.  Thus, 
finally, 

(fi=,M^v,+fiv (280) 

represents  the  impedance,  or  ratio  of /v  to  Ha,  which  are  now 
in  the  same  phase. 

At  any  distance  outside  we  know  the  result  by  the  dielec- 
tric solution  for  an  outward  wave.  But  there  is  only  super- 
ficial disturbance  in  the  conducting  sphere. 

43.  Resistance  at  the  front  of  a  tvave  sent  along  a  wire. — In 
its  entirety  this  question  is  one  of  considerable  difficulty,  for 
two  reasons,  if  not  three.  First,  although  we  may,  for 
practical  purposes,  when  we  send  a  wave  along  a  telegraph- 
circuit,  regard  it  as  a  plane  wave,  in  the  dielectric,  on  account 
of  the  great  length  of  even  the  short  waves  of  telephony,  and 
th(;  great  speed,  causing  the  lateral  distribution  (out  from  the 
circuit)  of  the  electric  and  magnetic  fields  to  be,  to  a  great 
distance,  almost  rigidly  connected  with  the  current  in  the 
wires  and  the  charges  upon  them  ;  yet  this  method  of  re- 
presentation must  to  some  extent  fail  at  the  very  front  of 
the  wave.  Secondly,  we  have  the  fact  that  the  penetra- 
tion of  the  electromagnetic  field  into  the  M'ires  is  not 
instantaneous  ;  this  becomes  of  importance  at  the  front  of 
the  wave,  even  in  the  case  of  a  thin  wire,  on  account  of  the 
great  speed  Avith  which  it  travels  over  the  wire  *.  The  resist- 
ance per  unit  length  must  vary  rapidly  at  the  front,  being 
much  greater  there  than  in  the  bodv  of  the  wave  :  thus 
causing  a  throwing  back,  equivalent  to  electrostatic  or  "jar" 
retardation. 

Now,  according  to  the  electromagnetic  theory,  the  resist- 
ance must  be  infinitely  great  at  the  front.  Thus,  alternate 
the  current  sufficiently  slowly,  and  the  resistance  is  practically 
the  steady  resistance.  Do  it  more  rapidly,  and  produce 
appreciable  departure  from  uniformity  of  distribution  of 
ciirrent  in  the  wire,  and  we  increase  the  resistance  to  an 
amount  calculable  by  a  rather  complex  formula.     But  do  it 

*  Tlie  distance  within  which,  reckoned  from  the  front  of  the  wave 
backward,  there  is  material  increased  resistance,  we  may  get  a  rough  idea 
of  by  the  distance  travelled  by  the  wave  in  the  time  reckoned  to  bring 
the  cm'rent-density  at  the  axis  of  the  wire  to,  say,  nine  tenths  of  the  final 
value.  It  has  all  sorts  of  values.  It  may  be  1  or  1000  kilomcti-es, 
according  to  tlie  size  of  wire  and  material.  At  the  front,  on  the  assump- 
tion of  constant  resistance,  the  attenuation  is  according  to  f-R'/2L,  R  being 
the  resistance,  and  L  the  inductance  of  the  circuit  per  miit  length.  Hence 
the  importance  of  the  increased  resistance  in  the  present  question. 
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very  rapidly,  and  cause  the  current  to  be  practically  confined 
to  near  the  boundary,  and  we  have  a  simplified  state  of  things 
in  which  the  resistance  varies  inversely  as  the  area  of  the 
boundary,  which  may,  in  fact,  be  regarded  as  plane.  The 
resistance  now  increases  as  the  square  root  of  the  frequency, 
and  must  therefore,  a?  said,  be  infinitely  great  at  the  front  of 
a  wave,  which  is  also  clear  from  the  fact  that  penetration  is 
only  just  commencing. 

But  for  many  reasons,  some  already  mentioned,  it  is  far 
more  probable  that  the  wire  is  a  dielectric.  If,  as  all  physi- 
cists believe,  the  fethe"  permeates  all  solids,  it  is  certain  that 
it  is  a  dielectric.  Now  this  becomes  of  importance  in  the 
very  case  now  in  question,  though  of  scarcely  any  moment 
otherwise.  Instead  of  running  up  infinitely,  the  resistance 
per  unit  area  of  surface  of  a  wire  tends  to  the  finite  value 
47r/Xiri.  This  is  great,  but  far  from  infinity,  so  that  the 
attenuation  and  change  of  shape  of  w^ave  at  its  front  pro- 
duced by  the  throwing  back  cannot  be  so  great  as  might 
otherwise  be  expected. 

Thus,  in  general,  at  such  a  great  frequency  that  conduction 
is  nearly  superficial,  we  have,  if  /a,  c.  A;,  and  g  belong  to  the 
wire, 

E/H=(47r^  +  /Ap)'(47rA  +  cj9)-V     .     .     (281) 

if  E  is  the  tangential  electric  force  and  H  the  magnetic  force, 
also  tangential,  at  the  boundary  of  a  wire.  Now  let  R'  and 
U  be  the  resistance  and  inductance  of  the  wire  per  unit  of  its 
length.  We  must  di^'ide  H  by  Att  to  get  the  corresponding 
current  in  the  wire,  as  ordinarily  reckoned.  So  47rA~i  times 
the  right  number  of  (281)  is  the  resistance-operator  of  unit 
length,  if  A  is  the  surface  per  unit  length ;  so,  expanding 
(281),  we  get 

where  px,  p^  are  as  before,  in  (208).     Here  n/27r=  frequency. 
Disregarding  g,  and  p2,  we  have 

R'or  L'n=(i)'47r/^vA-'{B  +  B2p,    .     .     (283) 
where 

B  =  n{4pi^  +  n'')-'  =  nc\{A'7Tkf  +  7i'^c^}-K 

When  c  is  zero,  R'  and  L'w  tend  to  equality,  as  shown  by 
Lord  Rayleigh.  But  when  c  is  finite,  L'n  tends  to  ::ero,  and 
R'  to  47r/irA~*,  as  indeed  we  can  see  from  (281)  at  once,  by 
the  relative  evanescence  of  k  and  g,  when  finite. 
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But  tho  frequency  needed  to  bring  about  an  approximation 
towards  the  constant  resistance  is  excessive;  in  copper,  avo 
require  trillions  per  second.  This  brings  us  to  the  third 
reason  mentioned  ;  we  liavo  no  knowledge  of  the  properties  of 
matter  under  such  circumstances,  or  of  ajther  either.  The 
net  result  is  that  although  it  is  infinitely  more  probable  that 
the  resistance  should  tend  to  constancy  than  to  infinity,  yet 
the  real  value  is  quite  speculative*.  Similar  remarks  apply  to 
sudden  discharges,  as  of  lightning  along  a  conductor.  The 
above  R',  it  should  be  remarked,  is  real  resistance,  in  spite  of 
its  ultimate  form,  suggestive  of  impedance  without  resistance  f- 
The  present  results  are  corroborative  of  those  in  Part  I.,  and, 
in  fact,  only  amount  to  a  special  application  of  the  same. 

44.  Refecting  Barriers. — Let  the  medium  be  homogeneous 
between  r=aQ  and  r  =  a^,  where  there  is  a  change  of  some 
kind,  yet  unstated.  Let  between  themx  the  surface  r=.a  be  a 
sheet  of  vorticity  of  e  of  the  first  order.  We  already  know 
what  will  happen  when/v  is  started,  for  a  certain  time,  until 
in  fact  the  inward  wave  reaches  the  inner  boundary,  and,  on 
the  other  side,  until  the  outward  wave  reaches  the  outer 
boundary;  though,  unless  the  surface  of/ is  midway  between 
the  boundaries,  the  reflected  wave  from  the  nearest  barrier 
will  reach  into  a  portion  of  the  region  beyond  /,  by  the  time 
the  further  barrier  is  reached  by  the  primary  wave.     The 

*  The  above  was  written  before  the  publication  of  Professor  Lodge's 
highly  interesting  lectures  before  the  Society  of  Arts.  Some  of  the  ex- 
periments described  in  his  second  lecture  are  seemingly  quite  at  variance 
with  the  electromagnetic  theory.  I  refer  to  the  smaller  impedance  of  a 
short  circuit  of  fine  iron  wire  than  of  thick  copper,  as  reckoned  by  the 
potential-difference  at  its  beginning  needed  to  spark  across  the  circuit  be- 
tween knobs.  Should  this  be  thoroughly  verified,  it  has  occui'red  to  me 
as  a  possible  explanation  that  things  may  be  sometimes  so  nicely  balanced 
that  the  occurrence  of  a  discharge  may  be  determined  by  the  state  of  the 
skin  of  the  wire.  A  wire  cannot  be  homogeneous  right  up  to  its  boundary, 
with  then  a  perfectly  abrupt  transition  to  air;  and  the  electrical  properties 
of  the  transition-layer  are  unknown.  In  particular,  the  skin  of  an  iron 
wire  may  be  nearly  unmagnetizable,  /x  varj^ing  from  1  to  its  full  value,  in 
the  transition-layer.  Consequently,  in  the  above  formida,  resistance  AiryLV 
per  unit  surface,  we  may  have  to  take  /i  =  l  in  the  extreme,  in  the  case  of 
an  iron  wire.  But  even  then,  the  explanation  of  Professor  Lodge's  results 
is  capable  of  considerable  elucidation.    Perhaps  resonance  will  do  it. 

■f  There  is  a  tendency  at  present  amongst  some  writers  to  greatly  extend 
the  meaning  of  resistance  in  electromagnetism ;  to  make  it  signify 
cause/eftect.  This  seems  a  pity,  owing  to  the  meaning  of  resistance  having 
been  thoroughly  specialized  in  electromagnetism  already,  in  strict  relation- 
ship to  "  frictional  "  dissipation  of  energy.  AVhat  the  popular  meaning  of 
"  resistance  ''  may  be  is  beside  the  point.  I  would  suggest  that  what  is 
now  called  the  magnetic  resistance  be  called  the  magnetic  reluctance ;  and 
per  unit  volume,  the  reluctancy. 
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subsequent  hij;tory  depend?  upon  the  constitution  of  the  media 
beyond  the  boundaries,  which  can  be  summarized  in  two 
boundary  conditions.     The  expression  for  E/H  is,  in  general, 


^  =  -{^irk-\-cp)-'  '^— 

J±  ?( — yio 


=  ^(^^^k  +  cp)-'  —^—,    .     .     .     (284) 


by  (120),  extended,  the  extension  being  the  introduction  of  ?/, 
which  is  a  differential  operator  of  unstated  form,  depending 
upon  the  boundary  conditions.  Let  y^j  and  y^  be  the  y's  on 
the  inner  and  outer  side  of  the  surface  of/.  The  differential 
equations  of  Ha,  the  magnetic  force  there,  is  then 

>={(E/HX,,,-(E/H)(,^^[H„,      .     .     (285) 

as  in  §  19.  Applying  (284)  and  the  conjugate  property 
(114)  of  the  functions  xi  and  iv,  (since  there  is  no  change  of 
medium  at  the  surface  of/),  this  becomes 

g   _  ATrk  +  Cp  (Ua-yoWa)(Ua-yiWa)  .^ 

from  which  the  differential  equation  of  H  at  any  point 
between  Qq  and  a  is  obtained  by  changing  Ua — yo^^a  to 
{a/r)(xi—yowy,  and  at  any  point  between  a  and  a^  by  changing 
Ua—yitVaio  (alr)(u—yi^io). 

Unless,  therefore,  there  are  singularities  causing  failure, 
the  determinantal  equation  is 

2/1-^0=0, (287) 

and  the  complete  solution  between  Oq  and  a^  due  to /constant 
may  be  written  down  at  once.  Thus  at  a  point  outside  the 
surface  of/  we  have 

(out)  H=  ^^^-^  'P  ^  (^.-yo^^O(^^-yi^^)y,^^-y.    (288) 

^     ^  q      r  yi-yo 

and  therefore,  if /starts  when  t=0, 

g  _   /     ,  fay  V  Oia-y^l\,)(u-y^'^)  .  ^TT^'  +  cp  ^^, 

p  being  now  algebraic,  given  by  (287) ;  <^o  the  steady  (j),  from 
(218) ;  and  y  the  common  value  of  the  (now)  equal  ^s  ;  which 
identity  makes  (289)  applicable  on  both  sides  of  the  surface 

of/ 

45.  Construction  of  yx  and  ?/o. — In  order  that  y^  and  yo 
should  be  determinable  in  such  a  way  as  to  render  (286)  true, 
the  media  beyond  the  boundaries  must  be  made  up  of  any 
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number  of  concentric  shells,  each  being  homogeneous,  and 
having  special  values  of  c,  k,  fi,  and  g.  For  the  spherical 
functions  would  not  be  suitable  otherwise,  except  during 
the  passage  of  the  primary  waves  to  the  boundaries,  or  until 
they  reached  places  where  the  departure  from  the  assumed 
constitution  commenced.  Assuming  the  constitution  in  homo- 
geneous spherical  layers,  there  is  no  difficulty  in  building  up 
the  forms  of  ?/(,  and  y^  in  a  very  simple  and  systematic  manner, 
wholly  free  from  obscurities  and  redundancies.  In  any 
layer  the  form  of  E/H  is  as  in  (284),  containing  one  y.  Now 
at  the  boundary  of  two  layers  E  is  continuous,  and  also  H 
(provided  the  physical  constants  are  not  infinite),  so  E/H  is 
continuous.  Equating,  therefore,  the  expressions  for  E/H  in 
two  contiguous  media  expresses  the  ?/  of  one  in  terms  of  the 
9/  of  the  other.  Carrying  out  this  process  from  the  origin 
up  to  the  medium  b(!tween  %  and  a,  expresses  ?/o  in  terms  of 
the  7/  of  the  medium  containing  the  origin ;  this  is  zero,  so 
that  7/q  is  found  as  an  explicit  function  of  the  values  of  ?a,  lo, 
m',  iv'  at  all  the  boundaries  between  the  origin  and  Uq.  In  a 
similar  manner,  since  the  y  of  the  outermost  region,  extend- 
ing to  infinity,  is  1,  we  express  yi,  belonging  to  the  region 
between  a  and  %,  in  terms  of  the  values  of  u,  &c.  at  all  the 
boundaries  between  a  and  co  .  Each  of  these  four  functions 
will  occur  twice  for  each  boundary,  having  different  values  of 
the  physical  constants  with  the  same  value  of  r.  I  mention 
this  method  of  equation  of  E/H  operators  because  it  is  a  far 
simpler  process  than  what  we  are  led  to  if  we  use  the  vector 
and  scalar  potentials;  for  then  the  force  of  the  flux  has  three 
component  vectors — the  impressed  force,  the  slope  of  the  scalar 
potential,  and  the  time-rate  of  decrease  of  the  vector  potential. 
The  work  is  then  so  complex  that  a  most  accomplished  mathe- 
matician may  easily  go  wTong  over  the  boundary  conditions. 
These  remarks  are  not  confined  in  application  to  spherical 
waves. 

If  an  infinite  value  be  given  to  a  physical  constant,  special 
forms  of  boundary  condition  arise,  usually  greatly  simplified ; 
e.  g.  infinite  conductivity  in  one  of  the  layers  prevents  electro- 
magnetic disturbances  from  penetrating  into  it  from  without ; 
so  that  they  are  reflected  without  loss  of  energy. 

Knowing  yi  and  i/q  in  (288),  we  virtually  possess  the  sinu- 
soidal solution  for  forced  vibrations,  though  the  initial  effects, 
which  may  or  may  not  subside  or  be  dissipated,  will  require 
further  investigation  for  their  determination;  also  the  solu- 
tion in  the  form  of  an  infinite  series  showing  the  effect 
of  suddenly  starting  /  constant;  also  the  solution  arising 
from  any  initial  distribution  of  E  and  H  of  the  kind  appro- 


Forced  Vibrations  of  Electromagnetic  Si/stems.         379 

priate  to  the  functions,  viz.  such  as  may  be  produced  by 
vorticity  of  e  in  splierical  layers,  proportional  to  v  (or  vQ\„  in 
general).  But  it  is  scarcely  necessary  to  say  that  these  solu- 
tions in  infinite  series,  of  so  very  general  a  character,  are  more 
ornamental  than  useful.  On  the  other  hand,  the  immediate 
integration  of  the  differential  equations  to  show  the  develop- 
ment of  waves  becomes  excessively  difficult,  from  the  great 
complexity,  when  there  is  a  change  of  medium  to  produce 
reflexion. 

46.  Thin  Metal  Screens. — This  case  is  sufficiently  simple 
to  be  useful.  Let  there  be  at  r=a^  a  thin  metal  sheet  inter- 
posed between  the  inner  and  outer  nonconducting  dielectrics, 
the  latter  extending  to  infinity.  If  made  infinitely  thin,  E  is 
continuous,  and  H  discontinuous  to  an  amount  equal  to  Air 
times  the  conduction  current  (tangential)  in  the  sheet.  Let 
Ki  be  the  conductance  of  the  sheet  (tangential)  per  unit  area; 
then 

(H/E)i,-(H/E)out=47rKi  at  r=a,. 

Therefore  by  (284),  when  the  dielectric  is  the  same  on  both 
sides, 

where  the  functions  Wi,  &c.  have  the  r  =  ai  values.  From 
this, 

_  1  -(47rKi./c/7ry)7//(n/  -  n^/)  .^qn^i 

yi-l_(47rKi/c/>^)V«-0  '     '     * 

expresses  t/i  for  an  outer  thin  conducting  metal  screen,  to  be 
used  in  (286) .  If  of  no  conductivity,  it  has  no  effect  at  all, 
passing  disturbances  freely,  and  2/i  =  !•  At  the  other  extreme 
we  have  infinite  conductivity,  making  y^  =  I'l/^'-'i,  with  com- 
plete stoppage  of  outward-going  waves,  and  reflexion  without 
absorption,  destroying  the  tangential  electric  disturbance. 

When  the  screen,  on  the  other  hand,  is  within  the  surface 
of/,  say,  at  r  =  ao,  of  conductance  Kq  per  unit  area,  we  shall 
find 

_        (i7rKo/cpq)uo'^  oi  A 

^'-  l  +  (4'n-Ko/cpq)uo'wo"      ■     •     *     ^     ^ 

where  Kq,  &c.  have  the  r=aQ  values.  The  difference  of  form 
from  _y,  arises  from  the  different  nature  of  the  r  functions  in 
the  region  including  the  origin.  As  before,  no  conductivity 
gives  transparency  (y(,  =  0),  and  infinite  conductivity  total 
reflexion  (]'Jo  =  Uq  /wq).  When  the  inner  screen  is  shifted  up 
to  the  origin,  we  make  3/0=0  and  so  remove  it. 
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47.  Solution  xoith  outer  screen  ;  Ki  =  co  ;  /  constant. — Let 
there  be  no  inner  screen  and  let  the  outer  he  perfectly  con- 
ducting. As  J.  J.  Thomson  has  considered  these  screens*,  I 
will  be  very  brief,  regarding  them  here  only  in  relation  to  the 
sheet  of/ and  to  former  solutions.  The  determinantal  equation  is 

<  =  0,  or  i^nx  =  x(l-x^)-\  .     .     .     (292) 

if  ,x=ipa/v.  Roots  nearly  tt,  27r,  Stt,  &c.;  except  the  first, 
which  is  considerably  less.  The  solution  due  to  starting/ 
constant,  by  (289)  is  therefore 

ll  =  (fva/fivr)t(uUaWi'/aiUi")eP'i      .     .     (293) 

which,  developed  by  pairing  terms,  leads  to 

_A'^— .t'2+l_   .    vtx/  tti    .   \xr  f  a,    .    \. 

2   ...  n — „x  2 sm  —  (  cos ^sm  J  — (  cos ^sm  J- 

x^{x^  —  z)  Ui  \  xr      /  «!  \  xa      Ji 


fjbvr     x'^(x^  —  2)  a]  \     '       xr'    /  «i  \  •f'a      Ja^ 

which  of  course  includes  the  effects  of  the  infinite  series  of 
reflexions  at  the  barrier.  By  making  ai  =  co,  however,  the 
result  should  be  the  same  as  if  the  screen  were  non-existent, 
because  an  infinite  time  must  elapse  before  the  first  reflexion 
can  begin,  and  we  are  concerned  only  with  finite  intervals. 
The  result  is 


jj_.M     2 
IJbvr    IT 


I   dxy *—  I  cos  —     -  sm  ]x.r\  cos sm  ]x,a,    (295 

■Jo  .■»!      \  .t'lr      /      \  x,a      /  '  '    ^ 


which  must  be  the  equivalent  of  the  simple  solution  (142)  of 
§  21,  showing  the  origin  and  progress  of  the  wave. 

Now  reduce  it  to  a  plane  wave.  We  must  make  a  infinite, 
and  r—a  =  z  finite.  Also  take  fv-=e,  constant.  We  then 
have 

H=  ^  ^  raM^^jt^=£} +  ^JI^^M±^\  .    (296) 

showing  the  H  at  x  due  to  a  plane  sheet  of  vorticity  of  e 
situated  at  s=0.  This  is  the  equivalent  of  the  solution  (12) 
of  §  2,  indicating  the  continuous  uniform  emission  of 
H  =  (?/2/iv  both  ways  from  the  plane  r=0. 

Returning  to  (294),  it  is  clear  that  from  ^  =  0  to  ^  =  (ai  —  rt)/r, 
the  solution  is  the  same  as  if  there  were  no  screen.  Also  if  a 
is  a  very  small  fraction  of  rtj,  the  electromagnetic  wave  of 
depth  2a  will,  when  it  strikes  the  screen,  be  reflected  nearly  as 
from  a  plane  boundary.     It  would  therefore  seem  that  this 

*  Tn  tlie  paper  before  referred  to. 
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wave  would  run  to  and  I'roni  between  the  origin  and  boundary 
uncoasinoly.  This  is  to  a  great  extent  true ;  anil  therefore 
there  is  no  truly  ]icrnianent  state  (tlie  electric  flux,  namely, 
alone);  but  examination  shows  that  the  reflexion  is  not  clean, 
on  account  of  the  electrification  of  the  boundary,  so  that  there 
is  a  spreading  of  the  magnetic  field  all  over  the  region  within 
the  screen. 

48.  Alternating  f  tdth  reflecting  barriers.  Forced  vibrations. 
— Let  the  medium  be  nonconducting  between  the  boundaries 
Oo  and  a^.     Equation  (288)  then  becomes 

giving  H  outside  the  surface  of/.  We  see  that  yQ=0  and 
Wa  =  0  make  H  =  0.  That  is,  the  forced  \dbrations  are  confined 
to  the  inside  of  the  surface  of/  only,  at  the  frequencies  given 
by  ?<a=0,  provided  there  is  no  internal  screen  to  disturb,  but 
independently  of  the  structure  of  the  external  medium  (since 
y-^  is  undetermined  so  far),  with  possible  exceptions  due  to  the 
vanishing  of  y-^  simultaneously.  But  (297),  sinusoidally 
realized  hy  p^—  —n^,  does  not  represent  the  full  final  solution, 
unless  the  nature  of  y^  and  ;/i  is  such  as  to  allow  the  initial 
departure  from  this  solution  to  be  dissipated  in  space  or  killed 
by  resistance.  Ignoring  the  free  vibrations,  let  ?/o  =  0,  and 
yi  =  iti/iOi,  meaning  no  internal,  and  an  infinitely  conducting 
external  screen.     Then 

(out)     H  =  {va/fjbvr)  Uu  i  uio-^lu^  —  lo  [yj    -^ 
(in)       B.=  {va/iivr)u  {uaio^iW -w,\f.)    '  '   ^^^^^ 
If  wi=-0,  or  in  full, 

(v/nai)  tan  {najv)  =  1  —  (v/nuy)-, 
we  obtain  a  simplification,  viz. 

^{inoroyxt)  =  — {va/ij,vr)(mva  or  Uaiv)f;     .     .     (299) 

and  the  corresponding  tangential  components  of  electric  force 
are 

E(in  or  out)  =  {va/fivr)(u'w^  or  u^io%cp)-Y.    .    (300) 

But  if  wi'  =  0,  the  result  is  infinite.  This  condition  indi- 
cates that  the  frequency  coincides  with  that  of  one  of  the  free 
vibrations  possible  wathin  the  sphere  r  =  ai  without  impressed 
force.  But,  considering  that  we  may  confine  our  impressed 
force  to  as  small  a  space  as  we  please  round  the  origin,  the 


382       Prof.  J.  Thomson  on  Flux  mid  Reflux  of  Water 

infinite  result  is  not  easily  understood,  as  regards  its  deve- 
lopment. 

But  the  development  of  infinitely  great  magnetic  force  by 
a  plane  sheet  of/ is  very  easily  followed  in  full  detail,  not 
merely  with  sinusoidal/,  but  with / constant.  Considering 
the  latter  case,  the  emission  of  H  is  continuous,  as  before 
described,  from  the  surface  of/.  Now  place  a  plane  infinitely 
conducting  barrier  parallel  to/,  say  on  the  left  side.  We  at 
once  stop  the  disturbances  going  to  the  left  and  send  them 
back  again,  unchanged  as  regards  H,  reversed  as  regards  E. 
The  H  disturbance  on  the  left  side  of  /"  therefore  commences 
to  be  doubled  after  the  time  ajv  has  elapsed,  a  being  the  dis- 
tance of  the  reflecting  barrier  from  the  plane  of/,  and  on  the 
right  side  after  the  interval  2a/r.  Next,  put  a  second  infi- 
nitely conducting  barrier  on  the  right  side  of  /.  It  also 
doul)les  the  H  disturbances  as  they  arrive  ;  so  that,  by  the 
inclusion  of  the  plane  of  /  between  impermeable  barriers, 
combined  with  the  continuous  emission  of  H,  the  magnetic 
disturbance  mounts  up  infinitely,  in  a  manner  which  may  be 
graphically  followed  with  ease.  Similarly,  with/  alternating, 
at  particular  frequencies  depending  upon  the  distances  of  the 
two  barriers  from/. 

Returning  to  the  spherical  case,  an  infinitely  conducting 
internal  screen,  with  no  external,  produces 

^^-  /.«-«oO  '^''      '     '     •  ^""^^^ 

We  cannot  produce  infinite  H  in  this  case,  because  the 
absence  of  an  external  barrier  will  not  let  it  accumulate. 
Shifting  the  surface  of  /  right  up  to  the  screen,  or  vice  verm, 
simplifies  matters  greatly,  reducing  to  the  case  of  §  42. 

May  Sth,  1888. 


XL.  On  Flux  and  Reflux  of  Water  in  Open  Channels  or  in 
Pipes  or  other  Ducts.  By  Professor  James  Thomson, 
LL.D.,  F.R.S* 

IN  the  autumn  of  1872  I  was  staying  at  a  place  named 
Castlerock,  on  the  north  coast  of  Ireland,  between  the 
mouth  of  the  Bann  River  and  the  entrance  to  Lough  Foyle. 

*  Communicated  by  tlie  Author,  Laving  been   read  in  the  British 
Association  Meeting  at  Bath,  1888,  Section  A. 


in  Open  Channels  or  in  Pipes  or  other  Ducts.  383 

There  was  an  extensive  sandy  beach  there,  hished  by  the  great 
waves  of  the  Atlantic  Ocean.  At  a  part  of  that  beach  a  small 
river  or  stream  flowed  to  the  sea ;  but  the  sandy  beach  had 
been  thrown  up  as  a  bank,  at  about  hioh-tide  level,  obstructing 
what  might  have  been  the  direct  outfall  course  for  the  stream 
into  the  sea,  and  causing  the  stream  to  turn  to  its  right  and 
to  flow  eastward  for  some  distance  along  the  back  of  that 
sandy  bank  before  finding  an  opening  for  flow  out  to  the  sea. 
Thus,  at  the  back  of  the  bank,  a  little  estuary  was  formed, 
along  which,  when  the  tide  was  down,  the  stream  would  have 
for  a  considerable  length  a  nearly  level  bed ;  and  into  which, 
when  the  tide  was  up,  the  sea-water  entered  so  as  to  fill  it  up 
to  various  depths  according  to  the  height  of  the  sea- surface. 

I  happened  to  be  watching  with  interest  the  motions  of  the 
water  in  the  little  estuary  at  a  time  when  a  considerable  depth 
of  water  (such  as  a  few  feet  depth  along  its  mid-channel)  was 
maintained  in  it  by  the  height  of  the  sea-water  outside,  and 
when  the  slow  risiuo;  and  sinkino;  of  the  ocean-waves  was 
producing  in  the  estuary  a  flux  and  reflux  on  a  small  scale 
like  that  of  the  tidal  flow  in  large  estuaries*.  The  motions 
of  the  water  being  indicated  by  numerous  little  pieces  of  sea- 
weed carried  in  suspension,  I  noticed  that  the  water  at  or  ver}'' 
close  to  the  channel-bed  reversed  its  landward  or  seaward  flow 
always  much  earlier  than  did  the  main  body  of  the  water  in 
the  channel,  less  affected  by  contiguity  to  the  bed.  The  phe- 
nomenon being  noticed,  the  reason  at  once  became  apparent. 
The  lamina  contiguous  to  the  bed,  or  channel-face,  would  be 
always  hindered  by  the  frictional  resistance  of  that  face  from 
getting  into  so  great  a  velocity,  either  seaward  or  landward,  as 
that  which  would  be  attained  to  by  the  main  body  of  the  water. 
Then,  when  the  water  at  the  sea-end  of  the  estuary  was  raised 
in  level,  by  the  arrival  of  an  ocean-wave,  so  as  to  give  a  gravi- 
tational propulsive  influence  tending  to  cause  the  water  to  flow 
landward  along  the  estuary,  the  main  body  of  the  w^ater,  in 
virtue  of  its  inertia  with  seaward  momentum,  would  continue 
to  flow  for  some  time  seaward,  flowing  as  it  were  uphillf; 
while  the  frictionally  restrained  lamina  at  the  channel-face, 
being  nearly  devoid  of  inertial  tendency  seaward,  would 
readily  yield  to  the  landward  gravitational  propulsive  influ- 

*  The  period  of  these  oscillations  may  be  about  from  10  to  20  seconds ; 
as  I  have  been  informed  that  Prof.  Stokes  has  found,  by  observations  on 
that  coa^t,  that  the  period  from  one  wave  to  the  next,  in  the  large 
Atlantic  waves  there,  is  at  most  about  17  seconds. 

t  Or,  in  more  precise  terms,  flowing  from  a  place  of  lower  to  a  place  of 
higher  free-level. 
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ence  due  to  the  landward  surface  declivity  of  the  water  in  the 
estuary. 

Exactly  a  like  explanation,  mutatis  niutandis,  is  applicable 
to  the  case  of  reversal  of  the  flow  from  having  been  landward 
to  its  beconiino;  seaward.  The  channel-face  lamina  makes  its 
reversal  of  flow,  just  as  in  the  other  case,  earlier  than  does  the 
main  body  of  the  water,  and  for  like  reason. 

It  may  now  further  be  noticed  that  precisely  corresponding 
phenomena  would  present  themselves  in  the  flux  and  reflux  of 
water  in  a  pipe  ;  if,  for  instance,  the  pipe  were  connecting 
two  cisterns,  and  a  plunger  wore  kept  oscillating  upwards  and 
downwards  in  one  of  them  so  as  to  cause  the  alternating  flow 
through  the  pipe.  The  phenomena  might  be  very  interest- 
ingly manifested  in  an  open  trough  connecting  two  cisterns, 
arrangements  being  made,  by  a  plunger  or  othenvise,  for 
causing  flux  and  reflux  along  the  trough,  and  the  motions  of 
the  water  being  indicated  by  small  ^^sible  particles  in  suspen- 
sion in  the  water,  or  by  the  dropping  in  of  granules  of  aniline 

It  may  now  be  worthy  of  remark  that  the  hydraulic  prin- 
ciple brought  into  notice  in  the  present  paper,  in  respect  to 
Flux  and  lieflux  along  Channels,  is  closely  allied  to,  and  is 
in  some  respects  identical  with,  the  leading  principle  set  forth 
in  previous  papers  by  myself  on  the  Flow  of  Water  round 
Bends  in  Rivers,  &c.  In  that  case  the  frictionally  resisted 
and  retarded  lamina  in  contiguity  with  the  channel-face,  or 
bed,  flows  transversely  (or  rather  obliquely)  across  the  channel 
towards  the  inner  bank  of  the  bend,  impelled  inwards  by  gra- 
vitational propulsive  influence  (that  is,  downhill  as  it  were), 
while  the  main  body  of  the  stream,  flowing  quicker  in  the 
bendj  exerts  centrifugal  force  outwards,  or  tends  inertially 
out  towards  the  outer  bank.  The  papers  here  referred  to  on 
Flow  of  Water  round  Bends  in  Bivers,  &c.  are  to  be  found  in 
the  '  Proceedings  of  the  Eoyal  Society  '  for  May  1876  ;  in  the 
British  Association  Report  for  the  Glasgow  Sleeting,  1876, 
Section  A,  page  31  of  Transactions  of  the  Sections  ;  in  the 
'  Proceedings  of  the  Royal  Society,'  1877,  No.  182,  page  356  ; 
and  in  the  '  Proceedings  of  the  Institution  of  Mechanical 
Engineers,'  August  1879,  p.  456.  Also  some  other  important 
cases  in  which  like  principles  of  fluid  motion  come  into  play 
(in  Whirlwinds  &c.)  are  adduced  in  a  paper  by  myself  in 
the  British  Association  Report  for  the  Montreal  Meeting,  1884, 
Section  A,  page  641. 

The  Universitv,  Glasgow, 
September's,  1888. 
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XLI.   The  Law  of  Dispersion. 
By  Edward  Wilson,  M.A* 

LORD  RAYLEIGH,  in  his  address  to  the  British  Asso- 
ciation at  Montreal,  took  occasion  to  observe  that 
Professor  S.  P.  Langley's  demonstration  of  the  inaccnracy  of 
Cauchy's  formula  for  the  law  of  dispersion  would  have  an 
important  bearino-  on  ^ntical  theory. 

uportant  demonstration  is  to  be  found 
lazine,  March  1884.     It  thus  appears 
..  .;  ,.  function  ^  in  the  equation //.  =  0(A-) 

rcmuini  to  be  discovered ;  and  yet  it  is  scarcely  possible  to 
overrate  the  importance  of  its  determination,  for  without  it 
not  a  single  step  can  be  taken  in  tracing  a  connexion  between 
the  chemical  constitution  of  a  substance  and  its  refractive 
powers. 

The  author  holds  with  a  somewhat  deep  conviction  the 
folloNving  propositions  : — 

(1)  That  before  the  refractive  and  dispersive  properties  of 
a  liquid  or  solid  substance  can  be  made  use  of  to  determine 
its  chemical  constitution  or  molecular  structure,  it  is  abso- 
lutely imperative  to  determine  the  form  of  the  function  0 
in  the  equation /i  =  0(A-). 

(2)  That  it  is  the  constants  of  this  function  which  will  have 
to  be  correlated  with  chemical  constitution  and  molecular 
structure. 

The  present  paper  is  an  attempt  to  supply  the  first  of  these 
desiderata  ;  the  second  desideratum,  though  more  difficult, 
may  possibly  be  attempted  at  a  future  time. 

An  incontestable  form  of  ^  could  only  be  furnished  by  a 
true  Theory  of  Light,  which  it  is  to  be  feared  is  not  Hkely  to 
be  obtained  for  some  time  to  come.  Meanwhile  we  must 
perforce  be  content  to  attempt  the  discovery  of  an  empirical 
formula,  the  probability  of  which  being  true  must  chiefly 
depend  upon  the  close  agreement  of  its  calculated  results  with 
those  of  observation. 

Of  such  possible  formulse  the  following,  which,  as  analogy 
would  lead  us  to  expect,  assumes  the  exponential  form,  is 
submitted  for  consideration. 

If  V  be  the  velocity  in  a  refracting  substance  of  a  ray  of 
Hght  of  wave-length  \,  and  V  the  velocity  in  vacuo ;   then 

h 


|=(a 


+6\+  A  6  ^' 


*  Communicated  by  the  Author. 
put.  Mag.  S.  5.  Vol.  26.  No.  IGl.  Oct.  1888,  2  C 
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or,  if  V  =  unity,  and  (ju  be  the  refractive  index, 

^^^(^a  +  bX+l)e-'h (1) 

The  vviivo-length  of  the  ray,  whose  velocity  in  the  refracting 
suhstancc  is  the  same  as  that  in  vacuo,  is  determined  by  the 
equation 


<-•  -rr 


tt  +  6X.  +  -  =  tf  ^- 

A, 


=  1  very  nearly. 


(2) 


The  ray  of  greatest  wave-length  which  enters  the  refracting 
substance  depends  upon  the  angle  of  incidence  ;  and,  if  this 
angle  be  @,  is  determined  by  the  equation 


A,        sm  H 


=  \/2  very  nearly 


(3) 


if  the  angle  of  incidence  =  45°. 

All  rays  of  wave-length  intermediate  between  those  deter- 
mined by  equations  (2)  and  (3)  tvaxel  fasten'  in  the  refracting 
substance  than  they  do  in  vacuo. 

Professor  Langley,  in  the  following  table  *,  gives  the  wave- 
lengths, with  the  probable  errors,  of  the  six  ultra-red  lines 
that  he  determines  : — 


Date  of  obseryation. 

X. 

n. 

April  1,         1882 

1-010+0-0053 
1-200+0-0069 
1-658+0-0091 
1-767+0-0094 
2-090+00104 
2-356+0-0110 

1-5654 
1-5625 
1-5562 
1-5549 
1-5511 
1-5478 

April  9, 

June  13-27,     „    

July  14,            „    

June  7,             ,,    

But  repeated  investigations  have  shown  that  better  results 
are  obtained  if  three  of  these  wave-lengths  are  altered  within 
the  limits  of  probable  error. 

For  the  Hilger  prism  used  by  Professor  Langley  in  his 
investigation,  the  constants  are 

*  Phil.  Mag.  March  1884, 
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•6299284, 
•0058580, 
•0075571, 
•0071080. 

With  those  constants  the  correspondence  between  observa- 
tion and  calculation  is  oiven  in  the  followino-  table: — 


a  = 

h  = 

h  = 


Ray. 

Observed. 

1 
Calculated.       Difference. 

Hi  

F    

b,    

1-607000 
1-589900 
1.586200 
1-579800 
1-575700 
1-571400 
1-565400 
1-562500 
1-556200 
1-5.54900 
1-551100 
1-547800 

1-606923 
1-589955 

:      1-586233 
1-579800 

1      1-575708 
1-571392 
1-565379 
1-562450 
1-556256 
1-554905 
1-551040 

1 -.547742     i 

1 

000077 
000055 
000033 
000000 
000008 
000008 
000021 
000050 
000056 
000005 
000060 
000058 

?■ :::::::: 

A    

Ml-OlO 

;:m93i  ... 

'^1-6671    ... 
Ml -7764    ... 

"2-090 

"2-356 

If  X^=i  be  the  wave-length  of  the  ray  which  travels  as  fast  in 
the  Hilger  prism  as  m  vacuo,  and  \q  be  the  wave-length  of 
the  greatest  ray  which  would  enter  the  prism  at  an  angle  of 
incidence  of  45°,  then 

Xq.  =133*8 
The  only  indices  of  refraction  which  have  come  to  hand  of 
sufficient  accuracy  to  test  a  formula,  are  those  of  seven  prisms 
determined  by  Dr.  Hopkinson  (Proc.  R.  S.  June  14,  1877), 
and  given  by  Professor  Everett  in  '  Units  and  Physical 
Constants/  pp.  70  and  71,  1st  edition  ;  the  results  are  as 
follows  : — 

Hard  Crown  Glass.     Density  2-48575. 


Ray. 

Observed. 

Calculated. 

Diflference. 

H,    

G 

1.532789 
1-528348 
1-523145 
1-520324 
1-517116 
1-514571 
1513624 
1-5117.55 

1-532789 
1-528375 
1-523147 
1-520329 
1-517119 
1-514.576 
1-513642 
1-511761 

-000000 
-000027 
•000002 
-000005 
-000003 
■000005 
-0(J0018 

•oooonc, 

F 

E 

D,     

c 

B 

A 

388  Mr.  E.  Wilson  on  the  Law  of  Dispersion. 

Soft  Crown  Glass.     Density  2'55035. 


Eay. 

Observed, 

Calculated. 

Difference. 

g"  

1-531415 
1-626592 
1-520994 
1-518017 
1-514580 
1-511910 
1-510918 
1-508956 

1-531415 
l-62f)624 
1-520996 
1-517988 
1-514589 
1-511913 
1-610932 
1-508966 

-OOOOOO 
■000032 
-000001 
-000029 
•000009 
■000003 
-000014 
-000001 

F 

E 

?. 

B 

A 

Extra  Light  Flint  Glass. 


Density  2-86636. 


Ray. 

Observed. 

Calculated. 

Difference. 

?■...:::;•■ 

1-562760 
1-566375 
1-549126 
1-546295 
1-541022 
1-537682 
1-536450 
1-534067 

1-562760 
1-556438 
1-549126 
1-54.5280 
1-540998 
1-637682 
1-536477 
1-534067 

■OOOOOO 
■000063 
-OOOOOO 
-000015 
-000024 
■OOOOOO 
•000027 
■OOOOOO 

F 

E 

?'  

B 

A 

Light  Flint  Glass. 

Density  . 

3-20609. 

Eay. 

Observed. 

ft. 

Calculated. 

Difference. 

??■  

1-600717 
1-692825 
1-583881 
1 -.679227 
1-574013 
1-570007 
1-568658 

1-600717 
1-592874 
1-583881 
1-679196 
1-674014 
1-570013 
1-568668 

-OOOOOO 
-000049 
-OOOOOO 
-000032 
-000001 
-000006 
■OOOOOO 

F 

E 

?.'  

B 

Dense  Flint  Glass.     Density  3-65865. 


Ray. 

Observed. 

Calcidated. 

Difference. 

^-  

1666229 
1-646071 
1-634748 
1-628882 
1622411 
1-617477 
1-616704 

1  •656-229 
1-646168 
1-634748 
1-628858 
1-622411 
l-(il7473 
1-615700 

•OOOOOO 
•0(X)097 
•0(KH)00 
•000024 
■OOOOOO 
•00l)(K)4 
•0t)0004 

F 

E 

f: 

B 
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Extra  Dense  Flint  Gin??.     Density  3-88947. 


Ray. 

Obscrred. 

Calculated. 

Difference. 

?■ 

1-688590          1-688581 
1-677020         1-077186 

-000009 
•nnnififi 

F 

1-664246     '     1-064237           -000009 
1-657631         ir.Wn?!     !     -nonofin 

E 

?■...•::::■ 

B 

1-650374 
1-644871 
1-642894 
1-639143 

1-650319     I     -000055 
1-644865     i      -000006 
1-642927     1      -000033 
1-639135    1     -nnoons 

A  

1 

Double  Extra  Dense  Flint  Glass.     Density  4-42162. 


Ray. 

11. 
Observed. 

Calculated.      Difference.    . 

G 

1-743210     1     1-743210         -000000 
1-727257          1-727280         -000023 
1-719081          1-719080         -000001 
1-710224          1-710166          -000058 
1-703485          1-703485          -000000 
1-701080     i     1-701144          -000064 
l-6965ol         i-r;fl6.530         -nnooni 

p 

E 

^ 

B 

A 

\ 

Such  is  all  the  evidence  that  can  at  present  be  offered  on 
behalf  of  the  formula,  but  if  further  corroborative  evidence 
should  be  forthcoming,  and  the  constants  properly  correlated, 
chemists  would  find  placed  in  their  hands  an  instrument  of 
prodigious  power  for  the  puqiose  of  exploring  the  molecular 
constitution  of  bodies. 

If  any  should  think  it  presumptuous  to  attempt  to  succeed, 
where  such  eminent  mathematicians  as  Cauchy,  Redten- 
bacher,  and  Briot  have  failed,  it  ought  to  be  borne  in  mind 
that,  before  the  admirable  researches  of  Professor  Lanolev, 
success  was  almost  impossible. 


XLII.  Notices  respecting  New  Books. 

Oeologi) :    Cliemical,  Physical,    and  StratigrapMcal.      By   Joseph 

Peestwich,  M.A.,  F.E.S.,  F.  G.S.,  &c.     Vol.  I.  1886 ;  477  pages, 

6  maps  and  plates,  218  woodcuts.     Vol.  II.  1888 ;  60G  pages, 

2  maps,  18  plates  of  fossils,  256  woodcuts.     8vo.   Clarendon 

Press,  Oxford. 

npHE  object  and  character  of  this  work  may  be  regarded  as,  first, 

-*-     aiming  at  a  widely  philosophical  and  yet  minutely  scientific 

exposition  of  the  action  of  natural  laws  in  Chemistry,  Physics,  and 

Biology,  on  and  within  the  Earth ;  and,  second,  presenting  especially 
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points  of  general  interest,  such  as  every  intelligent  reader,  not 
being  a  geologist,  may  comprehend.  For  the  most  part  the  Chapters 
may  be  read  as  complete  Essays  on  the  many  subjects  necessary 
for  a  geological  student  to  know,  written  in  a  fairly  popular  style, 
though  enriched  with  all  the  necessary  details  and  references  to 
authorities. 

In  the  First  Volume  the  natural  causes  and  methods  of  the 
wearing-away  and  decomposition  of  rock-masses,  and  the  variable 
rearrangement  of  the  resultant  material  are  first  of  all  explained, 
being  higlily  important  in  the  consideration  of  Denudation  and  its 
results — as  to  local  decrease  of  land  and  accumulation  of  various 
deposits  in  water  all  over  the  globe.  The  water-question  is  specially 
treated  by  one  who  has  traced  the  rain-water  in  its  underground 
ways  to  natural  springs  and  rivers,  and  to  the  supply  of  artificial 
wells  and  borings.  The  part  played  by  water  in  volcanic  eruptions, 
nearly  a  new  subject,  is  fully  described.  Ice  and  snow  have  their 
special  chapter  also.  Alterations  in  level  of  the  earth's  surface, 
whether  effected  by  earthquakes,  by  the  lateral  pressure  of  great 
contractions,  or  by  coral-growths,  have  their  interesting  and 
instructive  chapters ;  and  the  important  subjects  of  faults  in  dis- 
turbed strata,  joints,  cleavage,  mineral  veins,  old  volcanic  rocks, 
metamorphism,  and  all  the  conditions  of  mountain-ranges,  whether 
continental  or  local,  are  treated  of  in  essays  full  of  facts  and  bold 
generalizations.  Chapters  xviii.  and  xix.,  on  metalliferous  deposits, 
treat  of  their  endless  varieties  of  veins  and  lodes,  their  geological 
and  geographical  distribution,  and  the  various  results  of  their 
decompositions.  All  this  is  in  close  association  with  the  foregoing 
subjects,  and  together  with  the  preceding  essays,  while  supplying 
the  general  reader  with  useful  resumes  of  what  is  known,  elucidated 
by  many  new  ideas,  meets  the  requirements  of  the  advanced  student. 
It  enables  him  to  understand  more  fully  the  various  physical  and 
chemical  problems  offered  by  geology,  in  studying  the  unceasing 
series  of  changes  dependent  on  the  circumstances  of  the  time,  as 
new  conditions  and  new  combinations  successively  arose  in  the 
course  of  the  earth's  long  geological  history,  with  constant  variation 
in  degree  and  intensity  of  action. 

The  Second  Volume  treats  of  the  history  of  Strata,  their  appear- 
ance, conditions,  and  constitution  having  been  described  in 
Volume  I.  The  succession  of  recognizable  groups  of  Strata  in 
different  parts  of  the  "World,  as  at  present  knowTi,  is  shown  by 
several  Tables  in  chapter  i.  The  great  geological  systems  or  series, 
as  defined  by  their  relative  unconformity,  or  differences  of  position, 
and  by  the  organic  remains  peculiar  to  each,  are' then  taken  in  hand, 
one  after  the  other,  from  the  oldest  to  the  latest.  Their  fossils, 
whether  of  animal  or  vegetable  origin,  are  carefully  noted  and  often 
tabulated  at  some  length.  They  are  illustrated  with  many  wood- 
cuts and  lithographic  plates,  all  good  artistic  work,  and  all  new 
except  some  borrowed  from  modern  works  on  special  gi'oups  and 
of  gi'eat  merit.  The  fossils  figured  have  been  selected  with  real 
scientific  care,  and  some  microzoa,  not  usually  thought  of  so  much 
as  they  should  be  as  rock-makers,  are  introduced  with  good  effect. 
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This  volume  rivals  the  fii'st  in  the  object  of  elucidating  the 
History  of  the  Earth  ;  for,  as  that  gave  the  pliysical  or  inauimate 
division  of  its  history,  tliis  volume,  enquiring  in  the  first  place 
what  possibly  may  have  been  the  original  condition  of  the  Earth's 
crust,  enables  us  to  note  \\hen  Life  first  made  its  appearance  upon 
it, — to  determine  the  character  of  that  Life,  and  to  follow  its 
development  and  successive  modifications  through  all  Greological 
Time. 

Together  with  this  study  of  Biological  Evolution,  the  great 
physical  changes  of  the  surface,  the  constant  alterations  in  the 
distribution  of  land  and  water,  and  the  relation  of  these  physio- 
graphic changes  to  the  distribution  of  Life  on  the  land  and  in 
the  water  are  carefully  noticed. 

Besides  the  illustrations  of  fossils  in  Volume  II.  numerous 
diagrams  of  sections,  views,  plans,  &c.,  as  well  as  large  maps  enrich 
each  volume,  and  a  full  Index  completes  the  work. 

XLIII.  Intelligence  and  Miscellaneous  Articles. 

PHOTOGEAPHY  OF  THE  LEAST  KEFEANGIBLE  PORTION  OF  THE 
SOLAR  SPECTRUM.      BY  J.  C.  B.  BUEBAXK  *. 

TT  has  been  stated  by  eminent  authorities  that  the  process  of 
J-  staining  dry  plates  with  various  dyes  is  not  applicable  to  the 
photography  of  the  invisible  rays  beyond  the  red  of  the  solar 
spectrum.  To  test  this  question  I  have  undertaken  a  series  of 
experiments  with  the  dye  cyanine.  This  dye  has  of  late  come  into 
considerable  prominence  in  photography,  owing  to  its  orthochro- 
matic  effect  when  mixed  with  other  dyes,  such  as  chinoline-red, 
azaUne,  erythrosine,  and  eosine. 

It  was  discovered  by  Grreville  Wilhams,  an  Enghshman,  in  1861 
but  did  not  come  into  much  prominence  until  the  year  1884,  when 
its  usefulness  as  a  sensitizer  became  more  apparent.  The  dye  is 
easily  decomposed  by  light,  and  even  in  the  dark  both  its  solution 
and  the  plates  coated  with  it  are  apt  to  become  decomposed  if 
kept  for  any  length  of  time.  Alone,  it  has  been  found  very  useful 
to  sensitize  plates  for  the  orange  and  red  portions  of  the  spectrum. 
No  experiments  have  to  my  knowledge  been  made  upon  the  effect 
of  heat-rays  upon  cyanine  plates. 

The  direct  action  of  absorbents  in  the  infra-red  has  not,  hitherto, 
been  tried  with  any  success ;  moreover,  it  has  been  stated  by  so 
eminent  an  authority  as  Captain  W.  De  W.  Abney  that  it  was 
impossible  to  make  plates  sensitive  to  any  rays  below  the  A  of  the 
solar  spectrum  by  means  of  the  addition  of  dyes  to  a  film.  It  is 
true,  however,  that  Major  Waterhouse  has  succeeded  by  means  of 
turmeric  in  obtaining  evidence  of  the  existence  of  a  few  lines  on 
the  less  refrangible  side  of  A,  but  in  all  cases  except  one  these 
were  reversed. 

The  plates  employed  were  made  by  the  M.  A.  Seed  Co.  of  sensi- 
tometer  22.     The  method  used  in  staining  the  plates  and  in  the 

*  From  an  advance  proof  from  the  '  Proceedings  of  the  American 
Academy.'    Communicated  by  the  Author. 
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preparation  of  the  dye  is  substantially  the  same  as  that  employed 
by  J.  B.  B.  Wellington,*  and  is  as  follows. 

Fifteen  grains  of  cyanine  are  gently  heated  (over  a  steam  bath) 
for  from  thirty  to  forty  minutes  in  combination  with  1  oz.  of 
chloral  hydrate  and  4  oz.  of  water.  The  whole  mixture  should 
now  be  stirred  vigorously.  AVhile  this  operation  is  going  on,  120 
grains  of  sulphate  of  quinine  are  dissolved  by  heat  in  a  few  ounces 
of  methylated  spirit.  (If  methylated  spirit  cannot  be  obtained,  a 
solution  of  90  per  cent,  alcohol  and  10  per  cent,  wood  spirits  will 
answer  perfectly  well.)  One  ounce  of  strong  aqua  ammoniaa  is 
now  slowly  added  to  the  cyanine  mixture  above.  Violent  ebulli- 
tion takes  place  immediately,  chloroform  being  evolved,  aiid  cyanine 
deposited  in  a  soluble  form  on  the  sides  of  the  vessel.  The 
mixture  is  allowed  to  settle  for  a  few  minutes,  and  then  the 
supernatant  liquid  is  decanted  off  very  slowly,  care  being  taken 
not  to  detach  any  of  the  cyanine  that  is  formed  on  the  sides. 

To  the  remaining  cyanine,  three  or  four  ounces  of  methylated 
spirit  are  added  to  dissolve  it;  the  quinine  solution  is  then 
added ;  and  to  the  whole  more  methylated  spirit,  until  the  whole 
mixtui'e  measures  from  eight  to  nine  ounces.  This  solution 
constitutes  the  "  stock  "  solution,  and  should  be  kept  away  from  all 
light,  as  it  is  very  apt  to  become  decomposed. 

All  of  the  above  operations  should  be  conducted  in  as  little  light 
as  possible.  The  following  staining  and  drying  processes  should 
be  conducted  in  absolute  darkness. 

To  thirty  ounces  of  water  are  added  1^  drachms  of  the  cvanine 
stock  solution ;  the  graduate  that  contaiued  the  cyanine  is  now 
washed  out,  1-i  drachms  of  strong  aqua  ammonite  are  added,  and 
the  whole  mixture  is  stirred  vigorously.  Into  this  bath  two  or 
three  plates,  or  half  a  dozen  strips,  can  be  dipped  at  once.  They 
should  be  left  there  about  four  minutes  ;  meanwhile  the  tray  con- 
taining the  plates  should  be  rocked  continuously,  so  as  to  insure  a 
uniform  action  of  the  dye. 

This  bath,  after  having  been  used  once,  should  be  thrown  away, 
as  the  action  on  a  second  batch  of  plates  would  be  weak  and 
imperfect.  The  plates  can  now  be  drained,  dried,  and  used. 
While  developing,  I  was  careful  to  exclude  all  light  whatever,  al- 
though I  think  it  possible  that  the  plates  may  be  developed  safely 
in  a  dark  greenish-yellow  light.  The  developer  used  was  a  pyro- 
and  potash  developer  of  (generally)  normal  strength. 

In  the  first  experiments  the  specti-um  was  produced  by  a  Row- 
land flat  diffraction-grating,  mounted  on  a  specti-ometer-circle. 
This  grating  contained  17,000  lines  to  the  inch.  The  observing- 
telescope  of  the  spectroscope  was  replaced  by  a  camera  and  lens. 

Certain  photographs  were  also  taken  by  means  of  a  Eowland 
concave  grating  of  14,500  lines  to  the  inch,  and  of  21  ft.  6  in. 
radius  of  curvature.  With  this  gi'ating,  the  amount  of  light  being 
less  and  the  dispersion  greater  than  in  the  former  cases,  the  ex- 
posure had  to  be  increased. 

In  all  of  the  experiments  ruby-red  glass  screens  were  used  in 
*  See  Authouy  Photographic  Bulletiu,  December  24, 1887. 
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order  to  cut  out  all  of  the  more  refrangiblo  part  of  the  underlying 
spectrum.  In  some  cases  a  weak  solution  of  iodine  in  carbon 
disulpliido  was  used  witli  good  effect. 

No  dilliculty  was  found  in  photograpliing  from  the  A  line  to 
wave-length  QDOO,  or  to  the  limit  assigned  by  Abney  as  the  limit 
of  the  ditl'raction  spectrum.  None  of  the  lines  were  reversed.  A 
special  study  of  tlie  A  group  was  made,  photographs  being  taken 
at  different  seasons,  iu  order  to  see  if  any  changes  in  the  remark- 
able group  of  lines  constituting  the  A  group  could  be  noticed.  No 
existing  map  represents  this  group  correctly.  Employing  the 
second  spectrum  produced  by  a  concave  grating,  52  lines  were 
observed  between  wave-lengths  7100  and  8000.  In  the  same 
space  Abney  records  only  24  lines.  Between  the  head  of  A  and 
the  tail  of  A,  the  latter  being  the  single  line  before  the  series  of 
doublets  begin  which  is  so  characteristic  of  the  A  group,  my  pho- 
tographs show  17  lines.  These  photographs  were  taken  in  June 
between  ten  and  one  o'clock. 

These  results  are  of  special  interest  when  we  consider  that 
Abney  has  said  in  a  Bakerian  lecture,  "  As  a  result  of  these 
experiments  I  can  confidently  state  that  in  no  case  did  the  addition 
of  a  dye  cause  any  chemical  effect  to  be  produced  by  the  rays 
below  A  of  the  solar  spectrum,  nor  has  Vogel  claimed  that  they  do." 

It  is  interesting  to  note  that  Abney  is  led  to  believe  that  the 
photographic  action,  which  has  been  noticed  hitherto,  by  the  use  of 
dyes  as  sensitizers,  can  be  attributed  to  a  certain  action  of  nitrate 
of  silver  on  organic  matter.  This  effect  is  a  bleaching  one,  and 
only  the  more  fugitive  dyes  can  produce  it.  We  are  led  to  con- 
clude from  Abney's  paper,  that  he  believes  that  only  a  chemical 
effect  produced  in  a  specially  prepared  emulsion  can  be  used  to  re- 
produce the  infra-red  rays.  After  many  experiments  he  succeeded 
in  producing  such  an  emulsion.  The  colour  of  this  verged  upon 
the  blue.  Since  the  colour  of  plates  stained  with  cyanine  by  the 
process  I  have  described  is  also  blue,  there  may  be  some  physical 
significance  in  this  resemblance. 

My  experiments  show  that  a  specially  prepared  emulsion  is  not 
necessary  for  the  photography  of  the  infra-red  region.  The 
chemical  theory  advanced  by  Abney,  therefore,  seems  to  need 
revision. 


ON  THE  DISINTEGRATION  OF  IGNITED  PLATINUM. 
BY  H.  KAYSER. 

Attention  has  recently  been  again  directed  from  various  quarters 
to  the  phenomenon  that  ignited  platinum  throws  off  minute  par- 
ticles, and  thus  disengages  dust,  and  this  irrespective  of  how  the 
ignition  is  produced,  whether  by  the  electrical  current  or  by  a 
flame.  I  wish  to  communicate  a  case  of  this  kind,  which  has 
resulted  in  an  important  condition  for  the  air-thermometer. 

In  the  year  Ibbo  I  was  engaged  iu  determining  the  coefficient 
of  expansion  of  air  with  the  utmost  accuracy,  namely  as  a  function 
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of  the  pressure.  I  have  been  prevented  by  circumstances  from 
completing  this  investigation.  Very  special  care  was  devoted  to 
the  dryness  of  the  air.  For  this  purpose  it  passed  through  potash 
and  sulphuric  acid  into  a  large  glass  receiver,  the  bottom  of  which 
was  covered  with  anhydrous  phosphoric  acid ;  the  air-thermo- 
meter was  not  filled  with  this  until  it  had  been  stored  for  several 
days.  The  agreement  between  the  coeiUcicTits  with  the  various 
fillings  was  nevertheless  insufficient :  it  varied  for  atmospheric 
pressure  between  36G7  and  3G76. 

I  imagined  now  that  the  air  of  the  town  might  contain  variable 
quantities  of  hydrocarbons;  in  order  to  eliminate  this  factor  I 
passed  the  air  through  a  hard-glass  tube  containing  platinum  wire, 
which  was  kept  heated  by  a  lamp  placed  undernc^ath  it.  The  air 
passed  afterwards  through  caustic  potash  and  sulphuric  acid  into 
the  reservoir.  When  air  was  taken  from  this  twenty-four  hours 
afterwards  the  coefficient  of  tension  was  found  to  be  3731 :  air 
taken  from  the  same  reservoir  six  days  afterwards,  3669.  I  then 
made  several  such  determinations,  of  which  I  will  mention  one : 
the  reservoir  was  filled  after  using  the  platinum  wire ;  air  removed 
twelve  hours  afterwards  gave  3767,  after  three  days  3673,  and 
after  six  days  3670. 

It  appears  thus  that  air  which  has  passed  over  heated  platinum 
has  apparently  a  very  high  coefficient  of  tension,  but  after  long 
standing  it  loses  this  property.  This  is  explained  by  the  fact  that 
particles  are  detached  from  the  platinum  which  are  so  small  that 
they  float  for  a  long  time  in  the  air.  They  become  coated  by  ab- 
sorption with  condensed  layers  of  gas,  which  by  heating  in  the  air- 
thermometer  are  partially  liberated.  The  value  of  the  coefficient 
of  tension  thereby  rises  too  high.  But  if  the  gas  is  at  rest  for  some 
time,  these  particles  settle  down  and  the  air  is  again  pure. 

If  this  explanation  is  correct,  it  must  be  possible  by  filtering  the 
air  to  get  at  once  the  normal  coefficient  of  tension.  Hence,  after 
passing  the  gas  over  the  heated  platinum  through  potash  and  sul- 
phuric acid,  I  passed  it  through  a  layer  of  wool  freed  from  fat, 
15  centim.  in  length,  which  was  so  closely  pressed  that  an  excess  of 
20  centim.  was  necessary  to  drive  the  air  through.  After  twelve 
hours  the  value  3(370  was  obtained,  by  which  the  explanation  is 
confirmed. — Wiedemann's  AnnaJen,  Xo.  7,  18S8. 


ON  FREEZING  MIXTURES  MADE  WITH  SOLID  CARBONIC  ACID. 
BY  MM.  CAILLETET  AND  E.  COLARDEAU. 

In  a  recent  Note  {Journal  cle  Phi/sik,  vol.  vii.  p.  286)  we  gave 
the  results  of  the  comparison  of  various  thermometric  apparatus, 
and  showed  that  they  held  to  a  temperature  below  —100°. 

The  agreement  in  the  indications  of  these  instruments  has  led  us  to 
use  the  most  sensitive  of  our  thernioelectrical  pincettes,  graduated 
by  direct  comparison  with  thehydmgen-thermometer,  to  investigate 
the  temperature  of  solid  carbonic  acid,  either  alone  or  mixed  with 
various  liq\iids. 
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In  using  carbouic  acid  snow  to  obtain  intense  cold  it  is  usually 
mixed  w  ith  ether,  as  directed  by  Fanulay  and  Tiiilorier.  In  these 
conditions  the  ether  is  generally  considered  as  intended  to  produce 
a  much  more  intimate  contact  with  the  body  to  be  cooled  than  is 
obtained  with  the  snow  alone. 

It  is,  however,  a  question  whether  ether  has  not  a  special  action 
other  than  that. 

We  couiineuced  by  measuring  the  temperature  obtained  with 
carbouic  acid  snow  alone.  A  thermoelectric  pincette,  by  which 
a  fraction  ot"  a  degree  could  be  estimated,  was  placed  in  the  centre 
of  a  large  mass  of  this  substance.  In  some  cases  the  snow  was 
strongly  compressed,  and  in  others  left  to  its  ordinary  porosity. 
The  results  obtained  varied  very  slightly,  and  the  temperature  of 
the  snow  at  the  ordinary  pressure  is  about  —  00°. 

To  try  what  effect  a  vacuum  has  on  the  temperature,  we  used  a 
Bianchi's  rotatory  air-pump  and  the  absorbing  action  of  potash ; 
we  were  thus  able  to  produce  for  some  time  together  an  almost 
complete  vacuum ;  but  although  the  experiment  was  frequently 
repeated,  the  conditions  being  varied  as  much  as  possible,  the 
temperature  did  not  sink  below  —76°. 

The  same  thermoelectric  pincette  gave  us  in  the  pasty  mixture  of 
solid  carbouic  acid  and  ether  a  temperature  of  —  77^  at  the  ordinary 
pressure,  and  m  a  vacuum  of  about  — 103°. 

The  following  experiment  shows  very  neatly  the  special  part 
which  ether  plays.  It  is  known  that  when  a  tube  containing  liquid 
carbonic  acid  is  immersed  in  the  mixture,  the  contents  of  the  tube 
solidities  very  rapidly.  If  the  temperature  of  the  mixture  were  not 
below  that  of  the  congelation  of  carbonic  acid,  this  congelation 
would  not  rake  place. 

In  order  to  ascertain  the  part  played  by  the  liquid  in  the  mix- 
ture we  gradually  added  carbonic  acid  to  ether.  The  first  portions 
of  snow  rapidly  disappear  in  contact  with  the  liquid.  This  dis- 
appearance is  not  solely  due  to  a  volatilization  resulting  from  the 
difference  of  temperature,  but  to  a  solution  of  solid  matter.  For 
the  ether,  which  has  kept  its  transparency  and  limpidity,  disengages 
carbonic  acid  steadily  for  a  long  time.  By  continuing  the  addition 
of  the  carbonic  acid  snow,  a  point  is  reached  at  which  it  ceases  to 
dissolve,  and  the  mixture  then  gradually  becomes  more  and  more 
pasty.  By  following  the  changes  of  temperature  with  the  thermo- 
electric pincette,  it  will  be  observed  that  it  sinks  at  each  addition 
of  snow  until  the  liquid,  losing  its  transparency,  indicates  that  it  is 
saturated. 

It  appears  then  natural  to  admit  that  the  cold  produced  by  solu- 
tion of  solid  carbonic  acid  in  ether  is  the  cause  of  the  difference  of 
temperature  observed  between  simple  snow  and  the  mixture.  The 
greatest  cold  is  attained  just  at  the  point  of  saturation. 

It  will  be  understood  from  this  that  if  we  vary  the  proportions 
of  the  mixture  the  differences  of  temperature  should  be  almost  null, 
provided  there  is  an  excess  of  solid  snow  which  keeps  up  the  satu- 
ration.    We  have  found  in  fact  that,  by  varying  the  proportions 
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from  a  syrupy  consistence  almost  to  the  state  of  solid,  this  difference 
is  scarcely  1°. 

In  order  to  confirm  the  part  which  we  have  ascribed  to  the  ether 
we  have  made  experiments  with  tlie  following  solvents.  AVe  have 
obtained  the  following  results  : — 

Temperature 
observed. 

Chloride  of  methyl(> -82 

Sulphurous  acid — 82 

Acetate  of  amyle    —  78 

Terchloride  of  phosphorus     ..  —76 

Bisuljjhide  of  carbcui —  74 

Absolute  alcohol     —72 

Chloride  of  ethylene —  GO 

With  the  last  three  liquids,  and  especially  with  chloride  of  ethy- 
lene, the  solubility  of  carbonic  snow  is  manifestly  less  than  the 
others.     These  also  are  the  liquids  which  produce  least  cooling. 

By  producing  a  vacuum  over  these  liquids  we  can,  as  Faraday  has 
shown,  materially  reduce  the  temperature,  even  below  — 100°. 
With  chloride  of  methyle  and  sulphurous  acid  it  happens  that  this 
temperature  in  a  vacuum  is  sufliciently  low  to  solidify  the  solvent. 
All  the  mass  then  becomes  solid,  and  from  this  point  the  tempera- 
ture remains  almost  stationary. 

The  lowest  temperature  we  have  obtained  under  these  conditions 
is  with  chloride  of  methyle.  Solidification  only  takes  place  at 
about -106°. 

AVith  chloroform,  whose  freezing-point  is  below  that  of  carbonic 
acid,  the  action  of  the  vacuum  is  not  needed  to  produce  this  effect. 
Carbonic  snow  gradually  added  to  the  liquid  dissohes  at  first  with 
disengagement  of  carbonic  acid.  When  the  temperature  has  sunk 
to  —77°  this  ebullition  ceases  suddenly,  and  the  whole  mass 
solidifies.  There  is  thus  a  freezing  mixture  which  congeals  under 
the  influence  of  its  o\\n  cooling. — Journal  cle  Physique,  September 
1888. 


A  SIMPLE  TENDULUM  EXPERIMENT  TO  EXPLAIN  RESONANCE  AND 
ABSORPTION.       BY  W.  HOLTZ. 

A  caoutchouc  tube  is  stretched  between  two  door-posts  by 
means  of  packthread  attached  to  the  ends,  and  nails.  If  two 
string  pendulums  are  hung  over  this  by  means  of  hooks  equidistant 
from  the  ends  at  about  ^  of  the  w  idth  of  the  door,  and  if  an  impulse 
be  given  to  one,  the  other  is  set  in  oscillations  which  increase  as  the 
others  slacken.  When  the  original  one  has  come  to  rest  the  phe- 
nomenon is  inverted.  If  the  pendulums  are  unequal  the  second 
begins  to  vibrate  indeed,  but  the  vibrations  do  not  continuously 
increase. — BeibJdtter  der  Physilc,  No.  7,  1888. 
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XLIV.   The  Secular  Annealing  of  Cold  Hard  Steel. 
By  Carl  Barus*. 

INASMUCH  as  the  method  I  used  for  testing  Maxwell's 
theory  of  the  viscosity  of  solids  contains  a  proof  of  that 
theory  <i  fortiori,  I  did  not  distinguish  in  my  last  paperj  be- 
tween a  break-up  of  configurations  of  molecular  wholes  and  the 
more  intensilied  break-up  in  which  the  integrity  of  the  molecule 
itself  is  invaded.  The  experimental  distinction  is  not  always 
easy.  If,  for  instance,  I  dissolve  certain  solids  (pitch,  say,  in 
turpentine)  I  may  produce  a  continuous  series  of  viscous 
fluids  ;  but  the  molecular  mechanism  by  which  this  is  brought 
about  cannot  in  the  present  state  of  our  knowledge  of  solution 
be  said  to  be  known.  I  may  cite  another  striking  example — 
ebonite,  which  above  100°  loses  viscosity  at  an  exceedingly 
rapid  rate  by  mere  heating  ;  but,  again,  the  molecular  change 
which  produces  the  viscous  effect  is  obscure.  And  so  gene- 
rally in  less  remarkable  experiments  J.  In  the  case  of  metals, 
it  appears  that  those  elements  whose  molecules  are  least  stable 
and  possibly  monatomic§  (K,  Na,  &c.)  are  of  a  soapy  con- 
sistency, so  that  here  viscosity  ("  Nachicirkung  ")  and  perma- 
nent set  can  hardly  be  distinguished.  In  general  it  appears 
that  metallic  permanent  set  is  physical  manifestation  of  loose- 
ness of  molecular  structure.  If,  as  in  the  case  of  annealing 
glass-hard  steel,  the  rigid  arch  (say)  of  molecular  Mdioles 
breaks  up  because  one  or  more  of  the  molecules^  the  stones  of 

•  Communicated  by  the  Author, 
t  This  Magazine,  August  1888. 

X   Cf.  Lothar  Meyer  (Die   vmdertien    Thcon'en   der  Chemie,  Breslau, 
1884,  chapter  viii.),  on  stolid  molecular  structure. 
§  Ibid,  chapter,  xvi.  §  308,  &c. 
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that  arch,  disintegrate,  and  if  the  decomposition  be  of  a  kind 
that  the  debris  may  be  chemically  recognized,  then,  by  coordi- 
nating the  viscous  and  the  chemical  observations,  I  obtain  a 
fairly  good  notion  of  the  molecular  mechanism  which  has 
produced  the  viscous  effect.  This  is  the  method  I  applied  to 
prove  MaxwelFs  theory.  But  partial  disintegration  or  recon- 
struction of  molecules  may  easily  be  conceived  to  occur  in 
such  a  way  as  to  escape  detection  altogether,  or  at  least  to 
escape  detection  as  much  as  does  a  break-up  of  configurations 
of  molecular  wholes.  It  may,  I  think,  be  rensonably  sup- 
posed that  the  solid  molecule  is  of  the  form  M„,  in  which  7i  is 
variable  ;  and  any  given  value  of  n  will  occur  less  frequently 
according  as  it  is  proportionately  greater  or  less  than  the  mean 
or  typical  value  of  n  for  the  solid.  The  effect  of  strain,  of 
change  of  strain,  or  even  of  long  continued  secular  subsidence, 
is  merely  to  vary  the  distribution  of  molecules  M„,  so  that  the 
general  properties  of  any  observably  finite  part  of  the  solid  do 
not  change*. 

I  will  adduce  other  points  of  view  in  succeeding  papers  ; 
but  the  suggestions  stated  ai-e  sufticient,  I  think,  to  show  the 
importance  of  discerning  whether  the  cause  of  viscous  defor- 
mation in  tempered  steel  is  the  type  of  viscous  deformation  in 
general ;  or  whether,  in  using  the  phenomena  of  annealing 
steel  to  test  MaxwelPs  theory,  I  have  merely  interpreted  the 
exception  to  prove  the  rule.  The  result  of  such  an  investiga- 
tion, besides  throwing  light  on  the  structure  of  solid  matter, 
must  ultimately  lead  to  inferences  bearing  directly  on  the 
questions  of  fusion,  solution,  and  volatilization. 

This  inquiry  being  essentially  a  comparison  of  detail,  will 
consume  much  time  before  it  can  be  brought  to  an  issue ; 
and  as  the  individual  parts  of  my  work  have  led  to  results 
which  are  of  interestf  apart  from  the  purposes  to  which  I 
hope  ultimately  to  apply  them,  it  is  perhaps  best  to  commu- 

*  In  other  words,  it  is  here  supposed  that  the  assumption  of  solid  state 
has  not  thoroughly  eliminated  either  the  liquid  or  even  the  gaseous  mo- 
lecule; and  that  it  has,  on  the  other  hand,  produced  molecules  of  an 
ultra-solid  complexity.  Here  I  touch  the  keynote  of  certain  difficulties 
in  my  mind  against  conceiving  the  solid  molecule  as  a  uniformly  distinct 
whole,  capable  of  rotation  (Kohlrausch  viscosity),  or  capable  of  translation 
from  strained  to  isotropic  configuration  (Maxwell  viscosity).  I  look  upon 
it  as  a  more  cumbersome  thing,  which  may  under  favourable  conditions 
even  lose  its  identity,  and  which,  when  undergoing  the  motions  stated, 
comes  into  serious  conflict  with  contiguous  molecules.  Such  a  view, 
even  if  it  be  mere  surmise  (excepting  the  case  of  hard  steel  discussed)  is  a 
suggestive  working  hypothesis ;  for  it  seems  broad  enough  to  enable  me 
to  circumscribe  the  true  phenomenon  by  clipping  the  postulate.  This  is 
the  general  endeavour  of  my  present  work. 

t  It  is  well  known  that  experiments  on  the  secular  changes  of  metals 
are  being  made  at  Glasgow  by  Mr.  Bottomley.  Cf.  Brit.  Assoc.  Report, 
p.  5.37  (1888). 
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nicate  the  data  separately.  The  following  results  on  the 
secular  aunealin<i;  of  cold  glass-hard  steel  essentially  sustain 
the  inferences  of  my  last  paper.  They  were  omitted  because 
of  the  space  occu])ied  by  the  discussions  thei*e  given.  The 
rods  to  which  the  data  refer  are  of  Stubs's  best  steel,  tempered 
ill  a  special  apparatus*,  by  aid  of  which  the  wire  heated  to 
redness  electrically  is  suddenly  whipped  into  water.  Freshly 
quenched  samples  of  wire  showed  specific  resistances  (0°  C.) 
as  high  as  .f  =  -18.  All  the  rods  were  tested  for  longitudinal 
uniformity  of  temper  by  stepping  off,  as  it  were,  the  resistance 
of  lengths  of  2  centim.  each,  for  each  of  the  consecutive  3 
centim.  of  wire.  The  total  length  being  about  25  centim., 
eight  measurements  were  thus  made.  A  device  utilizing 
Matthiessen  and  Hoskin's  method,  and  provided  with  a  suit- 
able rider,  enabled  me  to  do  this  with  reasonable  accuracy. 
Table  I.  contains  the  results  as  obtained  with  three  batches  of 
wire,  of  the  diameters  2/0  =  "081  centim.,  '044  centim.,  and 
"127  centim.  respectively.  The  approximate  resistance 
(microhms)  of  the  2  centim.  of  length  is  designated  by  r. 

Table  I. — Longitudinal  Uniformity  of  Temper  of  the  Steel 
Rods.  Variation  from  Mean,  in  terms  of  the  Electrical 
Interval  Hard-soft, 


No.  1. 

No.  2. 

No.  3. 

No.  4. 

No.  5. 

No.  6. 

No.  7. 

No.  8. 

No.  9. 

No.  10. 

/•  =  18500. 

18500. 

17700. 

17600. 

17700. 

18500. 

18400. 

18500. 

17400. 

17900. 

•002 

•002 

•000 

•003 

•010 

•005 

•004 

•009 

•032 

•006 

4 

-   2 

0 

—   2 

10 

-   3 

1 

-  11 

18 

-   6 

2 

-   2 

5 

-   2 

-  7 

-  7 

1 

-  11 

11 

2 

-  1 

2 

5 

7 

-  2 

5 

7 

5 

-  46 

2 

-  6 

-   2 

5 

-   2 

6 

1 

7 

-   3 

-  64 

-   2 

4 

-   6 

-  13 

-   6 

-  7 

—   2 

-   6 

6 

-  16 

-   6 

1 

-  2 

0 

-   2 

-  11 

-  7 

-   8 

5 

23 

10 

-  4 

10 

-   4 

3 

2 

9 

-  6 

1 

41 

-  6 

No.  11. 

No.  12. 

No.  18.  No.  14. 

No.  15. 

No.  16. 

No.  17. 

No.  18. 

No.  19. 

No.  20. 

r=61200. 

G0600. 

61200.  60200. 

62000. 

r=6800. 

6760. 

6580. 

7290. 

6850. 

•007 

-•007 

-003 

•023 

•016 

-•006 

•001 

-•009 

•001 

-•013 

-   2 

-   1 

-   3 

-   1 

-   1 

-   2 

1 

7 

1 

-  26 

-  7 

-   4 

-   3 

1 

-  3 

3 

5 

15 

10 

4 

-  10 

-  7 

-  10 

-  7 

-  9 

-   2 

-  3 

3 

10 

17 

1 

4 

f) 

-   4 

2 

-   2 

-   3 

-   1 

14 

13 

1 

-   1 

-      3 

-  4 

-  12 

-  2 

1 

11 

-  11 

13 

1 

4 

8 

-   4 

-   1 

3 

-  3 

-   5 

-  11 

-  13 

10 

13 

8 

-   4 

8 

7 

1 

-  20 

-  11 

4 

*  Bulletin  U.S.  Geological  Survey,  No.  14,  p.  20  (1885).  My  present 
apparatus  is  horizontal  in  form,  and  enables  me  to  quench  the  wires  from 
any  degree  of  red  heat  in  water  or  other  liquid  at  any  desirable  tempe- 
rature. 
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With  tho  exception  of  No.  9,  the  variations  are,  as  a  rule, 
well  within  one  j)er  cent,  of  the  electrical  value  of  the  interval 
hard-soft.  Where  the  resistance  is  larger  or  smaller  than  the 
mean  value,  it  is  possible  that  the  parts  were  accidentally 
splashed  by  the  water  immediately  before  quenching,  or 
(luonched  at  a  different  degree  of  red  heat.  But  inasmuch  as 
the  series  of  measurements  for  each  rod  takes  some  time,  and 
as  the  effective  resistances  are  necessarily  small,  I  believe  that 
the  rods  are  even  more  homogeneous  than  Table  I.  indicates  ; 
for  the  errors  introduced  by  variations  of  temperature,  by  the 
difficulty  of  clamping  the  thin,  very  brittle  rods  (soldering 
would  change  the  temper  enormously),  and  by  other  incon- 
veniences of  mani[)ulation,  are  by  no  means  negligible. 
Hence  the  degree  of  homogeneity  found  may  be  considered 
quite  satisfactory. 

In  Table  II.  I  give  the  mass  m,  length  I,  and  density  at 
0°  C,  Ao,  of  some  of  the  rods.  The  latter  datum  is  essential 
for  the  determination  of  the  sections.  I  shall  also  use  it  in 
the  future  in  determining  the  secular  volume-changes  of  these 
wires.  Hods  Nos.  11  to  15  are  too  thin  for  direct  measure- 
ment. Hence  a  mean  value  of  Aq  was  here  assumed.  I  may 
add  that  in  the  soft  state  the  density  of  these  rods  is  about 
Ao=7-80. 

Table  II. — Mass  Constants  of  the  Glass-hard  Steel  Rods, 
June,  1885. 


No. 

m. 

/. 

^■ 

No. 

VI. 

I. 

\- 

9- 

centiin. 

gjcn\^. 

9- 

centim. 

^/cm.3 

1 

•9910 

24-95 

7-710 

11 

•3257 

27-94 

2 

•9544 

24-02 

7-689 

12 

■3322 

28-30 

3 

•9970 

25-25 

7-703 

13 

■3170 

27-20 

4 

1-0483 

26-30 

7-705 

14 

•2888 

24-35 

5 

1-0079 

25-46 

7-703 

15 

•3004 

26  07 

6 

l-0:i43 

25-80 

7-687 

16 

24713 

25-63 

7-676 

7 

1-0089 

25-47 

7-670 

17 

2^4857 

25-70 

7-671 

8 

10074 

25-50 

7-682 

18 

21043 

22^50 

7  544 

9 

l-0r)(i6 

26-68 

7-726 

19 

2-5327 

26  06 

7-685 

10 

1-0293 

25-58 

7-719 

20 

2-3557 

24-40 

7-653 

Table  III.  contains  the  electrical  constants  of  these  rods  ; 
Tt  being  the  observed  resistance  per  centimetre,  at  <°,  a.  the 
temperature  coefficient,  and  Sq  the  corresponding  specific  re- 
sistance at  0°  C.  The  wires  were  quenched  on  June  1st  and 
2nd,  1885,  and  the  measurements  made  at  the  time  given, 
only  a  few  days  after  hardening.      Sections  and  radius  are 
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given  under  q  and  p  respectively.     In  most  cases  q  is  indi- 
vidually determined. 

T^UJLE  III. — Specific  Resistance  of  the  Glass-bard  Steel 
Rods,  measured  June  4th  and  8th,  1885. 

(Effective  length  20  centim.  to  26  centim.) 


No. 

gXlO".   2pxl(fi. 

r'. 

t. 

ax  10'. 

So- 

centim.^  i  centim. 

microhm. 

°C. 

microhm. 

1 

5152 

1 

9260 

27-5 

1-5 

460 

2 

51(58 

92.^)0 

27-8 

1-5 

460 

3 

5126 

8870 

28-3 

1-6 

43-7 

4 

5173 

8810 

270 

1-6 

43-8 

5 

5139 

►  80-6 

8840 

27-2 

1-6 

43-7 

6 

51t')5 

9260 

26-8 

1-5 

46  1 

7 

511)4 

9200 

270 

1-5 

45-8 

8 

5143 

9260 

26-3 

1-5 

46  0 

9 

5174 

8720 

26-3 

1-5 

43-6 

10 

5214 

8950 

251 

1-5 

451 

11 

1520   ^ 

30670 

25-2 

1-5 

45-1 

12 

1520   1 

30320 

25-3 

1-6 

44-4 

13 

1520   J.  44 

30620 

24-8 

1-5 

450 

14 

1520 

30080 

255 

1-6 

44-1 

15 

1520 

30990 

26-8 

1-5 

45'4 

16 

12560   ^ 

3400 

26-4 

1-7 

410 

17 

12610  .  1 

3382 

26-4 

1-7 

410 

18 

12400  1  }■  126-5 

4144 

26-6 

1-5 

49-5 

19 

12650 

3643 

26-7 

1-6 

443 

20 

12620  ; 

3427 

27-2 

1-7 

41-5 

Finally,  Table  IV.  contains  the  electrical  constants  of  these 
rods  made  about  37  months  after  the  first  measurement.  It 
also  contains  the  variations,  Art,  of  the  resistance  per  centi- 
metre, as  well  as  the  variations,  A-<o,  of  the  specific  resistance. 
It  will  be  seen  that  A.<fo  is  negative  throughout,  whereas  the 
effect  of  atmospheric  influence  and  the  unavoidable  abrasion  in 
cleaning  the  surfaces  of  the  wires  before  measurement,  would 
produce  a  positive  error.  The  same  bridge  and  the  same  stan- 
dards of  German  silver  are  used  both  in  the  measurements  of 
Table  III.  and  of  Table  IV.  The  fact  that  the  wires  differ  in 
diameter,  and  therefore  very  largely  in  resistance,  is  a  guaran- 
tee against  the  effect  of  differences  of  sectional  errors  of  the 
bridge-wire.  Again,  although  Asq  is  essentially  the  difference 
of  secular  change  between  the  steel  wire  and  the  German- 
silver  standards,  the  fact  that  two  standards  (I'O  ohm  and 
0*1  ohm  respectively)  were  used,  at  least  partially  eliminates 
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tho  error  due  to  variations  in  the  standards.  Moreover,  the 
electrical  etfects  of  correspondingly  variations  of  temper  (steel) 
and  of  the  drawn  strain  which  the  German  silver  may  possibly 
carry  are  enormously  different.  For  instance,  if  glass-hard 
steel  is  boiled  long  enough  the  change  of  resistance  may  reach 
12  per  cent,  and  more.  The  effect  of  boiling  German  silver 
is  of  the  order  of  some  tenths  per  cent.*  Hence  I  appre- 
hend no  serious  error  in  ascribing  the  whole  of  the  observed 
variation  of  Sq  in  Table  IV.  to  secular  annealing  of  the  glass- 
hard  steel  rods  under  experiment. 

Table  IV. — Specific  Resistance  of  the  Glass-hard  Steel  Rods, 
measured  July  9th,  1888,  and  the  Secular  Variation. 
[q  as  in  Table  III.  ;■  effective  length  about  23  centim.) 


No. 

2pXlO'' 

»•<• 

t. 

Ar,. 

aXlO^ 

So- 

As,,. 

centim. 

microhm. 

°C. 

microhm. 

microhm. 

microhm. 

1 

^ 

8460 

1 

-790 

\ 

41-7 

-  4-2 

2 

8430 

-820 

41-7 

-  4-3 

3 

8010 

-860 

39-3 

-  4-4 

4 

1 

7950 

-850 

39-3 

-  4-4 

6 

1 80-6 

8010 
8460 

.28 

-830 
-800 

M-7 

39-4 
420 

-  4-3 

-  41 

7 

8400 

-800 

41-5 

-  4-3 

8 

8510 

-750 

41-9 

-  41 

9 

7920 

-800 

39-2 

-  4-3 

10 

;' 

8170 

/ 

-780 

. 

40-8 

-  4-3 

11 

^ 

27860 

^ 

-2810 

\ 

40-5 

-  4-6 

12 

1-44 

27710 

1 

-2610 

40-3 

-  4a 

13 

28oro 

U'd 

-2620 

►1-7 

40-7 

-  4-3 

14 

1 

27490 

1 

-2590 

/ 

400 

-  41 

15 

; 

28400 

; 

-2590 

41-3 

-  41 

10 

■^ 

2807 

29 

-  .590 

33-3 

-  7-7 

17 
19 

126-5 

2807 

2830 

-  570 

-  810 

21 

33-4 

33-8 

-  7-5 
-10-5 

20 

J 

2808 

-  620 

- 

33-5 

-  8-0 

Summarizing  the  results  of  Tables  III.  and  IV.,  it  appears 
that  during  the  37  months  between  the  two  series  of  observa- 
tions tho  specific  resistance  of  the  rods  has  fallen  from  4(r5 
to  42*5  in  case  of  the  thin  rods  (diameter  <'08  centim.),  and 
from  43*7  to  35*4  in  the  case  of  the  thicker  rods  (diameter 
*13  centim.).  Hence  the  variations  are  a  decrement  of  specific 
resistance  amounting  to  some  ten  or  even  twenty  per  cent, 
in  the  extreme  cases.  This  may  be  stated  succinctly  as 
follows  : — moan  atmospheric  temperature  acting  on  freshly 

•  Cf.  Bulletin  U.  S.  G.  S.  No.  14,  p.  94. 


On  the  Quantivalence  of  O.vygen.  403 

quenched  steel  lor  a  ])eriod  of  years,  produces  a  diminution 
of  hardness  about  equal  to  that  of  100°  C.  acting  for  a  period 
of  hours.  Similar  results  have  been  suspected  for  magnetic 
measurements  ;  but  such  results  are  very  much  less  easily 
interpretable  than  the  electrical  data  of  Table  IV.  For 
earlier  measurements  *  prove  conclusively  that  the  electrical 
variations  in  question  are  sufficient  evidence  for  the  occur- 
rence of  concomitant  changes  of  hardness,  volume,  carbura- 
tion,  kc.  Finally,  the  above  results  show  that  the  method  of 
tempering  magnets  proposed  by  Dr.  Strouhal  and  myself  t 
warrants  the  steel  against  secular  structural  instability  for  a 
time  certainly  exceeding  three  years. 

Phys.  Lab.  U.  S.  G.  S., 

AVashington,  D.C. 


XLV.  Evidence  of  the  Quantivalence  of  Oxygen  derived  from 
the  Study  of  the  Azo-JVophthol  Compounds.  By  Raphael 
Meldola,  F.R.S.,  F.C.S.,  F.I.C.,  Professor  of  Chemistry 
in  the  City  and  Guilds  of  London  Institute,  Finsbury  Tech- 
nical College  X- 

IT  has  long  been  known  that  by  the  action  of  diazo-salts 
upon  the  naphthols  and  naphthylamines  two  parallel  series 
of  azo-derivatives  are  obtained  which  possess  different  charac- 
ters according  as  they  belong  to  the  a-  or  /S-series.  Thus  the 
azo-derivatives  of  a-naphthol  are  distinctly  phenolic  in  cha- 
racter, dissolving  readily  in  alkaKes  and  being  thrown  out 
again  by  acids  in  accordance  with  the  general  properties  of  all 
the  oxyazo-compounds.  Similarly,  the  azo-derivatives  of  a- 
naphthylamine  have  the  general  characters  of  true  amidoazo- 
compounds  ;  the  NH2-group,  which  they  undoubtedly  contain, 
can  be  readily  diazotized,  and  by  this  means  a  series  of  second- 
ary azo-compounds  can  be  prepared.  When  the  azo-derivatives 
of  the  /3-series  are  compared  with  the  corresponding  a-com- 
pounds  marked  differences  are  found  to  exist.  These  differences 
between  the  two  classes  of  azo-compounds  are  too  distinct  to 
be  attributed  to  the  isomerism  of  position  only — there  are,  in 
addition  to  such  physical  differences  as  those  of  melting-point 
and  crystalline  form,  deeper-seated  chemical  distinctions  which 
have  sutjcrested  a  different  constitution  for  the  two  classes  of 
compounds. 

*  Cf.  this  Magazine,  August, 
t  BuU.  U.  S.  G.  S.,  No.  14,  p.  171,  1885. 

X  Communicated  by  the  Author,  having  been  read  at  the  Bath  Meeting 
of  the  British  Association,  in  connexion  with  the  discussion  on  Valency. 
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With  res|)ect  to  the  azo-derivatives  of  the  /S-series,  with 
wliich  I  propose  to  deal  in  the  present  paper,  the  most  striking 
feiiture  is  the  greater  stabilitv"  and  the  insolubility  in  aqueous 
alkalies  of  the  az()-/3-naphtlu>l  compounds,  a  character  to  which 
attention  was  first  directed  by  Lieberniann  *  as  the  result  of 
an  observation  made  by  PfalV.  So  also  the  corresponding  y8- 
naphthylainino  azo-derivatives  diifer  from  the  «-compounds 
in  many  particulars.  The  latter  are  distinctly  basic  and,  as 
previously  stated,  are  capable  of  being  diazotized,  these 
properties  pointing  to  the  j)resence  of  the  NHg-group  in  the 
compounds  in  question.  The  /Q-derivatives,  on  the  other  hand, 
are  less  basic  ;  they  form  salts  only  with  great  difficulty  f  and 
are  diazotized  with  much  less  facility  than  the  a-compoundslf. 
There  are  other  points  of  difierence  between  the  two  series  to 
which  attention  may  also  be  directed.  Thus  the  a-naphthol 
azo- compounds  are  readily  alkylated  §,  while  the  corresponding 
/3-naphthol  derivatives  can  only  be  imperfectly  alkylated  ||  ; 
the  former  can  also  be  easily  acetylated,  while  the  latter  require 
prolonged  boiling  with  acetic  anhydride  and  anhydrous  sodium 
acetate^. 

The  first  attempts  to  write  the  formulae  of  the  azo-compounds 
of  the  /3-series  on  a  different  type  to  those  of  the  a-series  were 
made  by  Lieberniann**,  the  author  ft,  and  Zinckeand  Binde- 
wald  :|:|.  It  is  proposed  now  to  consider  briefly  these  different 
formulae.  The  insolubility  in  alkalies  of  benzene-azo-/3-naphthol 
led  Liebermann  to  the  conclusion  that  tliis  and  analogous 
compounds  no  longer  contained  hydroxyl,  and  he  suggested  a 
formula  which  may  be  generahzed  as  follows  : — 

[In  this  and  succeeding  formulae  X  may  stand  for  any 
aromatic  radical.  The  position  of  the  azo-group  (or  its 
representative)  is  in  these  compounds  known  to  be  in  the  «- 
ortho-position  with  respect  to  the  other  substituent.] 

•  Ber.  1883,  p.  2858. 

t  Zincke  and  Eathgeu,  Ber.  1886,  p.  2482 ;  Zincke  and  Lawson,  Ber. 
1887,  p.  2S96. 

X  Meldola,  Jouru.  Chem.  Soc,  Trans.  1884,  p.  117;  Nietzki  and  Goll, 
Ber.  1886,  p.  1281 ;  Zincke  and  Lawson,  Ber.  1887,  p.  2896. 
§  Zincke  and  Biudewald,  Ber.  1884,  p.  3026. 
II  Weinberg,  Ber.  1887,  p.  3171. 

%  Meldola  and  East,  Journ.  Chem.  Soc,  Trans.  1888,  p.  460. 
••  Ber.  188;},  p.  2858. 
tt  Journ.  Chem.  Soc,  Trans.  1884,  p.  117. 
U   Ber.  1884,  p.  3026. 
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The  formula  proposed  about  the  same  time  by  the  author 
for  {\\Q  /5-naphthvlamine  azo-derivatives  was  analogous  to 
Liobormann's,  antl  was  based  on  the  assumption  that  the  com- 
pounds in  question  no  longer  contained  the  NH2-group, 
because  it  was  thought  at  the  time  that  they  were  non-basic 
and  coukl  not  be  diazotized.     The  formula  was  written  : — 

The  observations  which  led  Zincke  to  propose  a  modification 
of  the  above  formula  are  as  follows  : — By  the  action  of  plie- 
nvlhydrazine  on  a-na])hthaquinone  a  substance  is  obtained 
which  is  identical  with  that  obtained  by  the  action  of  diazo- 
benzene  salts  on  a-naphthol.  According  to  its  mode  of  for- 
mation this  substance  may  be  either  benzeneazo-a-naphthol 
(I.)  or  a-naphthaquinone-hydrazone  (II.)  *. 

/OH(a)  /O (a) 

I.  II. 

The  last  formula  may,  of  course,  be  written  on  the  ketone 
tvpe  of  the  quiuone  : — 

/o 

XN .  NH .  CfiHs 

Which  is  the  true  formula  of  the  compound  in  question  does 
not  appear  to  be  decided  by  Zincke.  In  his  first  paper  he 
suggests  that  the  hydrazone  is  first  formed  and  that  this 
becomes  transformed  into  the  azo-compouud  by  intramolecular 
change  ;  but  in  his  latest  communication  on  this  subject  t  he 
appears  to  suggest  that  the  substance  may  be  capable  of  existing 
in  both  forms.  With  regard  to  the  hydrazone  of  ^-naphtha- 
quinone,  it  has  been  found  that  this  compound  is  isomeric 
and  not  identical  with  beuzeneazo-/3-naphthol.  Nevertheless 
Zincke  regards  both  compounds  as  hydrazones,  the  isomerism 
being  considered  as  the  result  of  position  only  : — 

/O (a)  /N.NH.CeHs.-.W 

'^N.NH.CeH5...(/3)  '^0 (^) 

Hydrazone.  Azo-compound. 

•  This  ia  the  nomenclature  recently  proposed  by  E.  Fischer,  Ber.  1888, 
p.  984. 
t  Ber.  1888,  p.  2202,  note. 
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Tho  analofry  between  the  /Q-naphthol  and  /3-na{)hthylamine 
azo-derivativos  leads  naturally  to  a  corresponding  Ibrmula  for 
tho  latter  : — 

CioHgC  I  or    CioHeKx 

^NH (/3)  XNH (^) 

Both  this  formula  of  Zincke's  and  that  of  the  author  indi- 
cate a  relationship  of  the  /3-na})hthylamine  azo-derivatives  to 
the  azimido-compounds  of  Grioss,  as  was  first  pointed  out  by 
the  author  in  1884  *.  These  compounds  would  in  fact  be, 
according  to  this  point  of  view,  hydrazimides;  and  in  apparent 
confirmation  of  this  Zincke  f  made  the  important  discovery 
that  these  and  other  orthoamidoazo-compounds  lost  two  atoms 
of  hydrogen  under  the  influence  of  oxidizing  agents  and  gave 
rise  to  colourless  products  resembling  the  azimido-compounds 
in  appearance  and  properties. 

This  account  may  be  taken  as  a  brief  exposition  of  the  views 
which  have  been,  or  are  still  held  with  respect  to  the  consti- 
tution of  these  /3-azo-compounds.  In  accordance  w^ith  the 
suggested  formulae,  these  derivatives  no  longer  contain 
hydroxyl  or  amidogen,  and  this  is  considered  to  account  for 
the  differences  in  character  which  have  already  been  pointed 
out.  According  to  the  old  view,  the  compounds  in  question 
would  be  formulated  in  the  same  manner  as  their  a- ana- 
logues : — 

/N=N.X...(a)  /Nz:N.X...(a) 

Ctt/  '•^  n   xj  ^ 

^OH (/3)  ^NHs    (^) 

Although  responsible  in  common  with  Liebermann  for  one 
of  the  first  attempts  to  replace  these  older  formulai  by  sym- 
bolical expressions  which  appeared  more  in  harmony  with  the 
then  known  properties  of  the  compounds  in  question,  it  must 
be  admitted  that  the  experimental  evidence  acquired  in  more 
recent  times  does  not  bear  out  the  view  that  amidogen  and 
hydroxyl  are  absent.  In  the  first  place  Nietzki  and  GoU  | 
found  that,  by  means  of  the  diazo-reaction,  amidoazo-/3-naph- 
thalene  could  be  converted  into  the  corresponding  ^-naphthol 
compound,  i.  e., 


CnH/  into        CinH«: 


*  Journ.  Cliem.  Soc,  Trans.  1884,  p.  IIG. 
t  Ber.  1885,  pp.  3134  &  3142. 
I  Her.  1886,  p.  1281. 
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In  the  next  place  Zincke  and  Lawson  *  isolated  the  diazo- 
salts  of  bonzeneazo-/3-naphtbylamine,  and  showed  that  these 
were  decomposed  quite  normally  by  water  into  benzeneazo-/3- 
naphthol.  Lastly,  the  author  and  F.  J.  East  f  showed  that 
para-  and  meta-nitrobenzene-azo-yS-naphthylamine  could  bo 
converteil  by  means  of  nitrous  acid  in  the  presence  of  acetic 
acid  into  the  cori'esponding  /3-naplithyl-acetates,  i.  e., 

N2.C6H,.N02(p.orm.) 


into 


""^NH,(/3) 
CioH, 


/N2.C6H4.NO2  (p.orra.) 


Such  facts  as  these  point  distinctly  to  the  presence  of  a 
diazotizable  NH2-group;  nevertheless  the  difhculty  with  which 
these  compounds  are  diazotized  and  the  instability  of  the  diazo- 
salts  as  compared  with  the  a-naphthylamine  diazo-derivatives 
must  be  allowed  due  weight  as  evidence  of  a  ditferent  consti- 
tution, a  conclusion  which  is  borne  out  by  the  formation  of 
oxidation-products  of  the  azimido-type. 

The  evidence  with  respect  to  the  absence  of  hydroxyl  in  the 
;S-naphtholazo-derivatives  has  also  of  late  been  much  weakened, 
if  not  altogether  destroyed,  by  the  results  of  Weinberg,  Ja- 
oobson,  and  others.  If  the  foregoing  evidence  of  the  presence 
of  amidogen  in  the  /3-naphthylamine-azo-derivatives  is  consi- 
dered conclusive,  analogy  leads  to  the  conclusion  that  hydroxyl 
is  present  in  the  /3-naphthol  derivatives.  The  two  groups  of 
compounds  are  perfectly  analogous  and  the  latter  can,  as 
already  stated,  be  obtained  directly  from  the  former  by  the 
replacement  of  NHg  by  HO  by  the  diazo-reaction.  The 
presence  of  a  replaceable  hydrogen  atom  in  benzeneazo-/3- 
naphthol  is  shown  by  the  fact  that  this  compound  can  be 
ethylated  by  sodium  ethylate  and  ethyl  iodide  X  as  well  as  bv 
the  fact  that  the  said  compound  can  be  acetylated§.  The 
mere  fact  of  a  replaceable  hydrogen  atom  being  present  does 
not,  however,  give  a  decision  in  favour  of  either  formula;  the 
ethyl-derivative,  for  example,  might  be  : — 

•  Ber.  1887,  p.  2896. 

t  Journ.  Chem.  Soc,  Trans.  1888,  p.  464. 

X  Weinberg,  Ber.  1887,  p.  3171.  A  quiuitity  of  this  ethyl  derivative 
has  been  placed  at  the  disposal  of  the  author  by  Ur.  Weinberg,  and  its 
products  of  reduction  are  being  investigated  in  the  laboratory  of  the 
Finsbury  Technical  College. 

§  Meldola  and  East,  loc.  cit.  p.  46G. 
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/N.N(C,H,).C6H5(«) 

^0  (/3) 
or 

According  to  Weinberg,  however,  the  product  of  reduction 
of  this  derivative  is  diamidoethoxynaphthylphenyl : — 

CeH,.NH2...(p) 
/NH2...(a) 

From  this  result  it  appears  that  the  ethyl  is  attached  to  the 
oxygen  and  that  the  second  of  the  above  formulas  is  the  correct 
one,  or  at  any  rate  nearer  the  truth  than  the  hydrazone- 
formula.     So  also  the  acetyl  derivative  might  be  written  : — 

OioHed  or  CoHe; 

0(/3)  ^.C,H30...(/3) 

The  products  of  reduction  of  this  compound  have  not  yet 
been  completely  examined  ;  but  if  the  first  formula  were 
correct  acetanilide  might  be  expected  to  be  formed  together 
with  a-amido-/3-naphthol.  As  far  as  the  experiments  have 
hitherto  been  taken  it  certainly  appears  that  no  acetanilide  is 
among  the  products  of  reduction  by  stannous  chloride.  The 
hydrazone  formula,  both  of  the  |3-naphthol  and  /3-naphthyla- 
mine  azo-derivatives,  would  indicate  that  phenylhydrazine 
should  be  obtained  from  these  compounds  by  reduction,  but 
this  has  never  been  observed  *.  Benzeneazo-/3-na})hthol  gives 
under  these  circumstances  a-amido-/3-naphthol  and  aniline, 
while  benzeneazo-/3-naphthylamiue  gives  aniline  and  al3- 
naphthylene-diamine. 

By  heating  benzeneazo-/3-naphthol  with  carbon  disulphide 
to  a  high  temperature,  Jacobson  obtained  f  carbanilamido- 
naphthol  and  phenyl  mustard-oil.  The  hydroxynaphthyl- 
mustard  oil  is  first  formed,  and  this  becomes  transformed  into 
the  isomeric  thiocarbamidonaphthol  : — 


*  Zincke,  Ber,  188-5,  p.  313-4 ;  Lawson,  Inaug.  Diss.  Marburg,  1885, 
p.  11. 
t  Ber.  1888,  p.  414. 
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The  last  compound  then  reacts  with  the  residue,  :N .  CgH^  to 
form  carbanilamidonaphthol  : — 

CioHe.     ^C.SH+:N.CeH5  =  CioH6;    ^C.NH.CeHs  +  S 

This  result  is  considered  by  Jacobson  to  indicate  the  presence 
of  hvdroxyl  in  the  azo-naphthol  compound  ;  but  the  evidence 
is  not  so  satisfactory  as  could  bo  desired,  because  the  reaction 
takes  place  only  at  a  high  temperature  (250°)  in  a  sealed 
tube. 

The  most  recent  experimental  evidence  thus,  on  the  whole, 
appears  to  favour  a  reversion  to  the  old  view  of  the  constitution 
of  the  two  groups  of  compounds ;  but  the  non-phenolic 
character  of  the  azo-naphthol  /3-derivatives  and  the  other 
differences  pointed  out  are  certainly  not  explained  by  the  old 
formula?. 

In  order  to  express  the  constitution  of  the  azo-/3-naphthyl- 
amine  compounds  by  a  formula  which  meets  all  the  require- 
ments of  the  case,  I  have  been  led  to  the  conclusion  that  the 
azo-  and  NH2-groups,  being  in  the  ortho-position,  interact 
with  the  formation  of  a  closed  chain  of  nitrogen  atoms  : — 

— N:=N-X  _-N— N— X 

— NH3  —K 

H        H 

The  formula  of  benzeneazo-jS-naphthylamine  would,  on  this 
view,  be  written  : — 

CioH6(|>.CeH5 
H^      H 

That  this  formula  is  in  harmony  with  the  known  properties  of 
the  substance  will  appear  from  the  following  considerations: — 
The  difficulty  with  which  the  compound  forms  salts  may  be 
explained  by  supposing  that  acids  have  first  to  break  up  the 
nitrogen  ring,  i.  e., 

—N"^  into  N.CeHs 

2/\2  — NH2 .  HCl 

The  same  explanation  may  hold  good  with  respect  to  the 
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difficulty  of  forming  diazo-salts.  When  once  diazotized  this 
and  analogous  orthoamidoazo-compounds  form  tetrazo-salts, 
which  ditf'cr  in  so  many  ways  from  the  corresponding  com- 
pounds of  the  para-  or  «-series  thatZincke  has  suggested  *  the 
closed  chain  fonnula  : — 

N— N  .X'  N  :  N  .  X' 

X"(|       I  instead  of      X"( 

N-N  .CI  N  :  N  .  01 

It  would  be  out  of  place  here  to  discuss  the  evidence  in 
favour  of  this  formula,  and  I  have  only  to  ex[)ress  my  con- 
currence therewith. 

The  relationship  of  orthoamidoazo-compounds  to  the 
azimides  is  shown  at  once  by  the  formula  now  proposed.  The 
oxidizing  agent  simply  removes  the  two  H-atoms  : — 

y\  N 

These  oxidized  products  are  very  stable  and  are  not  acted 
upon  by  reducing-agents,  a  fact  also  expressed  by  the  formula. 
With  reference  to  the  azimides,  theory  indicates  the  existence 
of  two  isomeric  series  derived  from 

X<|>H        and         XV       ^N 

The  first  of  these  formulse  was  proposed  by  Griess  for  his 
azimido-compounds,  and  the  second  by  Kekule  and  Laden- 
burg  for  the  same  compounds.  I  have  already  given  evidence 
to  the  effect  that  the  latter  is  probably  the  correct  formula  f,  a 
conclusion  which  has  since  been  confirmed  by  Nolting  and 
Abt^.  It  follows,  therefore,  that  Ziucke's  oxidized  products 
are  not  true  azimido-compounds,  but  belong  to  the  isomeric 
series.  If  the  said  products  were  constructed  on  Kekule's 
type,  the  orthoamidoazo-compounds  would  have  the  formula: — 

x";  ;nh 

H 

•  Ber.  1886,  p.  1452. 

t  Phil.  Mag.  1887,  vol,  xxiii.  p.  525.  J  Ber.  1887,  p.  2999. 
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This  view  of  their  constitution  is  at  once  nefjativcd  by  tlie 
fact  that  the  azo-derivatives  of  /3-naphthylaniino  all  give  a.^- 
naphthylene-diamine  on  reduction.  This  last  property  is,  it 
is  hariily  necessary  to  say,  expressed  by  the  formula  now 
proposed. 

Granting  the  probability  of  the  latter,  and,  as  has  been  shown, 
there  is  much  to  commend  it  to  consideration,  the  analogy 
between  the  /S-naplithylumine  and  /3-naphthol  derivatives, 
which  has  already  been  indicated,  points  to  a  similar  constitu- 
tion for  the  latter.  I  have  no  hesitation  in  proposing  this 
moditication  of  the  generally  received  formula,  although  it 
will  hardly  find  favour  as  yet  with  many  chemists  because  it 
involves  the  existence  in  these  compounds  of  tetravalent 
oxygen  : — 

CioH6(|)N.CeH5 

H 

There  is  no  doubt,  however,  that  the  time  is  rapidly  ap- 
proaching when,  in  the  opinion  of  the  majority  of  workers, 
we  shall  have  to  give  greater  latitude  to  our  notions  of  valency, 
both  for  elementary  atoms  and  compound  radicals.  Without 
attempting  here  to  discuss  the  general  question,  I  may,  how- 
ever, point  out  that  the  higher  valency  of  oxygen  is  only  in 
accordance  with  what  might  be  expected  when  we  consider 
that  in  the  periodic  system  this  element  is  classed  in  a  family 
of  which  the  higher  members  are  hexavalent*.  In  the  way 
of  direct  evidence  that  oxygen  may  be  tetravalent,  we  have 
Friedel's  compound  formed  by  the  combination  of  hydrogen 
chloride  with  dimethyl  oxide f  : — 

All  the  facts  and  arguments  in  favour  of  the  higher  valency 
of  oxygen  have  been  recently  brought  together  in  two  papers 
published  by  Mr.  J.  F.  Heyesf.  If  this  tetravalent  function 
be  conceded  to  oxygen,  the  properties  of  the  azo-/3-naphthol 
compounds  become  easily  explicable. 

The  first  points  requiring  explanation  from  the  present 
point  of  view  are  the  identity  of  phenylhydrazone-a-naphtha- 
quinono  with  benzeneazo-a-naphthol,  and  the  non-identity 
of  phenylhydrazonc-/3-naphthaquiuone    with     benzeneazo-j8- 

*  See  liOthar  Meyer's  'Modern  Theories,'  Engl.  ed.  p.  342. 
t  Wurtz's  '  Atomic  Theory,'  Int.  Sci.  Ser.  p.  231. 
X  Phil.  Mag.  18«8,  vol.  xxv.  pp.  221  &  297. 
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naplithol.  I  am  disposed  to  believe  that  all  three  substances 
are  true  azo-compounds  and  not  hydra/.oiies,  the  change  in 
constitution  resulting  from  the  transfer  of  the  H-atoin,  as 
suggested  by  Zincko  in  one  of  liis  earliest  papers  on  this 
subject*. 

The  arguments  which  tell  against  the  hydrazone  formula 
have  already  been  stated.  One  other  consideration  here  sug- 
gests itself.  If  the  group  :N.NH.X''  were  j)resent  in  th(; 
/3-azo-compounds,  it  might  certainly  be  expected  that  if  X' 
were  mad(^  strongly  acid  by  the  introduction  of  NO2  or  other 
acid  radicals,  the  NH  would  become  a  salt-forming  group, 
just  as  it  is  in  the  higher  nitro-derivatives  of  diphenylamine, 
or  in  the  acid  diazoaniido-compounds.  But  this  is  not 
the  case  ;  the  uitrobenzeneazo-/3-naplitliols  described  by  the 
author  (Journ.  (Ihem,  Soc,  Trans.  1885,  pp.  G61  &  6GS)  are 
quite  as  insoluble  in  aqueous  alkalies  as  benzeneazo-|3-naphtliol 
itself.  The  evidence  in  favour  of  such  an  intramolecular 
change  as  is  required  in  the  conversion  of  a  hydrazone  into 
an  azo-compound  has  been  accumulating  since  Zincke  first 
put  forward  the  suggestion.  Thus  Bernthsen  found  f  that, 
by  the  action  of  phenylhydrazine  upon  acridyl-aldehyde,  an 
azo-compound  and  not  a  hydrazone  is  formed.  He  suggests 
that  the  hydrazone  undergoes  intramolecular  transformation, 
probably  by  the  formation  of  an  intermediate  compound  in 
accordance  with  the  views  of  Victor  Meyer : — 

GA  .  NiHl -N  :  CH  .  CisHsN^ CeH^ .  N  :  N .  CH2 .  CuHsN  +  H^O. 
jiiOl  H 
It  must  in  future  be  recognized  that  the  grouping 
CeHg .  NH  .  N  :  C  : 

may  become  transformed  into  OoHg .  N  :  N  .  CH  :  The  con- 
verse change  is  now  known,  through  the  researches  of  Japp 
and  Klingemann|,  to  take  place  in  many  reactions  ;  e.  g.  tlie 
formation  of  phenylhydrazonepyruvic  acid  by  the  action  of 
diazobenzene  salts  on  ethylic  sodiomethacetoacetate. 

The  formation  of  the  benzeneazo-naphthols  by  the  action  of 
phenylhydrazine  ujion  the  quinones  is  therefore  a  reaction 
which  has  now  I'ouud  a  parallel.  Benzeueazo-«-naphthol  is  a 
true  oxyazo-compound  and  requires  no  further  consiileration. 
The  existence  of  two  benzeneazo-/S-naphthols  is,  as  shown  by 
Zincke,  due  to  position  isomerism,  only  the  formulae  would 

•  Ber.  1884,  p.  3026.  t  Ber.  1888,  p.  743. 

X  Proc.  Chem.  Soc.  Dec.  15, 1887 ;  Ber.  1887,  pp.  8284  &  3.398 ;  Journ. 
Chem.  Soc,  Trans.  1888,  p.  519.  Also  Victor  Mever,  Ber.  1888,  p.  11  ; 
and  R.  Meyer,  Ber.  1888,  p.  118. 
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be  written,    in  acconlancc  with    tlio    present  suggestion,   as 
follows: — 

N (a)  H 

C,oH«<|>N.C«H5  a- («) 

0 (^)  C,„He<l>N.C6H5 

H  N (/3) 

I.  II. 

I.  Produced  by  the  action  of  diazobenzeno  salts  on  /3-naphthol. 
II.  Produced  by  the  action  of  phenjdhydrazine  on  /3-naplitha- 
quinone. 

The  proposed  formulae  account  for  the  formation  of  a-amido- 
/S-naphthol  and  /3-aniido-a-naphthol  respectively  on  reduction. 
The  insolnhilitij  in  alkali  appears  from  the  fact  that  the  H-atom 
is  not  hydroxylic,  hut  attached  to  an  oxygen  atom  which  forms 
part  of  a  closed  chain.  This  explains  also  why  the  yS-azo- 
com pounds  are  more  stable,  and  are  so  much  less  readily  alky- 
lated or  acetylated  than  the  «-derivatives. 

The  views  which  I  have  here  advanced  may  be  extended 
to  all  aniidoazo-  and  oxyazo-compounds  of  the  ortho-series. 
Thus  the  azo-jS-naphthol  colouring-matters,  the  chrysoidiues, 
(fcc,  may  all  be  formulated  on  the  types 

N  N 

X'<  I  >N .  Y  X''<  I  >N .  Y 

N  0 

or,   in   accordance   with  the   ketonic   quinone  constitutional 
formula, 


i<<      N.Y 

X«   /N.Y 

r'  ^H 

H 

Whether  these  formulse  are  accepted  or  not,  the  present 
discussion  may  serA'e  to  indicate  the  possibility  of  the  existence 
of  tetravalent  oxygen  in  organic  compounds,  a  possibility  for 
which  chemists  have  already  been  prepared  from  the  inorganic 
side  of  their  science.  It  remains  to  submit  these  views  more 
fully  to  the  test  of  experiment,  and  investigations  in  the  direc- 
tion indicated  have  for  some  time  been  in  progress.  I  may 
point  out,  in  conclusion,  that  the  question  is  not  without  prac- 
tical interest  in  addition  to  its  scientific  importance,  since  the 
majority  of  the  azo-dyes  now  so  largely  used  in  the  tinctorial 
industries  belong  to  the  /S-series  of  naphthalene  azo-derivatives. 
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XLVI.   On  the.  Reflexion  and  Refraction  of  Light. 
By  Sir  William  Thomson  *. 

1.  /^  REEN'S  doctrine  f  of  incompressible  elastic  solid  with 
VJ  equal  ricridity,  but  unequal  densities,  on  the  two 
sides  of  an  interface,  to  account  for  the  reflexion  and  refrac- 
tion of  li^ht,  brings  out,  as  is  well  known,  for  vibrations 
perpendicular  to  the  plane  of  incidence  (§12  below),  ex- 
actly Fresnel's  "  sine-law  :  "  and  for  vibrations  in  the  plane 
of  incidence  a  formula  which  agrees  with  FresnePs  tangent- 
law  when  the  refractive  ind(;x  difl'ers  infinitely  little  from 
unity  ; — but  which  differs  notably  (enormously  we  may  say) 
from  it,  and  from  the  results  of  observation,  in  all  practical 
cases  : — in  all  cases,  that  is  to  say,  in  which  the  refractive 
index  differs  sufficiently  from  unity  to  have  become  subject 
of  observation  or  measurement. 

2.  Since  the  first  publication  of  Cauchy's  work  on  the 
subject  in  1830,  and  of  Greenes  in  1837,  many  attempts  have 
been  made  by  many  workers  to  find  a  dynamical  foundation 
for  Fresnel's  laws  of  reflexion  and  refraction  of  light,  but  all 
hitherto  ineffectually.  On  resuming  my  own  efforts  since 
the  recent  meeting  of  the  British  Association  in  Bath.  I  first 
ascertained  that  an  inviscid  fluid  permeating  among  pores  of 
an  incompressible,  but  otherwise  sponge-liko,  solid^  does  not 
diminish,  but  on  the  contrary  augments,  the  deviation  from 
FresneFs  law  of  reflexion  for  vibrations  in  the  plane  of 
incidence.  Having  thus,  after  a  great  variety  of  previous 
eftbrts  which  had  been  commenced  in  connexion  with  pre- 
parations for  my  Baltimore  Lectures  of  this  time  four  years 
ago,  seemingly  exhausted  possibilities  in  respect  to  incom- 
pressible elastic  solid,  without  losing  faith  either  in  light  or  in 
dynamics,  and  knowing  that  the  condensational-rarefactional 
wave  disqualifies!  any  elastic  solid  of  positive  comj)ressibility, 
I  saw  that  nothing  was  left  but  a  solid  of  such  negative  com- 
pressibility  as  should  make  the  velocity  of  the  condensational- 
rarefactional  wave  zero.  So  I  tried  it  and  immediately  found 
that  it,  with  other  suppositions  unaltered  from  Greenes,  exactly 
fulfils  Fresnel's  "  tangent-law  "  for  vibrations  in  the  plane  of 
incidence,  and  his  "  sine- law  "  for  vibrations  perpendicular  to 
the  plane  of  incidence.  I  then  noticed  that  homogeneous 
air-less  foam  held  from  collapse  by  adhesion  to  a  containing 

*  Communicated  by  the  Author. 

t  Camb.  Phil.  Soc.  Dec.  1837.  Green's  Collected  Papers,  pp.  24G,  268, 
267,  268. 

J  Green's  Collected  Papers,  p.  246. 
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vessel,  ^vhioh  may  be  infinitely  distant  all  round,  exactly 
fulfils  the  condition  of  zero  velocity  for  the  condensational- 
rarefactional  wave;  while  it  has  a  definite  rigidity  and 
elasticity  of  form,  and  a  definite  velocity  of  distortional  wave, 
which  can  easily  be  calculated  with  a  fair  approximation  to 
absolute  accuracy. 

3.  Green,  in  his  original  paper  "  On  the  Reflexion  and  Re- 
fraction of  Light,"  had  pointed  out  that  the  condensational- 
rarefactional  wave  might  be  got  quit  of  in  two  ways,  (1)  by 
its  velocity  being  infinitely  small,  (2)  by  its  velocity  being 
infinitely  great.  But  he  curtly  dismissed  the  former  and 
adopted  the  latter,  in  the  following  statement : — "  And  it  is 
not  difficult  to  prove  that  the  equilibrium  of  our  medium 
would  be  unstable  unless  A/B>4  o.  We  are  therefore  com- 
pelled to  adopt  the  latter  value  of  A/B*,"  (oo  )  "■  and  thus  to 
admit  that  in  the  luminiferous  ether,  the  velocity  of  trans- 
mission of  waves  propagated  by  normal  vibrations,  is  very 
great  compared  with  that  of  ordinary  light."  Thus  originated 
the  "jelly  "  theory  of  ether,  which  has  held  the  field  for  fifty 
years  against  all  dynamical  assailants,  and  yet  has  failed  to 
make  good  its  own  foundation. 

4.  But  let  us  scrutinize  Green's  remark  about  instability. 
Every  possible  infi.nitesimal  motion  of  the  medium  is,  in  the 
elementary  dynamics  of  the  subject,  proved  to  be  resolvable 
into  coexistent  condensational-rarefactional  wave-motions. 
Surely,  then,  if  there  is  a  real  finite  propagational  velocity  for 
each  of  the  two  kinds  of  wave-motion,  the  equilibrium  must 
be  stable !  And  so  I  find  Green's  own  formula  f  proves  it  to 
be  provided  we  either  suppose  the  medium  to  extend  all  through 
boundless  space,  or  give  it  a  jixed  containing  vessel  as  its 
boundary.  If,  left  to  itself  in  space,  there  be  a  bubble  of  air 
contained  in  the  ordinary  film,  in  which  we  suppose  the 
tension  to  be  constant  however  much  it  may  expand  or 
shrink,  it  will  come  to  stable  equilibrium  in  the  form  of  a 
globe  of  such  size  that  the  pressure  inwards  on  the  air  due  to 
the  tension  of  the  film  is  equal  to  the  air-pressure  outwards. 
But  if  instead  of  being  constant,  the  tension  of  the  film  varies 
as  <'"*  {t  denoting  its  thickness)  the  equilibrium  will  be  stable| 
or  unstable  according  as  k  is  positive  or  negative.     A  finite 

•  A  and  B  are  the  velocities  of  the  condensational  and  distortional 
waves  respectively ;  suppose  for  a  moment  the  density  of  the  medium 
imity. 

t  Collected  Papers,  p.  253;  formida  (C). 

X  Provided  instability  of  the  film  itself  (by  thicker  parts  having  greater 
contractile  force  than  thinner  parts)  is  artificially  guarded  against  by 
keeping  it  arbitrarily  of  uniform  thickness. 
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portion  of  Green's  homogeneous  medium  left  to  itself  in  space 
Avill  have  the  same  kind  of  stal)ility  or  instability  according 
as  A/13  >  4/3,  or  A/13  <  4/3.  In  fact  A-;^B,'in  Green's 
notation,  is  what  I  liavo  called  tlie  "bulk-modulus"  of 
elasticity*,  and  denoted  by  k  (being  infinitesimal  change  of 
pressure  divided  by  infinitesimal  chang(^  from  unit  volume 
produced  by  it  :  or  the  reciprocal  of  what  is  commonly  called 
"  the  compressibility").  B  is  what  I  have  called  the 
'' rigidity,"  as  an  abbreviation  for  "  rigidity-modulus,"  and 
which  wo  may  regard  as  essentially  positive.  Thus  Green's 
limit  A/B>4/3  simply  means  positive  compressibility,  or 
positive  bulk-modulus  :  and  the  kind  of  instability  that  de- 
terred him  from  admitting  any  supposition  of  A/B<4/3  is 
the  spontaneous  shrinkage  of  a  finite  portion  if  left  to  itself 
in  a  volume  infinitesimally  less,  or  spontaneous  expansion  if 
left  to  itself  in  a  volume  infinitesimally  greater,  than  the 
volume  for  equilibrium.  This  instability  is,  in  virtue  of  the 
rigidity  of  the  medium,  converted  into  stability  by  attaching 
the  bounding  surface  of  the  medium  to  a  rigid  containinii 
vessel.  How  much  smaller  than  4/3  may  A/B  be  we  now 
proceed  to  investigate,  and  we  shall  find,  as  we  have  anti- 
cipated, that  for  stability  it  is  only  necessary  that  A  be 
positive. 

5.  Taking  Green's  formula  (C),  but  to  make  the  energy 
])rinciple  which  it  expresses  clearer  (he  had  not  even  the 
words  "  energy/'  or  "  work"  !),  let  W  denote  the  quantity  of 
work  required  per  unit  volume  of  the  substance,  to  bring  it 
from  its  unstressed  equilibrium  to  a  condition  of  equilibrium 
in  which  the  matter  which  was  at  {.v,  y,  s)  is  at  (:c  +  7i,  y  +  i', 
z-\-w),  n,  V,  IV  being  functions  of  x,  y,  z  such  that  each  of  the 
nine  differential  coefficients  dujdx,  dujcly,  .  .  .  dvjdx,  .  .  .  &c. 
is  an  infinitely  small  numeric,  we  have 

dv  dw       dw  du      dn  drX") 


-4b(^ 


dy  dz        dz  dx      dx  dy)  J 

This,  except  difference  of  notation,  is  the  same  as  the  formula 

*  '  PZncyclopedia   Britanuica,'   Article   "  Elasticity," :    reproduced    iu 
Vol.  III.  of  uiy  Collected  Papers,  soon  to  be  published. 


Beftexion  and  Refraction  of  Light.  417 

for  onero;v  f^iven  in  Thomson  and  Tait's  '  Natural  Philosophy/ 
§  ()i»3  (7). 

6.  To  find  the  total  work  required  to  alter  the  given  portion 
of  solid  from  unstrained  etpiilihrium  to  the  strained  condition 
(?<,  r,  ?r)  we  must  take  ^\\da'dydz^\  throughout  the  rigid 
containing  vessel.  Taknig  tirst  the  last  line  of  (1)  ;  integra- 
ting the  three  terms  each  twice  successively  by  parts  in  the 
well-known  manner,  subject  to  the  condition  u=0,  v  =  0, 
xc  =  0  at  the  boundary;  we  transform  the  factor  within  the  last 
vinculum  to 

rrr  J     i     i    /dvdio      dwdu      dii  dv\ 

Adding  this  with  its  factor  — 4B  to  the  other  terms  of  (1) 
under  j  \  J  dx  dy  dz,  vre  find  finally 

1X7       1  i""!"!' 7     7     7     r  A  /dn      dv       div\'^ 

^r(dio      dvV      (du      dw\^      (dv       dn\^~\\ 

This  shows  that  positive  work  is  needed  to  bring  the  solid  to 
the  condition  (w,  r,  lo)  from  its  unstrained  equilibrium  and 
therefore  its  unstrained  equilibrium  is  stable,  if  A  and  B  are 
both  positive,  however  small  be  either  of  them. 

7.  If  A  =  0,  as  we  are  going  to  suppose  it  for  our  optical 
problem,  no  work  is  required  to  give  the  medium  any  infi- 
nitely small  irrotational  displacement ;  and  thus  we  see  the 
explanation  of  the  zero-velocity  of  the  condensational  and 
rarefactional  wave  which  Green  notices  as  corresponding  to 
the  case  of  A  =  0.  But  for  present  convenience,  and  until  the 
Aberration  of  Light,  or,  generally,  the  motion  of  ponderable 
bodies  through  ether  and  related  questions  of  electrostatics, 
electric  currents,  and  magnetism,  come  to  be  considered  in 
connexion  with  conceivable  qualities  of  the  luminiferous  ether, 
we  shall  suppose  forces  proportional  to  cubes  of  strains  to  act 
in  such  a  manner  as  to  render  stable  the  equilibrium  which  is 
neutral  or  "labile^''*  with  no  other  forces  acting  than  those 
taken  into  account  in  (1)  and  (2)  above.     Accordingly,  as  a 

*  This  word,  very  well  chosen  as  it  seems  to  me,  has  I  believe  been,  by 
some  French  writers,  employed  to  signify  such  equilibrium  as  that  of  a 
rigid  body  on  a  perfectly  smooth  horizontal  plane,  or  of  water  in  a  rigid 
closed  vessel  entirely  filled  by  it. 
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second  approximation,  correcting  (1)  and  (2)  in  which  only 
forces  in  sini))le  proportion  to  strains  are  taken  into  account, 
we  may  now  have,  for  the  case  of  A  =  0, 


of  the  fourth  degree  of  ,  ,    ,  , 
^  ax   dy 


where  I4  denotes  an  essentially  positive  homogeneous  function 

du    du  dv         die    dw  .    , 

relatively  to  (x,  y,  z). 

8.  The  equations  of  motion  of  the  general  elastic  solid, 
taken  direct  from  the  equations  of  equilibrium*,  are,  in  terms 
of  our  previous  notation  adopted  from  Green,  and  with  ^  to 
denote  density. 


dhi  _d?      d^  d1 

dt^  ~  dx         dy  dz ' 

dS  _d}l  ^dQ,  cm 

dt^       dx        dy  dz 

dho_  d^       d^  dR 

dt^       dx       dy  dz ' 


(4), 


where  ii,  v,  w  denote  (as  above  from  Green)  displacements, 
not  velocities  ;  P,  Q,  E,  normal  components  of  pull  (per  unit 
area)  on  interfaces  respectively  perpendicular  to  x,y,  z  ',  and 
S,  T,  U  respectively  the  tangential  components  of  pull  as 
follows : — 


o  f  =  pull  parallel  to  y  on  face  perpendicuk 

t    ^^  J?  55  2  JJ  ;j  5> 


ar  to  z,-^ 


)) 

5J 

Z 

■)•) 

5> 

V 

X 

iy 

J> 

J) 

X 

It 

5J 

J5 

y 

jj 

'  >  '  (5). 


y, 

X. 


9.  For  an  isotropic  solid,  using  Green's  notation  A,  B  as 
above  (§  3),  we  havef 


*  Thomson  aud  Tait,  '  Natural  riailosophv,'  §  697. 

t  Thomson  and  Tait, '  Natural  Philosophy,'  §  693  and  §  670  (6). 
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where 

5=^^+^  +  ^ (8). 

ax      ay      dz 

Using  these  in  (4 )  we  find,  as  the  equations  of  motion, 

^d?lO  ,.  -ns  do  Tk^^o  ,n\ 

^W^^^'^^d'z'^^^'^     •     ^^^' 
where 

^_  dii      dv      dw  nf\\ 

dx      dy     dz v     ;> 

and 

d^         d^         d? 

v'=<^  +  |^  +  e    ■   •   •   ■   (ID- 

10.  From  (9)  we  find,  by  taking  d\dx  of  the  first,  dldy  of 
the  second,  and  dldz  of  the  third,  and  adding, 

?|-f=AV^S (12). 

Put  now 

u'  =  M-:^V-'S;     t;'  =  t;-^V-'5;    w' =  w- ^^f-^l   (13); 
ax  ay  dz 

which  implies 

du'      d^  ,^^  _n  /lix 

dx       dy         dz  .     .     .     .     ^     \     j. 

and  we  find,  by  (0), 

d^u'  dhi'  fihr/ 

;^=BVV;     ?!i^  =  BVV;     ?^  =  BVW    .    (15). 

Equations  (12),  (14),  and  (15)  prove  the  footnote  to  §  3  : 
and  they  prove,  further,  that  any  infinitesimal  disturbance 
whatever  is  composed  of  specimens  of  the  condensational- 
rarefactional  wave,  and  specimens  of  the  distortional  wave, 
coexisting  :  and,  lastly,  they  prove  that  the  displacement  in 
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the  condensational-rarefactional  wave  is  irrotational,  because 
we  see  by  (13)  that  an  absolutely  general  expression  for  its 
components,  u—u',  v  —  v',  xo—ic',  if  denoted  by  ?/',  v",  xo",  is 

ii"=-7-,        V"=-.,        W"=-T-    .        .        .      (16), 

dx '  dy  az 

where  "^  is  any  function  such  that 

V'^  =  S (17). 

Hence,  as  S  satisfies  (12),  we  have 

^'i^=AV^^ (18); 

and  wo  see,  finally,  that  the  most  general  solution  of  the  equa- 
tions of  infinitesimal  motion  is  given  by 

u  =  u'  +  u",     v  =  v'  +  v",     iu  =  io'  +  io",    .     .     (19): 

provided  u',  r' ,  w'  satisfy  (14)  and  (15)  ;  and  u",  v" ,  to" 
satisfy  (16)  and  (18). 

11.  Let  us  now  work  out  the  general  problem  of  reflexion 
and  refraction  between  two  portions  of  homogeneous  elastic 
solid  sliplessly  attached  to  one  another  at  a  plane  inter- 
face, and  having  different  densities,  ^,  ^^  ;  different  rigidities, 
B,  B/  ;  and  different  values,  A,  A^,  for  the  condensational- 
rarefactional  wave  modulus.  Thus,  if  a,  /8 ;  a^,  ^^  denote 
the  velocities  of  the  condensational-rarefactional,  and  of 
the  distortional,  waves  respectively  in  the  two  mediums,  we 
have 

a=v^(A/r),     «,=  x/(A,/C)  1  ^20) 

/3=V(B/0,    ^,=  v/(B,/C)/  •     '     •     ^    '' 

To  avoid  circumlocutions  we  shall  suppose  the  interface  hori- 
zontal, and  call  the  tAvo  mediums,  or  solids,  the  upper  and  the 
low^er  respectively.  Take  OX  vertically  upwards  ;  and  OY 
horizontal  to  the  right :  and  let  the  incident  ray  come  from 
the  left  obliquely  downwards,  in  the  plane  YOX  ;  so  that,  if 
i  denote  the  angle  of  incidence,  the  equation  of  the  wave-front 
of  the  incident  ray  is 

X  cos  i-\-y  sin  i=  const. 

12.  Consider  first  the  case  of  vibrations  perpendicular  to 
the  plane  of  incidence.  The  medium  being  isotropic,  no  con- 
densational waves  can  be  generated  at  the  interface.  There 
is  therefore  just  one  reflected  and  one  refracted  ray;  all 
vibrations  are  perpendicular  to  the  plane  of  incidence  ;  and 
all  three  waves  are  purely  distortional.     It  is  clear  also  that 
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ihe  phases  of  all  the  three  waves  must  agree  at  tho  interface. 
Thus  if,  to  express  the  disturbance  in  the  lower  medium,  we 
take 

tr=  sin  (w/4- ?^.c  +  J/i/y),  (.f  negative)    .     .     .      (21), 
where 

Ij=  cosiiw/i^,,     mj=  sin  i,  co,)^!        .     .     (22), 

i,  denoting  the  anole  of  refraction  ;  we  must  have,  for  the 
disturbance  in  the  upper  medium, 

w=f  sin  {cot  +  I. V  +  mi/)  +  g  sin  {cot  —  I.c  +  mi/) ,  (.r  pos.)     (23), 

where 

1=  cos  i  CO  'i3j     m=  sin  I  CO //3     ....     (24). 

The  agreement  of  phases  all  along  the  interface,  that  is  for  all 
values  of  y,  requires 

111=- m^  ; 

and  therefore,  by  (22)  and  (24), 

sini//3=  sin////3/ (25), 

which  proves  the  "  law  of  refraction."  It,  with  (22)  and  (24), 
gives 

l  =  mcoii',     l,=  m  cot i,     ....      (26). 

The  other  interfacial  conditions  are  simply  lo  continuous;  and 
[§  ^>  (^)]  '1\  continuous  ;  which  give 

f+g  =  l;    and  Bl(/-g)  =  B/,      .     .     .     (27); 
whence 

iBZ  +  B/,  Bl-B,l,  . 

g  _  Bl-B,l, 

fBl  +  B/,       ^^'^)' 

In  the  case  of  equal  rigidities,  or  B  =  B^,  this  becomes 

g  __  I  — I,  _  cot/  — cot  <^  _  _  sin(/  — {^)  .„ 

/      l  +  l,      coti  +  cot?^~       sin(/  +  /J      *     ^     '' 

which  is  Fresnel's  "  sine-law." 

13.  In  the  more  difficult  case  of  vibrations  in  the  plane  of 
incidence,  we  have  two  displacement-components,  u,  r,  to 
consider,  instead  of  only  the  one,  ic  ;  and  two  surface-pull 
components,  P  and  U,  instead  of  the  one,  T  :  and  our  inter- 
facial conditions  now  are  u,  r,  P,  U  all  continuous. 

We  have  now  condensational-rarefactional  waves,  besides 
distortional  waves,  to  deal  with:  and  it  is  therefore  convenient 
to  divide    the    solution  according  to   (19)  ;   and,  as  a  two- 


(33). 
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climensional  solniion  of  (14),  to  take 

u'='l±,     v'=-p- (31). 

(///  ax 

Tims  we  have 

„=5^+''+;     „=_#  +  ^    .     .     .     (32); 
dy      ax  ax      ay 

which,  by  (6)  and  (7),  give 

We  may  now,  to  represent  the  two  refracted  waves,  assume, 
in  the  lower  medium, 

<^  =  &m{ait  +  l^x-\-my)  ',    y^  =  G,?im{wt  +  \^x  +  my)  .     (34); 

and  to  represent  the  incident  wave,  supposed  distortional,  and 
the  two  reflected  waves,  in  the  upper  medium 

<^  =  F  sin(G»^  +  ?.2r  +  my) +Gsin  [wt  —  lx  +  my)  ; 

■»|r  =  C  sin(ft)f— X,.3r  +  my)      .      (35), 

where  /,  l„  and  ???,  still  given  by  (22)  and  (24),  verify  (15), 
which  give 

^a)2  =  B(/2  +  m2);     and  ?y  =  B,(//  +  m2)      .     (36); 

and  similarly,  X.,  \,  according  to  (18),  are  given  by 

^«2  =  A(\"^  +  m2);     ?y  =  A,(\/  +  m'')       .     .     (37). 

Also,  if  by  j  and  j,  we  denote  the  angles  of  reflexion  and 
refraction  of  the  condensational-rarefactional  waves,  we  have, 
similarly  to  (25),  (26), 

siv\j /a  =  smjilai  =  s\ni /l3;  X  =  7ncotj  ;  \i=mcotj^  .   (38). 

14.  The  continuity  of  u,  v,  P,  U,  on  the  two  sides  of  the 
interface,  gives,  by  (32),  (33),  (34),  (35); 

m(F  +  G)-\C=     m  +  XyC; (39); 

-^(F-G)+mC=-/,  +  mC; (40); 

-B/m(F-G)  +  [Bm'--iA(X.2  +  m2)]C 

=  -B,l,m+[B,m'-^A,{\'  +  m')]C,   .  (41); 

B{  (Z^-m2)(F  +  G)  +  2\mC}  =  BXZ/-7/i2_2\mC^)  (42). 


(45); 
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Eliminating  (F  +  G)  from  (39)  and  (42) ;  and  (F-G)  from 
(40),  (41)  wo  find  two  equations  for  C  and  C, ;  and  then  (39), 
(40)  give  (F  +  G),  (F  — G)  ;  and  thus  wo  find  our  four  un- 
known quantities.  The  resultino;  formulas  are  greatly  sim- 
plified by  the  assumption  of  equal  rigidities  (B  =  13^)  adopted 
by  Green  on  account  of  its  simplicity,  and  proved  by  Lorontz 
and  Rayloigh  to  be  necessary,  in  the  incompressible-solid 
theorv,  to  get  any  approach  to  agreement  with  observation. 
It  seems  equally,  or  almost  equally,  necessary  in  the  other 
extreme  form  of  the  elastic  solid  theory  which  I  am  now  sug- 
gesting ;  but  at  all  events  I  adopt  it  for  the  present  on  account 
of  its  simplicity.  It  gives,  by  the  elimination  of  (F  — G)  from 
(40)  and  (41), 

A(\2  +  »r)C  =  A^(V  +  "i')C;  ....  (43), 
or,  by  (37), 

?C  =  ?A (44): 

whence,  by  elimination  of  (F  +  G)  from  (39)  and  (42),  and  by 
(37), 

xc+xA  ^  Ir+JL  =  ^-^ 

whence 

This,  used  in  (40),  and  (45)  in  (39),  give 

F  +  G=| (^48). 

These  (46),  (47),  (48),  with  (34),(35),  and  (32),  express  the 
complete  solution  of  our  problem. 

15.  To  interpret  it  remark  that  (32)  represent  the  compo- 
nents of  three  distinct  waves  in  the  upper  medium,  and  two  in 
the  lower,  of  which  the  directions  of  propagation  make  angles 
with  the  normal  to  the  interface  equal  respectively  to  i,j,  ipji', 
[(i>  'pJi  heing  given  in  terms  of  i  by  (25)  and  (38)]  ;  and 
of  which  the  amplitudes  are  as  follows  : — 

incident  wave  (distortional) w .  F//3  \ 

distortional  reflected  wave lo.  G//3  I 

condensational-rarefactional  reflected  wave    .  w.C/a  W49). 

distortional  refracted  wave co  .  l//3^ 

condensational-rarefactional  refracted  wave  .  co.CJaj 
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16.  To  verify  that  the  sum  of  the  activities  (rates  of  doing 
work  per  unit  of  time)  of  the  four  reflf^cted  and  refracted 
waves  is  equal  to  the  activity  of  the  incident  wave,  consider 
pencils  of  them,  all  cuttin<2;  the  interface  in  a  square  with  its 
sides  respectively  pcu'pendicuhir  and  {)arallcl  to  the  plane  of 
incidence.  The  activity  of  each  of  these  pencils  is  equal  to 
twice  the  kinetic  energy  in  a  length  of  it  ecjual  to  its  wave- 
length,, divided  by  the  common  period  ;  or,  which  is  the  same, 
twice  its  kinetic  energy  per  unit  volume,  multi[)lied  by  its 
sectional  area,  multi])lied  by  its  pro])agational  velocity.  Now 
twice  th(i  kinetic  energy  per  unit  volume  of  a  wave  of  either 
species  in  an  elastic  solid  is  equal  to  the  density  of  the  solid, 
multiplied  by  half  the  square  of  the  maximum  molar  velocity; 
and  the  sectional  areas  of  our  five  pencils  are  respectively 
cos  i,  cos  J,  cos  ?y,  cosj\.  Thus  the  activity  of  the  incident 
pencil,  for  example,  is 

^^ft>^(F//3)2  cosy/3 (50); 

or,  by  (24), 

ico'^FU (51); 

and  is  similarly  found  for  the  others.  Hence  the  activities  of 
the  five  pencils,  each  divided  by  ^o)^,  are  respectively 

^FU     ...  incident  (distortional) (52); 

^GP I    .  .  .  distortional  reflected (53) ; 

III  I        ...  distortional  refracted (54); 

^(y-A,    .  .  .  condensational-rarefactional  reflected  (55); 

^^C/Xy.  .  .  condensational-rarefactional  refracted  (56). 

17.  The  first  of  these  must  be  equal  to  the  sum  of  the  other 
four,  and  thus,  subtracting  from  each  side  the  second,  we  find, 
as  a  form  of  the  equation  of  energies, 

^UF  +  G)(F-G)  =  ^/,  +  rC^X  +  ^/7\    .     .     (57), 

which  is  verified  by  (47),  (48),  and  (46).  In  verifying  it  we 
find,  from  (46), 

;c»x+;,c/x,=„r^'^5-g  ....    (58) 

which  is  an  important  expression  for  the  sum  of  the  energies 
carried  away  per  unit  of  time  l)y  the  reflected  and  refracted 
condensational-rarefactional  waves.  In  using  these  results, 
(52) . . .  (58),  it  is  convenient  to  remark  that,  by  (24),  (22), 
(38),  we  have 


^ 


cost;     m=-sinf;     /^=  ^  (^1  —  ^  sni^  i  i        .      (o9) ; 
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.=  ^(i-«%i,.;y;   x,=  „^/i-^^si„^f  .    .    (00); 

and 

cr;=/3r//3^ 0^1). 

18.  When  a  ami  a,  are  small  in  comparison  with   /3,  we 
have,  approximately, 

and  (58),  and  (52)  with  (47)  (48),  become  approximately 

and 

1        Y/S        .       /3-         .V  ^«  /PON 

4  seci(^^cos?,+ ^coszj    -g-  .     .     (63); 

which  show  that  the  energy  carried  away  by  the  reflected  and 
refracted  condensational-rarefactional  waves  (62)  is  very  small 
in  comparison  with  the  activity  (63)  of  the  incident  distor- 
tional  wave,  whatever  the  angle  of  incidence.  It  is  to  be 
remarked  that  the  wave-lencrth  of  the  condensational-rarefac- 
tional  wave,  in  the  upper  medium  for  example,  is  a//3  of  the 
wave-length  of  the  distortional  wave,  while,  as  we  see  by 
(61),  (46),  (47),  (48),  their  amplitudes  of  vibration  are 
comparable.  Hence  if  we  suppose  a//3  infinitely  small,  we 
nmst  suppose  the  ratio  of  the  vibrational  amplitude  of  the 
incident  wave  to  its  wave-length  to  be  infinitely  small  in 
comparison  with  a /3,  in  order  that  our  formulas  may  still 
hold,  or,  which  is  the  same,  in  order  that  the  condensations 
and  rarefactions  may  be  infinitely  small. 

19.  Without  further  preface,  let  A  =  0 ;  which  makes  a  =  0; 
and  \=co ,  and  gives,  by  (47)  and  (48), 


-^'  +  ^ 

sin^  i       cot  ly 

G 

sin- ^,       cot» 
sin-/       cot  if 
sin-  if       cot  i 

tan  {i—i,) 
~  tiin{i  +  if) 

(64), 


which  is  Fresnel's  "  tangent-formula." 
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XLVII.    Van't    HofF's    ITypotliesis   and   the    Constitution  of 
Benzene.     Bi/  J.E.  Marsh,  B.A.^ 

ri^HE  hypothesis  of  Van't  HoflP  is  based  on  the  fundamental 
-L  principle  that  the  four  valencies  of  the  carbon  atom  are 
directed  from  the  centre  of  a  rcigular  tetrahedron  towards  the 
angles.  Without  enterino-  into  any  detailed  explanation,  I 
may  be  allowed  briefly  to  notice  that  from  this  fundamental 
principle  follows  the  isomerism  of  bodies  containing  a  carbon 
atom  combined  with  four  different  groups  (called  an  asym- 
metric carbon  atom),  and  this  isomerism  is  found  actually  to 
exist,  and  is  characterized  by  possession  by  the  two  isomeric 
compounds  of  enantiomor[)hous  crystalline  form  and  opposite 
rotatory  ])ower.  The  two  compounds  are  in  fact  represented 
by  formula)  in  s])ace  related  to  one  another  as  the  object  to 
its  image,  the  object  being  different  from  and  not  superposable 
on  its  image,  though  the  dimensions  of  both  are  the  same^ 

Further,  there  follows  from  the  fundamental  principle  that 
there  is  an  isomerism  of  a  different  nature  from  the  preced- 
inof  amono-  bodies  which  contain  more  than  one- asymmetric 
carbon  atom,  an  isomerism  not  characterized  by  rotatory 
power,  an  example  of  which  is  found  in  the  case  of  racemic 
and  inactive  mesotartaric  acids. 

Again,  there  follows  an  isomerism  in  the  case  of  two 
doubly  linked  carbon  atoms,  each  combined  with  two  different 
groups,  an  isomerism  called  "  geometrical  isomerism,"  and 
"  alloisomerism,''  of  which  a  familiar  example  is  to  be  found 
in  the  case  of  maleic  and  fumaric  acids  ;  and  all  the  above 
classes  of  isomerism,  well  established  by  numerous  examples, 
are  inexplicable  by  the  old  structural  formulae  as  expressed 
on  a  plane. 

[        [ 
H2C      CHC3H7 

\  / 

NH 

Fig.  1  (Conine). 

There  is  further  another  class  of  isomerisms,  not  of  par- 
ticularly recent  ol)servation,  but  one  which  I  wish  to  deal 
with  in  more  detail,  as  it  appears  to  entail  a  slight  modifica- 
tion or  rather  extension  of  the  original  conception  of  the 
theory. 

*  Communicated  by  the  Author,  having  been  read  before  the  British 
Association  Meetinir  at  Bath,  1888. 
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I  refer  to  the  case  where  the  asymmetric  carbon  atom  forms 
one  of  a  closed  chain  or  rin*j;  of  atoms.  As  examples  may  be 
mentioned,  conine,  a.  piixjcoline,  a  ethyl  piperidine,  camphor, 
and  the  terjH^ue^;. 

Dealing-  with  the  whole  class  preferably  by  an  example,  let 
us  consider  the  case  of  conine  (fig.  1). 

Now,  if  we  replace  the  carbon  atom  to  which  the  propyl 
group  is  attached  by  its  image,  effected  by  exchange  of  place  of 
two  of  the  groups  attached  to  it,  we  obtain  a  formula  related 
to  the  original  formula  also  as  the  image  to  its  object,  and 
not  superposable  on  it.  Conine  is  of  course  active,  and  yet 
this  carbon  atom  is  not  attached  to  four  different  groups,  for 
it  is  attached  by  two  bonds  to  the  same  group,  namely  to 
the  whole  group  of  atoms  in  the  molecule.  Hence  we  are  led 
to  this  extension  of  the  original  conception,  namely,  that  the 
asymmetric  carbon  atom  is  not  only  one  to  which  four 
different  groups  are  attached,  but  more  generally  one  which 
when  replaced  by  its  image  in  the  formula  of  a  compound 
gives  rise  to  the  formula  of  a  different  compound.  The  latter 
in  fact  includes  the  former  as  a  particular  case. 

There  is,  I  think,  a  further  extension  of  the  conception  of 
the  asymmetric  carbon  atom  necessary,  an  extension  by  which 
is  excluded  in  certain  cases  the  possibility  of  the  existence  of 
active  bodies  in  spite  of  the  presence  of  asymmetric  carbon. 
Dealing  with  this  case  also  preferably  by  an  example,  let  us 
consider  the  case  of  the  compound  hexahydroterephthalic 
acid  (v.  Baeyer,  Aan.  ccxlv.  p.  128).  This  compound  presents 
a  peculiar  case  of  geometrical  isomerism  (figs.  2  and  3) 
analogous  to  fumaric  and  maleic  acids. 

H       COOH  H       COOH 

C  0 

II  II' 

CH2    CHo  CH2   CH2 

\    /  \  / 

c  c 

Fig.  2.  Fig.  3. 

The  two  carbon  atoms  to  which  the  carboxyl  groups  are 
attached  are  in  fact  doubly  linked,  not  directly  as  in  the 
case  of  maleic  and  fumaric  acids,  but  indirectly  through  the 
intervention  of  other  groups. 
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Now  von  Baeyer  has  pointed  out  that  the  carbon  atoms  in 
question  are  asymmetric  ;  and  it  will  be  clear  that  if  one  of 
them,  in  fi^.  2  for  example,  is  replaced  by  its  image  the  for- 
mula so  obtained  is  not  identical  with  the  original  formula. 
It  is  not,  however,  relat(Hl  to  the  original  compound  also  as 
image  to  object,  but  is  in  fact  that  of  the  other  geometrical 
isomer  (fig.  3). 

Again,  if  we  consider  the  case  of  two  carbon  atoms  doubly 
linked  and  united  each  to  two  different  groups  besides,  the 
case  for  example  of  maleic  and  fumaric  acids  (figs.  4  and  5), 

H        COOH  H        COOH 

\  /  \  / 

c  c 

II  II 

0  c 

h"  "cooh  ^/ \jj 

Fig.  4.  Fig.  5, 

we  find  that  if  one  of  the  doubly  linked  carbon  atoms  is 
replaced  by  its  image,  it  gives  rise  to  the  other  geometrical 
isomer.  The  carbon  atoms  in  question  are  in  fact  asymmetric, 
and  there  is  here  no  question  of  optical  activity.  Maleic  and 
fumaric  acids  are  in  fact  devoid  of  rotatory  power.  Hence 
we  require  an  extension  of  the  original  conception  to  include 
cases  where  the  asymmetric  carbon  atom,  in  virtue  of  its 
asymmetry,  gives  rise  not  to  optically  different  or  opposite 
isomers,  but  to  geometrically  different  or  opposite  isomers  ; 
and  I  think  the  modification  and  extension  of  the  original 
conception,  as  elucidated  in  the  preceding  pages,  may  fairly 
be  expressed  in  the  conclusions  following. 

1.  If  in  the  formula  of  a  compound  a  carbon  atom,  being 
replaced  by  its  image,  gives  rise  to  the  formula  of  a  com- 
pound different  from  the  original  one,  such  carbon  atom  will 
be  asymmetric. 

2.  If  the  asymmetric  carbon  atom  is  replaced  by  its  image, 
and  if  the  formula  so  obtained  is  related  to  the  original  for- 
mula also  as  image  to  object,  the  two  isomers  will  be  optically 
opposite,  i.  e.  will  have  equal  and  opposite  rotatory  power. 

'6.  If  the  asymmetric  carbon  atom  is  replaced  by  its  image, 
and  the  formula  so  obtained  is  not  related  to  the  original 
formula  also  as  image  to  object,  the  isomers  will  be  geome- 
trically opposite  and  not  necessarily  possessed  of  rotatory 
power,  the  rotatory  power  being  absent  from  all  isomers  in 
the  case  where  the  image  of  each  of  the  geometrical  isomers 
is  identical  with  the  object. 
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is  to  be  rorranlod  as  a  geometrical  isomer  of  dextro-  and 
laevoturtario  acids,  which  two  are  optical  isomers  of  one 
another.  Maleic  and  fumaric  acids,  again,  are  geometrical 
isomers  ot  which  o}>tical  isomers  are  wanting.  This  iso- 
merism, whether  optical  or  geometrical,  is  due  to  the 
presence  of  carbon  atoms,  whose  images  are  different  from  tlie 
original  atoms,  carbon  atoms  in  short  which  are  asymmetric. 

I  come  now  to  the  consideration  of  the  constitution  of 
benzene  and  to  the  expression  of  its  constitution  on  the 
assumption  of  the  tetrahedric  carbon  atom. 

Former  attempts  in  this  direction  have  led  rather  to  a 
preference  being  assigned  to  the  symbol  of  Prof.  Kekul^, 
of  alternate  double  and  single  linking,  and  this  symbol  can 
readily  be  represented  on  the  tetrahedric  formation  (fig.  G). 


Fig.  6. 

Note. — In  the  figrtres  of  the  models  (G,  8,  9,  11)  the  carbon  atoms  are 
represented  by  the  tetrahedrons,  the  hydrogen  atoms  are  not  given  but 
are  supposed  to  occupy  the  free  angles  of  the  tetrahedrons. 

Such  a  formula  perhaps  brings  into  prominence  a  grave 
objection  to  Kekule's  symbol  as  to  the  positions  1  :  2  and 
1  :  6  being  identical,  and  shows  the  difficulty  of  assuming 
the  double  and  single  linkings  to  change  places  with  one 
another. 

But  the  symbol  of  Kekule,  and  with  it  its  geometric  inter- 
pretation, may  be  said  now  almost  to  have  received  their 
death-blow  at  the  hands  of  Prof.  v.  Baeyer.  In  his  work 
on  the  hydroterephthalic  acids  (Ann.  ccxlv.  p.  103)  he  shows 
that  these  acids  act  as  fatty  compounds,  the  hexa  acid  as  a 
saturated,  the  tetra  and  dihydro  acids  as  unsaturated  fatty 
compounds,  and  that,  indeed,  in  the  latter  two  acids  it  is 
])0?sible  to  determine  between  what  carbon  atoms  the  double 
linkings  lie.     But  when  we  come  to  terephthalic  acid  itself 
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tlie  case  is  different,  we  have  no  longer  a  sini])le  repetition  of 
tlie  dehydrogenizing  ])r()cess.  It  is  not  a  mere  change  from  a 
singl(^  to  a  double  linking  which  gives  us  tereplithalic  from 
dihydroterephthalic  acid.  The  change  is  much  more  pro- 
found. Hence  we  are  unable  to  assert  that  in  terej)iithalic 
acid  or  in  benzene  we  have  carbon  atoms  united  alternately 
by  double  and  single  linkings. 

The  constitution  of  bcnizene,  to  which  v.  Baeyer  is  led,  is 
essentially  the  same  as  that  ])reviously  })roposed  by  Prof. 
Armstrong  (this  Journal,  1887,  vol.  xxiii.  p.  108),  namely, 
that  the  six  carbon  atoms  are  singly  linked,  and  that  the  six 
free  affinities  react  each  upon  all  the  rest,  and  are  directed 
towards  the  centre  of  the  system. 

CH 

HcCi)CH 

HC(|;CH 
CH 

Fig.  7. 

Now,  can  we  interpret  such  a  constitution  as  this  on  the 
hypothesis  of  the  tetrahedric  grouping  ?  Or,  to  put  it  in  a 
more  concrete  form,  can  we  represent  the  six  carbon  atoms 
of  benzene  and  their  mode  of  union  with  one  another  by 
means  of  regular  tetrahedrons  which  shall  re])resent  the 
carbon  atoms  and  have  their  affinities  situated  at  the  angles? 
There  can  in  fact  be  constructed  eight  different  geometrical 
formula?  for  benzene  satisfying  the  above  conditions,  of  which 
two  are  represented. 


Fig.  8.  Fig.  9. 

The  others  being  constructed  by  supposing  the  carbon  atoms 
to  occupy  different  positions  with  regard  to  the  plane  passing 
through  their  points  of  union:  thus  5  on  one  side  of  the  plane 
and  1  on  the  other,  or  4  on  one  and  2  on  the  other,  and  also 
by  different  orientation.  Now  we  know  no  isomers  of  benzene, 
and  it  may  be  that  benzene  fulfils  the  conditions  of  all  the 
eight  formulse  or  of  only  one  of  them.  Let  us  consider  the  two 
given  as  being  perhaps  the  most  probable.     Of  these,  the  first 
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(fig.  8 )  is  practically  identical  \\\{\\  that  adopted  by  von 
Baeyor  in  the  ])aper  nicntionetl,  though  he  does  not  put  it 
into  sucii  a  definite  tbrni.  Jn  this  t'orinula  all  the  hydrogen 
atoms  are  on  the  same  side  of  the  ring  plane,  while  in  th(*  tbr- 
niula  (tig.  1))  the  hytlrogen  atoms  are  alternately  on  different 
sides  of  this  plane.  Von  Baeyer  gives  sufiicient  ground  for 
the  adoption  of  the  first  formula,  and  it  is  also  clear  that  this 
formula  better  accounts  for  the  di-  and  tetra-additive  com- 
pounds of  benzene.  The  other  formula  (tig.  i)),  however, 
suggests  a  reason  for  the  well-known  association  para  and 
ortho,  and  the  isolation  of  the  meta  disubstitution  deriva- 
tives, from  the  fact  that  the  atoms  in  the  ortho  and  para 
positions  are  on  different  sides  of  the  ring-plane,  and  those 
in  the  meta  position  on  the  same  side.  It  will  be  noticed 
that  centres  of  the  carbon  atoms  (fig.  9)  occupy  the  angles  of 
an  octahedron  (see  Thomsen,  Ber.  xix.  p.  294:4)  resembling 
Thomsen's  octahedral  formula  in  the  fact  that  the  diagonal 
bonds  (being  formed  of  the  six  aftinities  directed  towards 
the  centre  of  the  system)  are  difl^erent  in  nature  from  the 
peripheral,  which  connect  only  individual  carbon  atoms,  but 
differing  from  his  conception  in  the  fact  that  these  diagonal 
bonds  and  not  the  peripheral  are  broken  to  give  the  hexa- 
methylene  nucleus. 

It  is  perliaps  most  probable  that  of  the  two  formula)  the 
one  which  represents  all  the  hydrogen  atoms  on  the  same  side 
of  the  ring-plane  is  the  one  most  in  accordance  with  facts. 

Now  it  will  be  noticed  that  in  these  formulae  all  the 
carbon  atoms  are  asymmetric,  and  if  replaced  respectively  by 
their  images  give  rise  to  the  formulae  of  geometrical  isomers. 
The  bodies  so  obtained  are  in  fact  the  eight  theoretically 
possible  isomeric  benzenes,  previously  mentioned,  obtained 
by  successive  replacements  of  one  or  more  of  the  six  carbon 
atoms  by  their  images,  but  we  have  no  evidence  as  to  the 
existence  of  any  such  isomers. 

There  is  an  objection  which  attaches  itself  to  tlx^se  fbr- 
midae,  and  it  is  one  which  apjtears  also,  from  the  statement  of 
Hermann  {Ber.  xxi.  j).  1058),  to  attach  itself  to  everv  ben/ene 
formula  except  when  all  the  12  atoms  lie  in  one  [»lane.  It  is 
an  objection  also  to  the  old  prism  formula,  though  1  am  not 
aware  that  it  has  been  brought  forward  before. 

The  objection  is  this,  that  disubstituted  ilerivatives  of 
benzene  which  contain  two  different  substituting  groups  in 
the  ortho  and  meta  positions,  are  each  capable  of  representa- 
tion respectively  by  two  formulae,  of  which  one  is  the  non- 
superposable  image  of  the  other,  leading  us  to  the  prediction 
of  an  isomerism  which  from  analogy  we  should  expect  to  be 
characterized  by  rotator v  power,  while  the  properties  of  the 
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isomers  in  general  would  be  identical.  Such  isomers  in  the 
case  of  benzene  derivatives  we  are  not  acquainted  with  ;  we 
might  have  expected,  for  instance,  that  salicylic  aldehyd, 
which  contains  two  different  substituting  groups  in  the  ortho 
position,  and  which  is  also  a  body  occurring  in  nature,  would 
have  possessed  rotatory  power,  and  would  have  had  an  isomer 
of  equal  but  opposite  rotatory  power. 

But  it  may  be  that  the  isomerism  in  question,  not  being  due 
to  an  asymmetric  carbon  atom,  is  one  which  is  not  charac- 
terized by  the  same  properties  as  those  whose  isomerism  is 
due  to  such  an  atom,  and  that  the  two  isomers  have  always 
been  obtained  as  a  mixture  in  equivalent  proportions  that  we 
know  no  means  of  separating  them,  that  if  separated  they 
possess  identical  properties  in  most  respects,  and  that  we 
know  of  no  special  ])roperty  by  which  they  may  be  dis- 
tinguished. 

In  conclusion,  it  remains  to  be  noticed  that  the  constitution 
of  benzene,  as  established  by  von  Baeyer,  or  as  I  have  en- 
deavoured to  modify  it,  is  one  which  is  peculiar  to  benzene 
and  its  substitution  derivatives  ;  it  disappears  in  the  case  of 
additive  derivatives  when  the  ordinary  single  and  double 
linkings  take  its  place  ;  a  saturation  of  any  two  carbon  atoms, 
as  in  (lihydrotere})hthalic  acid,  or  as  in  quinone,  at  once 
annihilates  the  peculiar  character  of  the  benzene  ring. 

Hence  it  will  be  obvious  that  naphthalene  and  phenanth- 
rene  must  be  excluded  from  the  category  of  benzene  deriva- 
tives. The  constitution  of  naphthalene,  as  composed  of  two 
benzene  nuclei  having  two  carbon  atoms  in  common,  breaks 
down  because  it  is  impossible  for  two  benzene  nuclei  to  have 
any  of  their  carbon  atoms  in  common.  The  free  affinities 
cannot  in  fact  be  directed  at  the  same  time  towards  the 
centres  of  two  hexagons. 

CH     CH 

CH     C       CH 

I  II         I 

CH     C       CH 


CH     CH 

Fig.  10. 

Thus,  without  altering  the  original  formula  of  naphthalene, 
we  must  alter  our  conce})tion  of  the  body  and  regard  it  not 
as  a  benzene  derivative  but  as  analogous  to  the  unsaturated 
fatty  compounds  with  six  single  and  five  double  linkings 
(figs.  10  and  11). 
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And  if  we  oxanune  the  properties  of  naphthalene  we  tlo  not 
find  that  it  sustains  the  character  of  a  licnzene  derivative. 
The  production  of  jjhthaHc  acid  from  it  is  not  in  favour  of 
such  a  view  any  more  than  the  production  of  terephthaHc 
acid  from  succinosuccinic  ether  is  in  favour  of  this  latter 
body  containing  a  benzene  nucleus.- 

Against  the  notion  that  naphthalene  consists  of  two  benzene 
nuclei  we  have  the  fact  of  the  comparatively  easy  oxidation 
of  one  of  the  nuclei  giving  phthalic  acid  or  naphthaquinone, 
contrasted  with  the  difficulty  of  so  oxidizing  benzene  and 


Fig.  11. 

compared  with  the  easy  oxidation  of  anthracene,  where  there 
is  no  supposition  of  the  benzene  nature  of  the  grcups 
oxidized.  Again,  w^e  have  the  easy  formation  of  addition 
products,  such  as  tetrahydronaphthalene,  contrasted  with  the 
difficulty  of  so  reducing  benzene. 

And  these  reactions  receive  a  natural  explanation  when 
naphthalene  is  considered  as  an  unsaturated  fatty  compound. 
For  it  will  be  noticed  that  only  one  of  the  hexagons  of  the 
naphthalene  formula  is  attacked;  the  unattacked  hexagon  may 
then  be  regarded  as  passing  into  the  peculiar  benzene  con- 
dition which  renders  it  less  susceptible  of  further  attack. 

Thus  we  have  phthalic  acid  : — 

CH 

HC^'c— COOH 

1\/ 


(1 


HC^.  C— COOH 


\1/ 
CH 


Fig.  12. 
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NaplitlKKjuinone  :  — 

CHCO 

HC  '  C    (!H 

^  /I     il 

H(J  ,  C    CH 

\l/  \/ 
CH  CO 

Fig.  13. 

Tbo  oxidation  not,  further  affecting  the  second  ring. 
Tetrabydronaphthalene : — 

CH    CHj 

/l\  /  \ 
HC      C      CHs 

HC      C      CHa 

\l/  \  / 
CH     CH, 

Fig.  14. 

The  addition  not  going  further  than  to  the  extent  of 
4  univalent  atoms. 

I  have  adopted  in  this  paper  a  method  of  treatment  of  the 
carbon  atom  in  space  somewhat  ditl'erent  from  the  original 
conception  of  it  as  an  atom  situated  at  the  centre  and  having 
its  affinities  directed  towards  the  angles  of  a  regular  tetrahe- 
dron, in  that  I  have  treated  it  as  itself  representable  by  a 
regular  tetrahedron  having  its  four  affinities  acting  at  the 
angles.  It  is,  I  think,  a  natural  and  perfectly  legitimate 
method  of  treatment,  and  is  in  full  accordance  with  Wis- 
licenus'  conception,  when  he  states  {Ber.  xxi.  p.  584),  "  Ich 
halte  es  nicht  fiir  unmoglich  dass  das  Kohlenstoffatom  ein 
Gebilde  sei  welche  in  seiner  Gestalt  einem  reguliiren  Tetracder 
mehr  oder  weniger  vielleicht  recht  sehr  ahnelt." 

XL VIII.  On  Elecfroma</netic  Waves,  especially  in  relation  to  the 
Voriicili/  of  the  Impressed  Forces  ;  and  the  Forced  Vibrations 
oj  Electromagnetic  ISystems.     By  Oliver  Heaviside. 

[Contiuued  from  p.  382.] 

Cylindrical  Electromagnetic  Waves. 
49.    T  N  concluding  this  paper  I  propose  to  give  some  cases  of 
X    c}lindrical  waves.     They  are  selected  with  a  view  to 
the  avoidance  of  mere  mathematical  developments  and  unin- 


Forced  Vibrations  of  Electromagnetic  Systems.         435 

telli(;il)le  solutions,  which  may  he  multiplied  to  any  extent  ; 
anil  lor  the  illustration  of  peculiarities  of  a  striking  character. 
Tbe  case  o'i  vibratory  impressed  E.M.F.  in  a  thin  tube  is  very 
ricli  in  this  resjiect,  as  will  be  seen  later.  At  present  I  may 
remark  that  the  results  of  this  paper  have  little  a})plication  in 
telegraphy  or  telephony,  when  we  are  only  concerned  with 
long  waves.  Short  waves  are,  or  may  be,  now  in  question, 
demanding  a  somewhat  different  treatment*.  We  do,  how- 
ever, have  very  short  waves  in  the  discharge  of  condensers, 
and  in  vacuum-tube  ex})eiiments,  so  that  we  are  not  so  wholly 
removed  from  j)racticeas  at  tirst  appears.  But  independently 
of  considerations  of  practical  reahzation,  I  am  strongly  of 
opinion  that  the  study  of  very  unrealizable  problems  may  bo 
of  use  in  forwarding  the  supply  of  one  of  the  pressing  wants 
of  the  present  time  or  near  future,  a  practicable  rether — 
mechanically,  electromagnetically,  and  perhaps  also  gravita- 
tionally  comprehensive. 

50.  Mathematical  Preliminarif. — On  account  of  some 
peculiarities  in  BesseFs  functions,  Avhich  require  us  to  change 
the  form  of  otir  equations  to  suit  circumstances,  it  is  desirable 
to  exhibit  se})arately  the  purely  mathematical  ])art.  This  will 
also  considerably  shorten  and  clarify  wliat  follows  it. 

Let  the  axis  of  z  be  the  axis  of  synmietry,  and  let  r  be  the 
distance  of  any  point  from  it.  Either  the  lines  of  E,  electric 
force,  or  of  H,  magnetic  force,  niay  be  circular,  centred  on 
the  axis.  For  definiteness,  choose  H  here.  Then  the  lines  of 
E  are  either  longitudinal,  or  parallel  to  the  axis  ;  or  there  is, 
in  addition,  a  radial  component  of  E,  parallel  to  r.  Thus  the 
tensor  H  of  H,  and  the  two  components  of  E,  say  E  longi- 
tudinal and  F  radial,  fully  specify  the  field.  Their  connexions 
are  these  special  forms  of  equations  (2)  and  (3): — 

•  The  waves  here  to  be  considered  are  essentially  of  the  same  nature 
as  those  considered  by  J.  J.  Thomson,  "On  Electrical  Oscillations  in  a 
Cylindrical  Conductor,"  Proc.  Math.  Soc.  vol.  xvii.,  and  in  Parts  1.  and  II. 
of  luy  paper  "On  the  Self-Inductiun  of  Wires,''  Phil.  Mag.  August  and 
September  lf>8d;  viz.  a  mixture  of  the  plane  and  cylindrical.  But  the 
peciiliarities  of  the  telegraphic  problem  make  it  practically  a  case  of 
plane  waves  as  regards  the  dielectric,  and  cylindrical  in  the  wires.  The 
"  resonance ''  ett'ects  described  in  my  just-mentioned  paper  arise  from  the 
to-and-fro  reflexion  of  the  plane  waves  in  the  dielectric,  moving  parallel 
to  the  wire.  This  is  also  practically  true  in  Prof.  Lodge's  recent  experi- 
ments, discharging  a  Leyden  jar  into  a  miniature  telegraph-circuit.  On 
the  other  liand,  most  of  such  eliects  in  the  present  paper  depend  upun  the 
cylindrical  waves  in  the  dielectric;  and,  in  order  to  allow  tiie  dielectric 
fair  play  for  their  development,  the  contaminating  influence  of  diftu.'-ion 
is  done  away  with  by  using  tubes  only  when  there  are  conductors.  In 
Hertz's  recent  experiments  the  waves  are  of  a  very  mi\fd  character 
indeed. 
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i|^rH  =  (47ryt  +  cp)E,     -  ~_  =  {^irk  +  cp)^}^ 


(302) 


cm      dF  „ 

where  (and  always  later)  p  stands  for  dldt.  This  is  in  space 
where  neither  the  impressed  electric  nor  the  impressed  mag- 
netic force  has  curl,  it  heing  understood  that  E  and  H  are  the 
forces  of  the  fluxes,  so  as  to  include  impressed.  From  (302) 
we  obtain 


1^^  ,(/E   .   d-¥j 
r  dr    dr 


^ 


+ —^  ={i'Trk  +  cp)fipFj,    I 


i^^ct'^+^^^^'^^  +  ^^^^^^^^'J 


y       .     (303) 


the  characteristics  of  E  and  H,     Let  now 


,2=_.<,2^ 


s'^  =  {A7rk  +  c]j)^ip  —  d'-jdz^ 


.     (304) 

then  the  first  of  (303)  becomes  the  equation  of  Jo(*'0  ^"^ 
its  companion,  whilst  the  second  becomes  that  oi'  Ji{s)-),  and 
its  companion.     Thus  E  is  associated  with  Jq  and  H  with  Jj, 
when  H  is  circular  ;  conversely  when  E  is  circular. 
We  have  first  Fourier's  cylinder  function 

j,,=.J,(..)  =  l-^'  +  §f;-...;      .     (305) 

and  its  companion,  which  call  Gq,  is 
G„,=  Go(^>r)  =  (2/7r)  [Jo,  log  sr  +  L^ J , 
where 


^Or=  ^2 (1  +  2 )  "224^  +  ( 1  +  2  +  3 )  2245^2 


M306) 


J 


The  coefficient  2/7r  is  introduced  to  simplify  the  solutions. 
The  function  Ji{sr)  or  Jir  is  the  negative  of  the  first  deriva- 
tive of  Jor  with  respect  to  sr.  Let  Gri{s7')  or  Gjr  be  the 
function  similarly  derived  from  Go^.  The  conjugate  property, 
to  be  repeatedly  used,  is 

(JoGi-JiGo),=  -2/7r5r.     .     .     .     (307) 

We  have  also   Stokes's  formula  for  J^y,  useful  when  sr  is 
real  and  not  too  small,  viz. 

Jp^=(7rs9')~2[R  (cos  +  sin)  sr  +  ^i  (sin  — cos)  sr],  .     (308) 

where  R  and  Si  are  functions  of  sr  to  be  presently  given. 
The  corresponding  formula  for  Gor  is  obtained  by  changing 
cos  to  sin  and  sin  to  —cos  in  (308). 
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Besides  these  two  sets  of  solutions,  we  sometimes  require 
to  use  a  third  set.     A  pair  of  solutions  of  the  J^  equation  is 

where       R  +  S  =  l+ ^  +  ^,  ±  i|!^3  +  . . .   [  (309) 
-  —  b<]r       \2[bqry       \6[bqry  I 

The  last  also  defines  the  R  and  S/  in  (308).  R  is  real  whether 
^'^  be  +  or  —  ,  whilst  S  is  unreal  when  (f  is  — ,  or  Si  is  then 
real,  s^  being  + . 

When  qr  is  a  +  numeric,  the  solution  U  is  meaningless, 
as  its  value  is  infinity.  But  in  our  investigations  q^  is  a 
differential  operator,  so  that  the  objection  to  U  on  that  score 
is  groundless.  We  shall  use  it  to  calculate  the  shape  of  an 
inward  progressing-wave,  whilst  W  goes  to  find  an  outward 
wave.  The  results  are  fully  convergent  within  certain  limits 
of  r  and  t.  From  this  alone  we  see  that  a  comprehensive 
theory  of  ordinary  linear  differential  equations  is  sometimes 
impossible.  They  must  be  generalized  into  partial  differ- 
ential equations  before  they  can  be  understood. 

The  conjugate  property  of  U  and  W  is 

UW'-U'W=-2^/r,      ....     (310) 

if  the  '  =  cl^dr.  An  important  transformation  sometimes  re- 
quired is 

Jor-iGor  =  2iW(27rq)-'^  ;    ....      (311) 

or,  which  means  the  same, 

W=-(^)'[Jo.log.yr  +  Lo.].      .     .     (312) 

When  we  have  obtained  the  differential  equation  in  any 
problem,  the  assumption  .s^=  a  +  constant  converts  it  into 
the  solution  due  to  impressed  force  sinusoidal  with  re- 
spect to  t  and  z ;  this  requires  cp/dz'^=  —rn^,  and  d^/dt^ 
=  —n^,  "where  m  and  n  are  positive  constants,  being  27r  times 
the  wave-shortness  along  z  and  27r  times  the  frequency  of 
vibration  respectively. 

After  (309)  we  became  less  exclusively  mathematical.  To 
go  further  in  this  direction,  and  come  to  electromagnetic 
waves,  observe  that  w^e  need  not  concern  ourselves  at  all 
■with  F  the  radial  component,  in  seeking  for  the  proper 
differential  equation  connected  with  a  surface  of  curl  of  im- 
pressed force  ;  it  is  E  and  H  only  that  we  need  consider,  as 
the  boundary  conditions  concern  them.  The  second  of  (302) 
derives  F  from  H. 
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When  H  is  circular,  the  operator  E/H  is  given  by 

H      47r/:  +  cp  J„-?/G"-'     •     •     •     •     ^^^^^ 

where  y  is  undetermined.     When  E  is  circuhir,  the  operator 
E/H  is  given  by 

E_        s        J|^-yGi^ 

H      Anrk  +  cp^^-yG.,, ^     ^ 

The  use  of  these  o])erators  greatly  facilitates  and  syste- 
matizes investigation.  The  meaning  is  that  (313)  or  (314) 
is  the  characteristic  equation  connecting  E  and  H. 

51.  Longitudinal  Impressed  E.M.F.  in  a  thin  Cond noting 
Tube. — Let  an  infinitely  long  thin  conducting  tube  of  radius 
a  have  conductance  K  per  unit  of  its  surfiice  to  longitudinal 
current,  and  be  bounded  by  a  dielectric  on  both  sides.  Strictly 
speaking  the  tube  should  be  infinitely  thin,  in  order  to  obtain 
instantaneous  magnetic  penetration,  and  yet  be  of  finite  con- 
ductance without  possessing  infinite  conductivity,  because 
that  would  produce  opacity.  In  this  tube  let  impressed 
electric  force,  of  intensity  e  per  unit  length,  act  longitudinally, 
e  being  any  function  of  /  and  z.  We  have  to  connect  e  with 
E  and  H  internally  and  externally. 

The  magnetic  force  being  circular,  (313)  is  the  resistance 
operator  required.  Within  the  tube  take  y  =  0  if  the  axis  is 
to  be  included  ;  else  find  y  by  some  internal  boundary  con- 
dition. Outside  the  tube  take  y  =  i  when  the  medium  is 
homogeneous  and  boundless,  because  that  is  the  only  way  to 
prevent  waves  from  coming  from  infinity  ;  else  find  y  by 
some  outer  boundary  condition.  There  is  no  difficulty  in 
forming  the  y  to  suit  any  number  of  coaxial  cylintlers  })0S- 
sessing  different  electrical  constants,  by  the  continuity  of  E 
and  H  at  each  boundary,  which  equalizes  the  E/H's  of  its 
two  sides,  and  so  expresses  the  y  of  one  side  in  terms  of  that 
on  the  other  ;  but  this  is  useless  for  our  purpose.  For  the 
present  take  y  =  0  inside,  and  leave  it  unstated  outside. 

At  r  =  a,  Ea  has  the  same  value  on  both  sides  of  the  tube, 
on  account  of  its  thinness.  In  the  substance  of  the  tube 
e  +  Ea  is  the  force  of  the  flux.  On  the  other  hand  H  is  dis- 
continuous at  the  tube,  thus 

47rK(^  +  E)=H(out)-Hun)  =  (~(out)-5(i„)JEa  .  (315) 

In  this  use   (313),  and  the  conjugate    ])roperty   (307),  and 

we  at  once  obtain 

r  Airk-^cp  -ly  1  -1„ 

L  \-ni\s     7r5«Jua(Jo„— yUo„)-J 
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from  \vliiob  all  the  rest  follows.  Merely  remarking  concern- 
ing k  that  the  realization  of  {o\^^)  when  k  is  finite  reqnires 
the  splitting  np  of  the  Bessel  functions  into  real  and  imaginary 
parts,  that  the  results  are  complex,  and  that  there  are  no 
striking  peculiarities  readily  deilucible;  let  us  take  A;  =  0  at 
once,  and  keep  to  non-conducting  dielectrics.  Then,  from 
(316),  follow  the  equations  of  E  and  H,  in  and  out ;  thus 

TT       r.r.         _  Jor(Joa— j/Grpg)  "I"  Joa(Jor— ^Grp^)  ro^n\ 

J^(in)Or(out)- — Yu ^'  •       •       (^^') 

XI                         _  Cp^\r{^Oa—yGlQa)   OY  Joa( Jlr  — ^/Grir)  ,qi  q^ 

■Ll{in)0'  (out)— i • : J    •       '\OlO) 

*  s  same  denominator 

which  we  can  now  examine  in  detail. 

52.  Vanishing  of  External  Field.  Joa  =  0.— The  very  first 
thing  to  be  observed  is  that  Joa  =  0  makes  E  and  H  and  there- 
fore also  F  vanish  outside  the  tube,  and  that  this  property 
is  independent  oi  y,  or  of  the  nature  of  the  external  medium. 
We  require  the  impressed  force  to  be  sinusoidal  or  simply 
periodic  with  respect  to  z  and  t,  thus 

^  =  ^0  siu  ('»-+«)  sin  (?i<  +  /3),     .     .     .     (319) 

so  that  ultimately 

s2  =  n2/y2_,n2j (320) 

and  any  one  of  the  values  of  s  given  by  Ju„=0  causes  the 
evanescence  of  the  external  field.  The  solutions  just  given 
reduce  to 

H=  —  4:7rK(Jir/Jla)e 

E  =  (5/cn)47rK(Jo./J,a)2>  ;-    .     .     .     (321) 

F  =  —  {c7i)  -  '47rK(  J,r/ Jia)«(rfe/<^^)  ■ 

which  are  fully  realized,  because  i  signifies  p/n,  or  involves 
merely  a  time-differentiation  performed  on  the  e  of  (319). 

The  electrification  is  solely  upon  the  inner  surface  of  the 
tube.  In  its  substance  H  falls  from  —Airl^e  inside  to  zero 
outside,  and  Ea  being  zero,  the  current  in  the  tube  is  Ke  per 
unit  surface. 

The  independence  of  y  raises  suspicion  at  first  that  (321) 
may  not  represent  the  state  which  is  tended  to  after  e  is 
started.  But  since  the  resistance  of  the  tube  itself  is  sufficient 
to  cause  initial  irregularities  to  subside  to  zero,  even  were 
there  a  perfectly  reflecting  barrier  outside  the  tube  to  prevent 
dissipation  of  these  irregularities  in  space,  there  seems  no 
reason  to  doubt  that  (321)  do  represent  the  state  asymptoti- 
cally tended   to.     Changing  the  form  of  y  will  only  change 


] 
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tho  manner  of  the  settling  down.  We  may  commence  to 
chanoo  the  nature  of  tho  medium  immediately  at  the  outer 
boundary  of  the  tube.  We  cannot,  however,  have  those 
abrujit  assumptions  of  the  steady  or  simply  periodic  state 
which  characterize  spherical  waves,  owing  to  the  geometrical 
conditions  of  a  cylinder. 

53.  Case  of  tivo  Coaxial  Tithes. — If  there  be  a  conducting 
tube  anywhere  outside  the  first  tube,  there  is  no  current  in 
it,  except  initially.  From  this  we  may  conclude  that  if  we 
transfer  the  impressed  force  to  the  outer  tube,  there  will  be 
no  current  in  the  inner.  Thus,  let  there  be  an  outer  tube  at 
?'  =  .rj  of  conductance  Ki  per  unit  area,  containing  the  im- 
pressed force  e^.     We  have 

where  Yaand  Yg  are  the  H/E  operators  just  outside  and  inside 
the  tube,  whilst  E^:  is  the  E  at  x,  on  either  side  of  the  tube, 
resulting  from  ex.     We  have 

Y  _  c/?  Jix— yiGi I     Y  _^;^Ji-^~.yGri^  C323^ 

^        s  Joj  — ?/iGro^'         ^        -*<  Jox— ^^ox' 

where  ?/]  is  settled  by  some  external  and  y  by  some  internal 
condition.  In  the  present  case  the  inner  tube  at  r^=a,  if  it 
contains  no  impressed  force,  produces  the  condition 

y2-Yi  =  47rKatr  =  a,       ....     (324) 
where  Yj  is  the  internal  H/E  operator.     Or 

S    VJoa— 3/Uoa         Ooa/ 

y'^'j^D ^^^^) 

^  +  47rK  Joa  Goa 

TT.sa  s 
Now,  using  (323)  in  (322)  brings  it  to 
-P,  (Joj— .vG'oj)(Jo^— yiGoj)47rKigi (ooc\ 

—  {y\-y)  —,  ~  47rKi(Jo.r  — ?/Goa-)(Jo^— yiGo,) 


TTSX 


in  which  y  is  given  by  (325),  and  from  (326)  the  whole  state 
due  to  ^,  follows,  as  modified  by  the  inner  tube. 
Now  Joa  =  0  makes  ?/  =  0j  this  reduces  (326)  to 
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_,  Jp,(Jo,  —  t/iGox)  477X1^1  /Q07\ 

''^'^ 2 '      •     *     ^     ^ 

7  y\  -^gj.  -47rK,Jox(Jo^-yiGox) 

and,  by  comparison  with  (317)  we  seo  that  it  is  now  the  same 
as  it"  the  inner  tube  were  non-existent.  That  is,  when  it  is 
situated  at  a  nodal  surface  of  E  due  to  impressed  force  in  the 
outer  tube,  and  there  is  therefore  no  current  in  it  (except 
transversely,  to  which  the  dissipation  of  energy  is  infinitely 
small),  its  presence  does  nothino-,  or  it  is  perfectly  trans- 
parent. 

It  is  clearly  unnecessary  that  the  external  impressed  force 
should  be  in  a  tube.  Let  it  only  be  in  tubular  layers,  with- 
out specification  of  actual  distribution  or  of  the  nature  of  the 
medium,  except  that  it  is  in  layers  so  that  c,  k,  and  n  are 
functions  of  r  only  ;  then  if  the  axial  portion  be  nonconduct- 
ing dielectric,  the  Jor  function  specifies  E  and  allows  there  to 
be  nodal  surfaces,  for  instance  Joa  =  0,  where  a  conducting 
tube  may  be  placed  without  disturbing  the  field.  Admitting 
this  property  ah  initio,  we  can  conversely  conclude  that  e  in 
the  tube  at  ?'  =  a  will,  when  Joa  =  0,  make  gt'er_?/ external  cylin- 
drical surface  a  nodal  surface,  and  therefore  produce  no 
external  disturbance  at  all. 

54.  Now  go  back  to  §  51,  equations  (317)  (318).  There 
are  no  external  nodal  surfaces  of  E  in  general  (exception 
later).  We  cannot  therefore  find  a  place  to  put  a  tube  so  as 
not  to  disturb  the  existing  field  due  to  e  in  the  tube  at  r  =  a. 
But  we  may  now  make  use  of  a  more  general  property.  To 
illustrate  simply,  consider  first  the  electromagnetic  theory  of 
induction  between  linear  circuits.  Let  there  be  any  number 
of  circuits,  all  containing  impressed  forces,  producing  a 
determinate  varying  electromagnetic  field.  In  this  field  put 
an  additional  circuit  of  infinite  resistance.  The  E.M.F.  in 
it,  due  to  the  other  circuits,  will  cause  no  current  in  it  of 
course,  so  that  no  change  in  the  field  takes  place.  Now, 
lastly,  close  the  circuit  or  make  its  resistance  finite,  and 
simultaneously  put  in  it  impressed  force  wdiich  is  at  every 
moment  the  negative  of  the  E.M.F.  due  to  the  other  circuits. 
Since  no  current  is  produced  there  will  still  be  no  change,  or 
everything  will  go  on  as  if  the  additional  circuit  were  non- 
existent. 

Applying  this  to  our  tubes,  we  may  easily  verif}'  by  the 
previous  equations  that  when  there  are  two  coaxial  tubes, 
both  containing  impressed  forces,  we  can  reduce  the  resultant 
electromagnetic  field  everywhere  to  that  due  to  the  impressed 
force  in  onc^  tube,  provided  we  suitably  choose  the  impressed 


442      Mr.  0.  Heaviside  on  Electroinaynetic  Waves,  and  the 

force  in  the  second  to  be  the  negative  of  the  electric  force 
of  ficild  due  to  e  in  the  first  tube  when  the  second  is  non- 
existent. That  is,  we  virtually  al)olish  the  conductance  of 
the  second  tube  and  make  it  perfectly  transparent. 

55.  Perfectly  Reflecting  Barrier.  Its  efects.  Vanishing 
of  Conduction  Current. — To  produce  nodal  surfaces  of  E  out- 
side the  tube  containing  the  vibrating  impressed  force,  we 
require  an  external  barrier,  which  shall  prevent  the  passage 
of  energy  or  its  absorption,  by  wholly  reflecting  all  distur- 
bances which  reach  it.  Thus, "let  there  be  a  perfect  conductor 
a,tr  =  x.  This  makes  E=0  there.  This  requires  that  the  y 
in  (317),  (318)  shall  have  the  value  Jox/Go^,  whereas  without 
any  bound  to  the  dielectric  it  would  be  i.  We  can  now  choose 
in  and  n  so  as  to  make  J»;r  =  0.     This  reduces  those  equations  to 

E=_^,;    Y=^-'^e 

(in  and  out)  ,   ,  f        '     *     *      ^     ^ 

H=  —  ^r-cpe. 

SOoa  J 

This  solution  is  now  the  same  inside  and  outside  the  tube 
containing  the  impressed  force,  and  there  is  no  current  in 
the  tube,  that  is,  no  longitudinal  current. 

To  understand  this  case,  take  away  the  impressed  force  and 
the  tube.  Then  (328)  represents  a  conservative  system  in 
stationary  vibration.  Now,  by  the  preceding,  we  may  intro- 
duce the  tube  at  a  nodal  surface  of  E  without  disturbing 
matters,  provided  there  be  no  impressed  force  in  the  tube. 
But  if  we  introduce  the  tube  anywhere  else,  where  E  is  not 
zero,  we  require,  by  the  preceding,  an  impressed  force  which 
is  at  every  moment  the  negative  of  the  undisturbed  force  of 
the  field,  in  order  that  no  change  shall  occur.  Now  this  is 
precisely  what  the  solution  (328)  represents,  e  in  the  tube 
beinf^  cancelled  by  the  force  of  the  field,  so  that  there  is  no 
conduction-current.  The  remarkable  thing  is  that  it  is  the 
impressed  force  in  the  tube  itself  that  sets  up  the  vibrating 
field,  and  gradually  ceases  to  work,  so  that  in  the  end  it  and 
the  tube  may  be  removed  without  altering  the  field.  That  a 
perfect  conductor  as  reflector  is  required  is  a  detail  of  no 
moment  in  its  theoretical  aspect. 

Shifting  the  tube,  with  a  finite  impressed  force  in  it, 
towards  a  nodal  suface  of  E,  sends  up  the  amplitude  of  the 
vibrations  to  any  extent. 

5t).  K  =  0  and  K  =  oo  , — If  the  tube  have  no  conductance, 
e  produces  no  effect.     This  is  because  the  two  surfaces  of 
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curl  of  e  are  infinitely  close  tooetlier,  and  therefore  cancel, 
not  having  anv  conductance  between  tlnMU  to  produce  a  dis- 
continuitv  in  the  magnetic  force. 

But  if  the  tube  have  infinite  conductance,  we  produce  com- 
plete indei>endence  between  the  internal  and  external  fields, 
except  in  the  quite  unessential  particular  that  the  two  surfaces 
of  curl  e  are  of  opposite  kind  and  time  together.  Equations 
(317),  (318)  reduce  to 

(in)  E=-'^<',  Y  =  --^-^e,  YL=--^cpe.  .(329) 
(out)^  \       .     (330) 

L  •'^    ^'oa—y^Oa  J 

Observe  that  (325:*)  is  the  same  as  (328).  The  external 
solution  (330)  requires  i/  to  be  stated.  When  ?/  =  ?,  for  a 
boundless  dielectric,  the  reahzation  is  immediate. 

57.  s  =  0.  Vanishing  of  E  all  over,  and  of  F  and  H  also 
internally. —  This  is  a  singularity  of  quite  a  different  kind. 
When  n  =  mv,  we  make  s  =  0.  Of  course  there  is  just  one 
solution  with  a  given  wave-length  along  z  :  a  great  frequency 
with  small  wave-length,  and  conversely. 

E  vanishes  all  over,  that  is  both  inside  and  outside  the 
tube  containing  e,  provided  s/y  is  zero.  The  internal  H  and 
therefore  also  F  vanish.  Thus  within  the  tube  is  no  dis- 
turbance, and  outside,  (317)  (318)  reduce  to 

(out)  H  =  -47rKg,     F=--47rKz^ (331) 

^  r  en  r  az  ^ 

Observe  that  H  and  F  do  not  fluctuate  or  alternate  along 
r,  but  that  H  has  the  same  distribution  (out  from  the  tube)  as 
if  e  were  steady  and  did  not  vary  along  z. 

A  special  case  is  ?n  =  0.  Then  also  n  =  0,  or  e  is  steady  and 
independent  of  2,  F  vanishes,  and  the  first  of  (331)  ex- 
presses the  steady  state. 

Without  this  restriction,  the  current  in  the  tube  is  Ke  per 
unit  surface,  owing  to  the  vanishing  of  the  opposing  longi- 
tudinal E  of  the  field.  This  property  was,  by  inadvertence, 
attributed  b}'  me  in  a  former  paper*  to  a  wire  instead  of  a 

•  "  On  Resistance  and  Conductance  Operators,"  Phil.  Mag.  Dec.  1887, 
p.  492,  Ex./ 
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tube.  The  wave-length  must  bo  great  in  order  to  render  it 
a])plicahle  to  a  wire,  because  instantaneous  penetration  is 
assumed. 

1  mentioned  that  x/y  must  vanish.  This  occurs  when  j/=i, 
or  the  external  dielectric  is  boundless.  But  it  also  occurs 
when  E  =  0  at  r  =  a;,  produced  by  a  perfectly  conductive 
screen.  This  is  plainly  allowable  because  it  does  not  interfere 
with  the  E  =  0  all  over  property.  What  the  screen  does  is 
simply  to  terminate  the  lield  abruptly.  Of  course  it  is 
electrified. 

58.  s  =  0  and  Hj:  =  0. — But  with  other  boundary  conditions, 
we  do  not  have  the  solutions  f3ol).  Thus,  let  Hj=0,  instead 
of  E:,  =  0.  This  makes  ?/  =  J,,/G,^  in  (317),  (318).  There 
are  at  least  two  ways  (theoretical)  of  producing  this  boundary 
condition.  First,  there  may  be  at  r  =  x  a  screen  made  of  a 
perfect  magnetic  conductor  (r/=  X) ) .  Or,  secondly,  the  whole 
medium  beyond  r  =  x  may  be  infinitely  elastive  and  resistive 
(c=0,  ^=0)  to  an  infinite  distance. 

Now  choose  5  =  0  in  addition  and  reduce  (317),  (318). 
The  results  are 


^_  e p_ ^dR 

1  +  ^.th'p/iirKa  '  cp  dz 


1^(332) 


CX)S  /  V  7'  tJC    \  I 

(in)  or  (out)  H=.  -  ^  ^  i,2,^/47rKa  \^  "^'  2  "  2r)^      J 

which  are  at  once  realized  by  removing  p  from  the  denomina- 
tor to  the  numerator. 

Although  E  is  not  now  zero,  it  is  independent  of  r,  only 
varying  with  t  and  ~. 

When  s^  is  negative,  or  n<m/v,  the  solutions  (317),  (318) 
require  transforming  in  part  because  some  of  the  Bessel 
functions  are  unreal.  Use  (312),  because  q  is  now  real. 
There  are  no  alternations  in  E  or  H  along  »■.  They  only  com- 
mence when  7i>')nv. 

59.  Separate  actions  of  the  tioo  surfaces  of  curl  e.  — Since  all 
the  fluxes  depend  solely  upon  the  curl  of  e  and  not  upon  its 
distribution,  and  there  are  two  surfaces  of  curl  e  in  the  tube 
problem,  their  actions,  which  are  independent,  may  be 
separately  calculated.  The  inner  surface  may  arise  from  e  in 
W^Q  _  direction  in  the  inner  dielectric,  or  by  the  same  in  the 
4-  direction  in  the  tube  and  beyond  it.  The  outer  may  be 
due  to  e  in  the  —  direction  beyond  the  tube,  or  in  the  -H 
direction  in  the  tube  and  inner  dielectric. 

We  shall  easily  find  that  the  inner  surface  of  curl  of  e,  say 
of  surface  density /i,  produces 


1 


(333) 
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(\,,\     F  -  T    ( Ji- -V^")  -  ( J^ -2/^0.,) 4 'rrKs/cp 
Unj     J^ -  Jor    2y;7r5a- Joa(Joa-J/Goa)47rK6'A:^'  -^^ 

(out)  E=  J.a(Jor-.vgo.)__y 

same  denominator'^ 

tVoni  whicli  H  mav  be  got  by  the  E/H  ojierator. 
The  external  sheet,  say/2,  produces 

(out)  E  =  (Jo,— j/G«,) ■ — — ^— ./:, 


(334) 


whore  the  unwritten  denominators  are  as  in  the  first  of  (333). 
Observe  that  when  Ji„  =  0,  fi  produces  no  external  field  (in 
tube  or  bej'ond  it).  It  is  then  only/2  that  operates  in  the 
tube  and  beyond. 

Xow  take /a  =  6  and/i=  -e  in  (333)  and  (334)  and  add  the 
results.  We  then  obtain  (317),  (318)  ;  and  it  is  now  Joa  =  0 
that  makes  the  external  field  vanish,  instead  of  Jia=0  when 
/i  alone  is  operative. 

Having  treated  this  problem  of  a  tube  in  some  detail,  the 
other  examples  may  be  very  briefly  considered,  although  they 
too  admit  of  numerous  singularities. 

(30.  Circular  Impressed  Force  in  Conducting-tube. — The  tube 
being  as  before,  let  the  impressed  force  e  (per  unit  length) 
act  circularly  in  it  instead  of  longitudinally,  and  let  e  be  a 
function  of  t  only,  so  that  we  have  an  inner  and  an  outer 
cylindrical  surface  of  longitudinally  directed  curl  of  e.  H  is 
evidently  longitudinal  and  E  circular,  so  that  we  now  require 
to  use  the  (314)  operator. 

At  the  tube  E^  is  continuous,  this  being  the  tensor  of  the 
force  of  the  flux  on  either  side,  and  H  is  discontinuous  thus, 

H(i„)  -  H(out)  =  47rK  (e  +  E„) , 
or 

Substituting  the  (314)  operator,  with  ?/  =  0  inside,  and  y 
undetermined  outside,  and  using  the  conjugate  property  (307), 
we  obtain 

H,„>  or  („„,)=  -i  (J"'-yC^-'»)Jor  or  J.„(Jo.-.yGo.)  ^^  ^33^^ 
/^"J.(J.a-2/G.,)+^^ 

^  (Jla  — ?/Gla)Jlr  or  J,„(J,^  — 2/G„)e.(337) 

J^(in)  or  (o„t)  =  -  /^i' —i -■ — I 

same  denommator 

Phil.  Mag.  S.  5.  Vol.  26.  No.  162.  Nov.  1888.  2  H 
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When  e  is  simply  periodic,  Jia  =  0  makes  the  external  E 
and  H  vanish  independent  of  the  nature  of  ?/.  The  complete 
solution  is  then 

H(i„)=47rK'^«'.,     E,i„,=  -47rK/.r'^^>.     .    (338) 

The  conduction-current  in  the  tube  is  K«  per  unit  area  of 
surface. 

To  make  the  conduction-current  vanish  by  balancing  the 
impressed  force  against  the  electric  force  of  the  field  that  it 
sets  up,  put  an  infinitely  conducting  screen  at  r-=x  outside 
the  tube  and  choose  the  frequency  to  make  J,^=0,  since  we 
now  have  y  =  Jii./G|^.  We  shall  then  have  the  same  solution 
inside  and  outside,  viz. 

H=-AJ£!:i^    E=-^^e;   .     .     .     (339) 

80  that  at  the  tube  itself  E  =  — g.  This  case  may  be  inter- 
preted as  in  §  55,  the  tube  being  at  a  nodal  surface  of  E. 

A  special  case  of  (338)  is  when  71  =  0,  or  e  is  steady.  Then 
there  is  merely  the  longitudinal  H  inside  the  tube,  given  by 

H  =  47rK('. 

61.  Cylinder  of  longitudinal  curl  of  e  in  a  Dielectric. — 
In  a  nonconductive  dielectric  let  the  impressed  electric  force 
be  such  that  its  curl  is  confined  to  a  cylinder  of  radius  a,  in 
which  it  is  uniforndy  distributed,  and  is  longitudinal.  Let/ 
be  the  tensor  of  curl  e,  and  let  it  be  a  function  of  t  only. 
Since  E  is  circular  and  H  longitudinal,  we  have  (314)  as 
operator,  in  which  k  is  to  be  zero.  This  is  outside  the  cylinder. 
Inside,  on  the  other  hand,  on  account  of  the  existence  of  curl  e, 
the  equation  corresponding  to  (314)  is 

E  _    S    dir  t^A.O\ 

At  the  boundary  r=^a  both  E  and  H  are  continuous  ;  so,  by 
taking  r  =  a  in  (340)  and  in  the  corresponding  (314)  with 
k  =  0,  and  eliminating  E^  or  Ha  between  them,  we  obtain  the 
equation  of  the  other.     We  obtain 

(out)  |E=i^a3/-'J,„(J,.-3/G,,)/,  I    ^  ^  ^3^^^ 

^R  =  ^7rat/-'^Jla{Jor—y^OrXf^v)-hf,    J 

in  which  y,  as  usual,  is  to  be  fixed  by  an  external  boundary 
condition,  or,  if  the  medium  be  boundless,  ?/  =  i 

We  see  at  once  that  J,„  =  0,  with/ simply  })eriodic,  makes 
the  external  fluxes  vanish.     We  should  not  now  say  tliat  it 
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makes  tlie  external  field  vanish,  thonn;li  the  statement  is  true 
as  re«iards  H,  because  the  electric  force  of  the  field  does  not 
vanish  ;  it  cancels  the  imjiressed  force,  so  that  there  is  no 
flux.  This  property  is  ajiparently  independent  of  y.  But, 
since  there  is  no  resistance  concerned,  except  such  as  may  be 
expressed  in  y,  it  is  clear  that  (341)  sinusoidally  realized 
cannot  represent  the  state  which  is  tended  to  after  starting/, 
unless  there  be  either  no  barrier,  so  that  initial  disturbances 
can  escape,  or  else  there  be  resistance  somewhere,  to  be  em- 
bodied in  ?/,  so  that  they  can  be  absorbed,  thouoli  only  throuoh 
an  infinite  series  of  passao;es  between  the  boundary  and  the 
axis  of  the  initial  wave  and  its  consequences. 

Thus,  with  a  conservative  barrier  producing  E  =  0  at  r  =  j;, 
and  ^y  =  Jif/Grij-,  there  is  no  escape  for  the  initial  effects,  which 
remain  in  the  form  of  free  vibrations,  whilst  only  thi;  forced 
vibrations  are  got  by  taking  s^=  +  constant  in  (341).  The 
other  part  of  the  sohttion  must  be  separately  calculated.  If 
J,x=0,  E  and  H  run  up  infinitely.  If  Jiu  =  0  also,  the  result 
is  ambiguous. 

With  no  barrier  at  all,  or  7/  =  i,  we  have 

outP  =  -^^^>"'^'«(^"-  +  ^"J-)-^H      .     .     (342) 
i  H=  (2a/ir)-'J,„(Jor— iGor)/o,  ^ 

which  are  fully  realized.  Here/o=/7ra^,  which  may  be  called 
the  strength  of  the  filament.  VVe  may  most  simply  take  the 
impressed  force  to  be  circular,  its  intensity  varying  as  r  within 
and  inversely  as  r  outside  the  cylinder.  Then  /=  2e  /a,  if  Ca 
is  the  intensity  at  r  =  a. 

When  ?ir/v  is  large,  (342)  becomes,  by  (308), 

(out)  E  =  ;afH=*'-^    —  I  sm(«< +  -)    .      343 

4u  xwnrj         \  I'        4/ 

approximately.  27rr  should  be  a  large  multiple,  and  27ra  a 
small  fraction  of  the  wave-leno;th  along  r. 

62.  Filament  of  curl  e.  Calculation  of  Wave. — In  the  last 
let/o  be  constant  whilst  a  is  made  infinitely  small.  It  is  then 
a  mere  filament  of  curl  of  e  at  the  axis  that  is  in  operation. 
We  now  have,  by  the  second  of  (342),  with  Jia  =  ^na/r, 

H=-(c;V4)(ao.  +  Gor)/o,  .     •     .     .     (344) 

which  may  be  regarded  as  the  simply  periodic  solution  or  as 
the  diflPerential  equation  of  H.  In  the  latter  case,  put  in  terms 
of  W  by  (311),  then 

H=(2^r)-'(y/27r)*W/o;     ....    (345) 
2  II  2 
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or,  expanding  by  (309), 

H=9^79^Wl-K^+hJ^r^----)v-/u,  .    (346) 
Z/Lii'  (ztt;')^         \        oqr      v2,{oqr)-  j  i -'  - 

in  wliich /o  may  be  any  function  of  the  time.     Let  it  be  zero 
before  and  constant  after  ^  =  0.     Then,  first, 

^]%=fo{'^rty'^ (347) 

Next  effect  the  integrations  of  this  function  indicated  by  the 
inverse  powers  of  q  or  piv,  thus 

=  (l+i7//2r)-=(7rrO-^  =  (2r/7r)i[t<r<  +  2r)]-^,  .  (348) 

Lastly,  operating  on  this  by  e"**"  turns  vt  to  vt  —  r,  and  brings 
(346)  to 

H  =  (/o/27r/it;)(t^¥-r2)-^,       .     .     .     (349) 

which  is  ridiculously  simple.     Let  Z  be  the  time-integral  of 
H,  then 

from  which  we  may  derive  E  ;  thus 

curiZ=.E,     orE=~-^  =  ^^,f^^^.    (351) 
The  other  vector-potential  A,  such  that  E=:— j^A  is  obviously 

^-W^-') (^^^) 

All  these  formulae  of  course  only  commence  when  vt  reaches  r. 
The  infinite  values  of  E  and  H  at  the  wave-front  arise  from 
the  infinite  concentration  of  the  curl  of  e  at  the  axis. 
Notice  that 

E  =  m/rc (353) 

everywhere.     It  follows  from  this  connexion  between  E  and 
H  (or  from  their  full  expressions)  that 

cW^fiW:=ce'==c(fj2'rrry',     .     .     .     (354) 

where  e  denotes  the  intensity  of  impressed  force  at  distance  r, 
when  it  is  of  the  simplest  type,  above  described.     That  is,  the 
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excess  of  the  electric  over  the  iiiaofnetic  energy  at  any  point 
is  independent  of  the  time.  Both  decrease  at  an  ecpial  rate; 
the  magnetic  energy  to  zero,  the  electric  energy  to  that  of 
the  final  steady  displacement  ce/47r. 

The  above  E  and  H  solutions  are  fundamental,  because 
all  electromagnetic  disturbances  due  to  impressed  force  depend 
solely  upon,  and  come  from,  the  lines  of  curl  of  the  impressed 
force.  From  them,  by  integration,  we  can  find  the  disturb- 
ances due  to  any  collection  of  rectilinear  filaments  off.  Thus, 
to  find  the  H  due  to  a  plane  sheet  of  parallel  uniformly  dis- 
tributed filaments,  of  surface-density/,  we  have,  by  (349),  at 
distance  a  from  the  plane,  on  either  side, 


H 


J  •2'7rfiiiv''t^  -  a-'  -fy      'Ittijlv  V         {vH'  -  a^)*  J ' 
where  the  limits  are  +(uV— a^)  .     Therefore 

after  the  time  t  =  ajc  ;  before  then,  H  is  zero. 

Similarly,  a  cylindrical  sheet  of  longitudinal  f  produces 

dd 


H 


fa     C d 


-uy 


where  h  is  the  distance  of  the  point  where  H  is  reckoned  from 
the  element  add  of  the  circular  section  of  the  sheet,  a  being 
its  radius.  The  limits  have  to  be  so  chosen  as  to  include  all 
elements  of/  which  have  had  time  to  produce  any  effect  at 
the  point  in  question.  When  the  point  is  external  and  vt 
exceeds  a  +  r  the  limits  are  complete,  viz.  to  include  the  whole 
circle.  The  result  is  then,  at  distance  r  from  the  axis  of  the 
cylinder, 

jj^         /(^Ih-^'         r.  .    1  •  3  .f  .   1.3.5.7  .1-2  4  .  3 


(,»Y-a'-7-2)a        2-^|2  2   '        2*j4        2^.2 
1.3.5.7.9.U^3g_5^4 


+ 


],     (355) 


2«|6  2n  .  2  .  3 

where 

x=(2arf{vH'^-a'^-r^)-K 

This  formula  begins  to  operate  when  .i'=l,  or  vt=^a  +  r.     As 
time  goes  on,  x  falls  to  zero,  leaving  only  the  first  term. 

[To  be  continued.] 
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XLIX.  Mean  Inteimty  of  Magnetization  of  Soft  Iron  Bars  of 
Varions  Lengths  in  a  Vniforvi  Magnetic  Field.  By  A. 
Tanakadatk*. 

[Plates  IV.  &  v.] 

THE  series  of  experiments  now  to  be  described  on  the 
mean  intensity  of  man;netization  in  soft  iron  burs  of 
various  lengths  has  been  carried  out  in  the  Physical  Labora- 
tory of  Glasgow  University,  and  in  accordance  with  Sir 
William  Thomson's  instructions. 

The  experiments  consisted  in  subjecting  the  piece  of  iron  to 
different  strengths  of  magnetizing  field,  and  in  measuring 
the  magnetic  moment  thereby  acquired.  The  amount  of 
residual  magnetism  was  also  observed  by  reducing  the  field 
to  zero  after  each  magnetization. 

The  magnetizing  field  was  obtained  as  usual  by  means  of 
an  electromagnetic  solenoid  consisting  of  fine  insulated  copper 
wire,  wound  upon  a  brass  tube.  The  length  of  the  wound 
part  of  the  tube  was  11*9  centim.,  and  the  total  number  of 
turns  1^^158,  so  that  the  magnetic  field  due  to  1  ampere  was 
47r  13158/11-9x10  =  1390  in  C.G.S.  units,  neglecting  the 
effect  due  to  the  broken  ends.  The  current  through  the 
solenoid  was  varied  by  inserting  resistances  by  steps.  Its 
strength  was  measured  by  observing  the  difference  of  poten- 
tials at  the  terminals  of  the  solenoid  by  means  of  one  of  Sir 
William  Thomson^s  graded  potential  galvanometers  f- 

The  solenoid  was  laid  at  right  angles  to  the  magnetic 
meridian,  and  in  the  prolongation  of  the  axis  of  the  solenoid 
was  placed  a  reflecting  mirror-magnetometer.  Under  these 
circumstances,  the  deflections  of  the  magnetometer  consist  of 
two  parts,  one  due  to  the  solenoid  and  the  other  due  to  the 
magnetized  iron  in  it.  The  first  of  these  were  taken  account 
of  by  making  a  separate  observation  on  the  magnetometer 
deflection  without  the  iron  in  it,  before  each  experiment. 
•  The  iron  pieces  were  cut  the  required  length,  and  were 
heated  to  redness  in  a  gas  flame  and  slowly  cooled  :  the 
oxide  coating  formed  on  the  surface  was  removed  by  rubbing 

*  Communicated  by  Sir  WilHam  Thomson,  having  been  read  before 
the  British  Association  at  the  Bath  Meeting,  1888. 

t  The  resistance  of  the  solenoid  was  40G'r)  ohms,  at  50°  F.,  and  was 
assumed  to  be  constant  throughout  the  experiments ;  as  the  temperature 
of  the  room  was  never  far  from  tliat  temperature,  and  the  strength  of 
current  was  never  greater  than  -j'tj  ampere,  the  error  arising  from  tlie 
variation  of  resistance  due  to  that  of  temperature  could  not  have  been 
anything  serious. 
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Avith  emery  paper,  except  in  the  experiinont  represented  in 
the  curve  at  PI.  IV.  fig.  2. 

The  mean    intensity    of   magnetization    was    obtained    by 
dividing  the  magnetic  moment  of  the  bar  by  its  volume  ;  the 
calcuhition  being  as  follows  : — 
Let   21  =  length  of  the  bar. 
d  =  diameter  of  the  bar. 
r  =  distance  of  the  bar^s  centre  I'roni  the  centre  of  the 

magnetometer-needle. 
H  =  the  intensity  of  the  horizontal  component  of  the 
earth^s  magnetic  field  (assumed  to  be  "152  C.G.S. 
unit). 

0  =defiection  of  magnetometer. 

1  =the  mean  intensity  of  magnetization. 

H  tan  (9  0-2-/2)2 


1  = 


/7rc/2/. 


Tan  6  was  obtained  from  the  observed  scale-readings  (which 
are  proportional  to  tan  2  6)  by  expansion.  In  the  experiment 
VI.,  owing  to  the  increased  length  of  the  bar,  a  new  solenoid 
which  extended  2*5  centim.  beyond  the  bar  toward  either  way 
was  employed,  the  constant  being  23  C.G.S.  units  of  magnetic 
field  per  ampere.  This  solenoid  was  placed  vertically  due 
west  of  the  magnetometer,  the  upper  end  of  the  iron  wire 
being  slightly  above  the  level  of  the  magnetometer.  The 
calculation  for  the  mean  intensity  in  this  case  was 

Htan^r2 
Jd^|l-rV(r2  +  /2)?j' 

where  r  is  the  distance  of  the  upper  end  of  the  wire  from  the 
magnetometer*. 

The  results  thus  arrived  at  are  graphically  represented  in 
figs.  7  to  14  (Pis.  IV.,  V.) 

Prof.  J.  A.  Ewing  has  carried  this  experiment  f  from 
length/diameter  =  300  to  50  ;  the  300  one  being  found  to 
give  practically  the  same  results  as  those  obtained  with  ring- 
magnets,  and  the  present  results  might  be  looked  upon  as  its 
continuation,  had  it  not  been  for  the  difference  in  the  methods 
employed.  Prof.  Ewing's  method  was  a  ballistic  one  ;  con- 
sequently it  gives  the  magnetization  in  the  neighbourhood 

•  This  experiment  VI.  is  not  strictly  comparable  with  the  other  five, 
not  only  on  account  of  the  difference  in  the  method.-*  employed,  but  also 
on  account  uf  the  difierence  in  the  specimen  of  iron  used. 

t  I'hil.  Trans.  186.5,  Part  II. 
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of  the  equatorial  section  of  the  bar  where  it  will  be  a  maxi- 
mum, the  result  being  independent  of  the  mode  of  distribution 
of  maojnetism  at  the  broken  ends.  In  the  present  case,  how- 
ever, the  calculation  bein<jj  based  ui)on  the  supposition  of  sole- 
noidal  distrilnition  (which  is  far  from  being  true),  I  might 
be  called  the  mean  intensity  of  magnetization  in  the  mass  of 
the  substance  under  consideration. 

A  glance  at  the  diagram  shows  a  rapid  fall  of  mean  in- 
tensity as  the  length  diminishes.  This  is  no  doubt  due  to  the 
demagnetizing  effect  of  the  broken  ends,  as  is  noticed  in 
Mtixwell's  book.  It  might  bo  interesting  here  to  notice  how 
this  demagnetizing  force  reduces  the  areas  of  hysteresis  as 
the  ratio  length/diameter  varit^s,  although  with  regard  to 
this  point  I  much  regret  that  (except  in  VI.)  I  did  not  com- 
plete the  whole  cycle  by  subjecting  the  bars  to  negative  mag- 
netization.    Still,  the  values  of  I  Id^  obtained  from  the  above 

might  give  some  notion  with  regard  to  the  amount  of  energy 
dissi|)ated  in  carrying  different  bar-magnets  through  the 
cycle  of  magnetization,  ^  being  the  intensity  of  magnetizing 
field  as  usual.  From  considerations  of  results  in  which  the 
cycle  has  been  completed,  the  areas  in  the  above  diagrams 
will  be  seen  to  be  something  like  one  third  of  the  whole  area. 
The  areas  computed  from  the  above  diagrams  are  given  in 
the  foUowino;  table  and  at  PI.  IV.  fig.  7. 


Reference 
number. 

Length. 

Diameter. 

Length 
Diameter" 

fTO 

3J    ldy):3pp. 

I. 

centim. 
6 

centim. 
0-152 

394 

ergs. 
55G0 

ergs. 
16680 

4°-74xlO-»C. 

II. 

5 

0156 

320 

4770 

14310 

4°06      „ 

III. 

4 

0-152 

26-3 

2964 

8892 

2°-52      „ 

IV. 

3 

0152 

19-7 

1378 

4134 

1°-17      „ 

V. 

2 

0-153 

131 

930 

2790 

0°-79      „ 

VI. 

33-4 

0-115 

291-0 

18450* 

5°-25      „ 

The  last  column  of  the  table  gives  the  probable  rise  of 
temperature  of  the  iron  due  to  one  complete  reversal  of  mag- 
netization, supposing  the  whole  energy  dissipated  is  used  in 
heating  the  iron. 

In  connexion  wnth  the  present  result  I  beg  to  mention  some 
results  of  mine  which  were  obtained  in  1883  in  Jai)an.     The 

r+51 

•  This  ie  the  whole  area  of  cycle  j       I</jp. 
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experiniont  Avas  carried  out  in  the  Physical  Lalioratory  of  the 
then  Tokyo  Daioaku.  It  was  very  similar  to  the  present  one 
in  its  nature,  conductetl,  however,  in  a  different  way,  in  so  far 
as  the  niaonerizing  field  was  ke])t  constant  while  the  mass  of 
iron  magnetized  was  increased  by  steps. 

The  arrauiiement  of  the  magnetizino;  solenoid  and  the 
magnetometer  was  the  same  as  in  the  present  experiment. 
The  dimensions  of  the  solenoid  were  : — length  d"25  centim.; 
external  diameter  2  centim.;  internal  diameter  O'SH  centim.; 
number  of  turns  of  wire  per  centimetre  132Mi.  The  length 
of  soft  iron  wire  was  9  centim.  and  its  diameter  1  millim. 

In  the  first  experiment  the  magnetizing  field  of  46  CG.S. 
units  was  kept  constant,  and  the  soft  iron  wires  were  put  into 
the  solenoid  one  by  one.  At  first  these  wires  were  sucked 
into  the  solenoid  very  vigorously,  and  the  magnetometer 
readings  were  very  nearly  proportional  to  the  number  of  wires 
in  the  solenoid.  But  when  the  number  of  iron  wires  was 
about  10,  some  of  the  wires  began  to  throw  themselves  out  of 
the  solenoid,  and  even  when  pushed  in  again  with  a  finger 
would  jump  out  upon  its  removal.*  They  were,  however, 
capable  of  being  kept  in  their  normal  position  by  a  careful 
adjustment.  01)viously  every  one  of  the  wires  is  under  two 
forces — one,  that  due  to  the  solenoid,  tending  to  keep  the  wire 
in,  and  the  other,  due  to  the  magnetism  of  its  fellow  wires, 
tending  to  push  it  off :  consequently  when  the  latter  becomes 
greater  than  the  former,  the  wires  will  be  in  an  unstable  state 
(such  a  state  might  be  imagined  to  be  taking  place  between 
parts  of  a  solid  bar).  It  is  interesting  to  see  that,  after  this 
event,  the  magnetometer  readings  fall  rapidly  short  of  being 
proportional  to  the  number  of  wires  in  the  solenoid,  and  after 
the  number  was  increased  to  about  25  the  magnetometer 
readings  remained  practically  constant,  even  if  the  wires 
were  increased  to  as  many  as  41. 

Figs.  8  to  14,  PI.  v.,  represent  the  results  of  this  experi- 
ment. Fig.  8  shows  the  increase  of  magnetic  moment  due 
to  the  increase  of  iron  wires,  and  fig.  U  the  mean  intensity  of 
magnetization  in  the  whole  substance  of  the  iron. 

Similar  ex|)eriments  were  made  for  the  constant  mag- 
netizing fields  50,  11,  5"5,  2'75  C.G.S.  units.  These  are 
drawn  in  arbitrary  scales  for  the  want  of  the  original  notes  at 
the  present.  By  comparing  these,  however,  with  the  curves 
for  field  =  46,  one  can   form   a  fair  estimate  of  what  they 

•  After  the  number  of  wires  had  been  increased  to  38,  they  did  not 
jump  out  even  if  slightly  disturbed  from  the  normal  position.  But  I  was 
unable  to  tell  whether  this  was  a  ma<rnetic  effect,  or  simply  a  mechanical 
one  due  to  the  increase  of  friction. 
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would  be  in  C.G.S.  units.  It  thus  seems  that  we  may  roughly 
ol)tain  the  moments  in  C.G.S.  by  multiplying  the  numbers  in 
the  ^/-ordinate  of  curves  fig.  10  by  6*7,  and  the  mean  intensity 
of  magnetization  by  multiplying  the  numbers  in  y-ordinate 
of  curves  fig.  11  by  10. 

From  the  curves  (PI.  IV.  figs.  1  to  5)  I  construct  the 
following  curves  of  mean  intensity  of  magnetization  as  a 
function  of  the  ratio  length/diameter  of  the  bar  for  differ- 
ent magnetizing  fields.  From  these  curves  we  see  that  the 
intensity  of  magnetization  falls  very  rapidly  as  the  ratio 
length/diameter  diminishes.  As  this  ratio  increases  the 
curves  will  bend  toward  the  a--axis,  and  will  ultimately  be 
parallel  to  it  as  long  as  the  magnetization  of  ring-magnets  is 
finite. 

As  a  means  of  comparison  I  construct,  from  the  curves 
of  magnetization  with  several  wires,  the  diagram  (PI.  V. 
fig.  13)  of  mean  intensity  of  magnetization  as  function 
of  lengtli/s/  sectional  area  4/7r,  that  is,  what  the  ratio 
length/diameter  would  become  had  these  wires  been  moulded 
into  a  single  cylinder  at  each  step  instead  of  being  separate 
wires  side  by  side,  as  in  the  actual  case.  By  comparing  this 
with  the  curves  fig.  12,  we  see  that  they  both  show  that  for 
very  flat  ])lates  the  mean  intensity  will  be  extremely  small; 
also  for  the  case  of  separate  wires  the  bend  of  the  curve 
occurs  earlier,  i.  e.  for  less  value  of  length/diameter. 

From  the  way  in  which  the  curves  figs.  8  and  10  tend  to 
be  asymptotic,  it  would  seem  that  the  induced  magnetic 
moment  in  a  soft  iron  bar  is  not  increased  by  increasing  its 
thickness  beyond  a  certain  proportion  of  its  length.  These 
curves,  however,  are  in  reality  obtained  from  experiments 
made  on  a  bundle  of  wires  of  given  length  with  various 
thicknesses  of  the  bundle.  Thus,  there  may  be  material 
dift'erence  between  this  case  and  the  case  in  which  an  actual 
solid  bar  of  given  length  is  made  to  vary  in  its  thickness. 
We  have  no  experiment  of  this  latter  case;  but  if  we  assume 
that,  when  similar  bars  of  the  same  magnetic  substance  are 
placed  in  uniform  magnetic  fields  of  the  same  intensity, 
both  of  them  will  give  the  same  amount  of  the  mean  intensity 
of  magnetization,  or,  in  other  words,  if  we  suppose  the  in- 
tensity of  magnetization  in  a  uniform  magnetic  field  to  be 
independent  of  the  absolute  sizes  of  the  bars,  and  merely 
dependent  upon  the  shape  and  nature  of  the  magnetic  sub- 
stance, then  we  can  trace  the  increase  of  magnetic  moment 
due  to  the  increase  of  section  in  a  bar  of  given  length,  from 
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the  data  we  have  in  the  curves  fi<;s.  1  to  5.  To  do  this  \Ne  have 
to  reduce  the  bars  to  some  coniinon  length  and  tind  their 
several  diameters  which  will  make  their  shapes  similar  to  the 
original  ones.  Taking  their  connnon  length  to  be  1  cm., 
and  tiniling  the  diameters  and  volumes  -which  each  of  the 
bars  would  come  to  have,  ^ve  obtain  from  the  Table  given  in 
page  452: — 


Reference  number. 

Reduced  diameters. 

Reduced  volumes. 

I. 

•0253  cm. 

•00051  cub.  cm. 

II. 

■0312    „ 

■00077    „      „ 

III. 

•0380    „ 

■00114    „      „ 

IV. 

•0507    „ 

•00203    „      ,, 

V. 

•0765    „ 

•00457    „      ., 

To  find,  now,  the  induced  magnetic  moment  due  to  any 
field  in  any  of  the  reduced  bars,  we  have  to  take  the  mean 
intensity  of  magnetization  corresponding  to  that  field  from 
the  particular  curve  which  belongs  to  the  original  bar;  and 
multiply  that  intensity  by  the  reduced  volume.  The  dia- 
gram (fig.  14)  shows  the  increase  of  magnetic  moment 
due  to  the  increase  of  the  section  of  soft  iron  bars  deduced 
in  this  wa3^  On  the  top  of  the  diagram  numbers  indicat- 
ing the  ratio  (diameter/length)  are  placed  for  convenience 
of  reference.  The  moment  here  being  given  in  (J.G.S. 
units  for  bars  of  1  centim.  long,  we  can  find  the  moment 
of  induced  magnetism  due  to  any  field  for  a  soft  iron  bar  of 
any  given  dimensions,  supposing  the  magnetization  to  be 
independent  of  the  absolute  size  of  the  bar.  For  this  purpose 
we  have  to  take  the  moment  corresponding  to  the  particular 
ratio  (diameter/length)  of  the  given  bar  and  the  particular 
field  required,  and  multiply  that  moment  by  the  cube  of  the 
length.  That  is  to  say,  within  the  limits  to  which  the  experi- 
ments extend. 

The  curves  are  similar  in  character  to  those  obtained  with 
a  bundle  of  wires,  only  they  are  not  so  decidedly  asymptotic 
as  the  latter.  We  cannot,  however,  draw  a  definite  conclusion 
as  to  the  real  difference  between  the  two  cases,  on  account  of 
the  difference  of  the  specimens  of  the  wires  employed.  From 
both  sets  of  these  experiments  we  see  that,  after  the  diameter 
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is  about  ^5  of  the  length  of  the  bar,  there  is  not  much  increase 
of  moment  due  to  the  increase  of  the  thickness  of  the  bar; 
tliat  is,  the  induced  magnetic  moment  ^vill  be  practically- 
independent  of  the  mass  of  the  iron.  This  statement,  para- 
doxical as  it  sounds,  is  not  much  to  be  wondered  at  if  we 
consider  that,  Avh(^n  the  bar  becomes  very  thick,  the  substance 
of  the  bar  itself  will  be  forming  a  kind  of  internal  armature  to 
the  free  ends  of  the  bar.  Thus  it  seems  likely,  where  thick 
bar  magnets  are  used  in  practice,  that  there  may  be  found 
waste  of  material  of  iron,  although  in  many  cases  different 
shapes  and  the  j)resence  of  external  armatures  will  modify 
the  condition  from  the  case  of  the  experiments  described. 

Glasgow  University, 
October  10,  lbt>8. 


L.    On  the  General  Quartine,  or  the  Incritico'ul  of  the  Fourth 
Degree.     By  the  Rev.  Robekt  Harley,  M.A.,  F.R.S* 

CRITICOIDS  are  those  functions  of  the  coefficients  of  a 
linear  differential  equation  which  remain  unaltered  when 
the  differential  equation  is  transformed  by  a  change  of  one  of 
the  variables,  being  analogous  in  this  respect  to  the  critical 
functions  or  seminvariants  of  common  algebra.  We  may 
divide  them  into  two  classes,  according  as  the  changed  vari- 
able is  the  dependent  or  independent  variable.  Sir  James 
Cockle,  to  whom  we  owe  the  discovery  of  these  forms  f,  calls 
the  first  class  "  ordinary,"  and  the  second  "  differential,"  but 
in  fact  both  are  differential,  because  both  contain  differential 
coefficients.  Professor  Malet  J  describes  them  as  Invariants 
of  the  first  and  second  class.  The  functions,  however,  are 
not  strictly  invariants,  and  the  distinction  between  first  and 
second  class  hardly  seems  marked  enough.  I  propose  to  give 
the  name  Decriticoids  to  those  forms  which  are  unaffected  by 
a  change  of  the  dependent  variable,  and  the  name  Incriticoids 
to  those  which  are  unaffected  by  a  change  of  the  independent 
variable.  A  decriticoid  of  the  mi\\  degree  may  be  called  an 
wi-ide,  and  an  incriticoid  of  the  same  decree  an  w-ine. 

*  Communicated  by  the  Author. 

t  Harley.  "  Professor  Malet's  Classes  of  Invariants  identified  with  Sir 
James  Cockle's  Critieoids."  Proceedings  of  the  Koyal  Society  for  1884, 
vol.  xxxviii.  pp.  4o-o7. 

X  Malet.  "  On  a  Class  of  Invariants,"  Philosophical  Transactions  for 
1882,  Part  III.  pp.  761-770. 
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The  object  of  this  paper  is  not  to  expound  the  general 
theory,  or  to  point  out  any  of  its  numerous  applications,  but 
simply  to  place  on  record  the  explicit  form  of  the  quartine  or 
incriticoid  of  the  fourth  degree.  This  form  I  calculated  in 
February  1885,  and  connnunicated  at  the  time  to  Sir  James 
Cockle  ;  it  has  not  hitherto  been  printed.  Unique  in  cha- 
racter, its  peculiarities  deserve  attentive  study.  I  hope  to 
consider  these  in  a  memoir  dealing  with  the  general  subject. 

Using  the  quantical  notation  we  may  write  the  linear  dif- 
ferential equation  of  the  nth  order  thus — 

(i,p„p„...r„x^,i)''3/=o, 

where  Pj,  P2,  .  .  .  P„  are  functions  of  .r.  Changing  the  inde- 
pendent variable,  this  equation  may  be  transformed  into 

(1,  Q„  Qo,  .  .  .  Q„l|,  l)"y=0, 

where  Qj,  Q2, . . .  Q«  are  functions  of  t.  Denoting  differentia- 
tions with  respect  to  x  Iw  acute,  and  with  respect  to  t  by 
grave  accents,  and  representing  the  general  quartine  by 

or  its  equivalent 

<f>(P,  F,  P",  F'") 

4  ' 

pn 

the  result  to  which  I  have  been  led,  omitting  here  all  details 
of  calculation,  may  be  exhibited  in  the  following  form, 
viz. : — 

*(Q,  Q',  Q",  Q'")  =  Q'," + ;^i  Ql'  Q, + ^  {Q\y 

30(n-2)  ,    ^^  ,   15n^-75n^  +  120n-38^, 
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20(n-2)  5(n-2)  2Q(n-2) 

5n-7  2(10n-27)  (n-2)(tOn^-37n  +  17)^a 

5r»-3)  5n-0  3(n-3)  21  (n-  8) 

4(n-4)^^"^^^n:^3^i^2(n-2)'^2       2(n-l)   ^^'^^ 

.  (n-3)(21n^-57n  +  26)^,  ) 

+x,{Q;Q,-3-i^,Q;)-(^|K5^>Q;Q; 

4(n-2)  ^^"^  2(n-l)  ^^^^  V2{7i-\f       "^ij ' 

in  which  we  may  assign  to  the  multipliers  Xi,  X21  ^3  ^ny  values 
as  constants,  or  as  functions  of  n  only,  that  we  please.  I  will 
only  add  here  that  the  expression  into  which  X3  is  multiplied 
is  to  a  factor  the  square  of  a  known  form  of  the  quadrine  ;  it 
is  equal  in  fact  to 

-1)  1^1+2'  n-1  ^'      2'n-2^''i 


3(71-1) 


4  Wellington  Square,  Oxford, 
October  10,  1888. 


LI.   On  a  JVeiv  Barometer,  called  "  the  Amphisbcena." 
By  T.  H.  Blakesley.^ 

THIS  instrument  consists  of  a  straight  glass  tube  of  uniform 
internal  cross  section,  closed  at  one  end  and  open  to 

*  Couinuniicated  by  the  Physical  Society:  read  June  23,  1888. 
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the  atinosphore  at  the  other.  A  thread  of  quicksilver  occupies 
a  portion  of  the  tube,  the  space  between  the  quicksilver 
and  the  closed  end  beincr  occupied  by  air.  A  uniformly 
graduated  scale,  of  anv  convenient  dimensions,  but  ivhose  zero 
poitit  is  coincident  tcifh  the  closed  end,  is  attached.  Since  there 
is  no  escape  for  the  air  contained  between  the  (luicksiiver  and 
the  closed  end,  this  scale  serves  to  determine  the  volume  of 
this  air  at  any  particular  moment.  The  instrument  can  be 
suspended  vertically  with  the  closed  end  either  upwards  or 
downwards,  and  in  these  positions  the  volumes  of  the  cushioned 
air,  as  indicated  by  the  end  of  the  quicksilver  thread,  can  be 
ascertained.  It  is  clear  that  when  the  closed  end  is  upwards 
this  air  is  subject  to  a  pressure  which  is  the  difference  between 
the  atmospheric  pressure  and  that  due  to  a  column  of  quick- 
silver equal  in  height  to  the  length  of  the  thread.  But  when 
the  closed  end  points  dovA'nwards,  the  pressure  of  the  cushioned 
air  is  the  sum  of  the  atmospheric  pressure  and  that  due  to  the 
length  of  the  thread. 

These  two  observations,  then,  enable  one  to  find  the  relation 
between  the  atmospheric  pressure  and  that  due  to  the  thread 
of  quicksilver. 

Let  H  bo  the  unknown  height  of  the  barometer; 
I  be  the  length  of  the  thread  of  quicksilver; 
A  be  the  reading  of  the  volume  of  air  enclosed,  when 

the  closed  end  of  the  tube  is  upwards; 
B  be  the  reading  of  the  volume,  when  the  closed  end 
is  downwards. 

Then  the  product  of  the  pressure  and  volume  being  the 
same  in  the  two  cases,  assuming  the  temperature  constant, 

(H-/)A  =  (H  +  OB, 
or 

Thus  the  following  rule  applies  : — Divide  the  sum  of  the 
readings  by  their  difference,  and  multiply  by  the  length  of 
the  quicksilver  thread. 

Since  the  length  of  the  quicksilver  occurs  as  a  factor,  it  is 
obviously  advantageous  that  it  should  be  a  simple  number,  as 
10  inches.  Where  centimetres  are  required,  25  centimetres 
or  50  centimetres  would  be  convenient  quantities. 

Here  it  may  be  pointed  out  that  the  usual  correction  for 
temperature  may  be  made  once  for  all,  by  having  the  thread 
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of  ([uicksilver,  not  exactly  10  inches  or  50  centimetres,  but 
such  a  length  as  would  be  10  inches  or  50  centimetres  at 
zero  of  temperature  Centiorade.  Then,  b}^  taking  the  simple 
number  for  use  in  the  calcuhition,  whatever  the  real  length 
may,  on  account  of  temperature,  bo,  the  final  result  is  the 
reduced  barometer. 

A  convenient  length  for  a  portable  instrument  would  be 
about  20  inches,  with  a  10-inch  thread  of  quicksilver. 

The  diameter  of  the  tube  should  be  small  enough  to  main- 
tain continuity  in  the  quicksilver.  1-2  millim.  or  one 
twentieth  of  an  inch  answers  very  well. 

The  value  of  an  observation  made  with  this  instrument 
would  theoretically  not  be  injured  should  the  quicksilver 
thread  become,  tb.rough  mischance,  discontinuous,  so  long  as 
all  the  liquid  remained  in  the  tube,  though  it  appears  that 
practically  the  multiplication  of  ends  by  subdivision  adds  a 
certain  amount  of  friction,  and  produces  sluggishness  in  the 
movements  of  the  quicksilver. 

In  using  the  instrument  for  determining  mountain  eleva- 
tions, the  length  of  the  quicksilver  may  be  left  quite  unde- 
termined ;  for  the  difference  of  level  appears  as  a  function  of 
the  ratio  merely  of  the  two  pressures  at  the  points  of  observa- 
tion (^  log  —  ],  where  ^  is  the  height  of  the  homogeneous 
atmosphere.  Therefore  we  can  use  the  ratio  of  the  func- 
tions  / T\  I  of  the  observations  onJti  at  the  two  stations. 

\A  — B/ 

In  practice  the  glass  tube  is  sunk  into  a  groove  in  a  light 
piece  of  wood  provided  with  two  eyes,  which  serve  either  for 
suspension  from  a  nail  in  a  wall,  or  for  attaching  a  strap  or 
cord  for  slinging  the  instrument  round  the  shoulders  in 
climbing.  The  eye  at  the  open  end  of  the  tube  will  screw 
in  far  enough  to  stop  the  opening  temporarily  if  that  should 
be  desirable  ;  but  if  care  is  taken  to  climb  with  the  closed 
end  downwards,  there  is  small  fear  of  the  quicksilver  becoming 
either  lost  or  discontinuous. 

The  instrument,  as  made  by  Messrs.  Watson  Brothers,  of 
4  Pall  Mall,  weighs  between  6  and  7  oz. 


[  ^^^1  ] 
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liecent  Tiwt-boohs  of  Determinants. 

Teoria  elemental  de  las  Determinantes,  y  sus  2^i'incipales  aplicncionea 
al  Ahfthra  y  la  Geometna.  Por  Ytixx  Amok^tti  y  Caklos  M. 
Morales.     (Buenos  Ayres  :  M.  Biednia,  1888.) 

Elementarii  Treatise  on  Dctermnants.  By  AVtlliam  G.  Peck, 
P/uD.,  LL.D.  (New  York  and  Chicago  :  A.  S.  Barnes  &  Com- 
pany, 1887.) 

''PHE  first  of  these  books  is  a  fresh  and  pleasing  indication  that 
-*-  mathematical  studies  have  taken  vigorous  root  in  the  University 
of  Buenos  Ayres.  The  change  for  the  better,  due  in  great  part  to 
the  energy  and  enthusiasm  of  Professor  Valentin  Balbin,  deserves 
cordial  recognition  in  this  country,  whose  financial  and  trade  rela- 
tions with  the  Argentine  Kepublic  are  yearly  becoming  more  and 
more  important.  To  the  supply  of  text-books  Professor  Balbin 
has  made  important  contributions ;  and  the  present  work,  though 
not  bearing  his  name  on  the  tillepage,  claims  him  as  godfather. 

As  a  specimen  of  printers'  handicraft  it  is  very  satisfactory;  the 
page  is  large  (larger  than  that  of  Salmon's  works),  the  margin 
is  wide,  and  the  type  clear  and  generously  spaced.  The  subject  is 
treated  of  in  three  Sections,  viz. : — Determinants  in  General,  occu- 
pying 71  pages ;  Determinants  of  Special  Form,  occupying  43 
pages ;  and  Applications  of  Determinants,  occupying  66  pages. 
In  all  three  the  arrangement  is  most  methodical :  definition, 
theorem,  and  corollary  following  in  order,  with  sufficient  illustra- 
tions and  examples  interspersed  to  satisfy  any  ordinary  student. 

With  the  first  section  very  little  fault  can  be  found.  The  his- 
torical indications  are  rather  seriously  inaccurate—  a  venial  weakness, 
considering  the  rarity  of  such  accuracy,  and  bearing  in  mind  the 
fact  that  the  authors  do  not  profess  to  have  made  any  original 
research  on  the  subject.  The  reviewer,  however,  cannot  too  often 
point  out  how  misleading  it  is  to  say,  for  example,  that  Gauss 
notably  advanced  the  theory  of  determinants,  that  the  notation 
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is  due  to  Cauchy,  that  Leibnitz's  notation  was 


«,, 


or,  indeed,  that  Leibnitz  had  any  notation  for  determinants  at  all. 
These  and  other  such  statements  the  authors  should  try  to  verify, 
P/iil.  Maq.  S.  5.  Vol.  2(5.  No.  1G2.  Nov.  1888.     "    2  I 
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in  view  of  a  second  edition  of  their  book  being  called  for.  They 
will  find  all  the  needful  passages  of  Leibnitz,  Gauss,  Cauchy,  &c., 
carefully  reprinted  in  the  '  Proceedings  of  the  Eoyal  Society  of 
Edinburgh,'  vol.  xiii.  pp.  547-590,  xiv.  pp.  452-51S. 

The  next  section  or  "  boolt  "  consists  of  eight  chapters — the  first 
dealing  with  the  yidjm/ate  determinant,  the  second  with  Sj/mmetric 
determinants,  the  third  with  S/ceiu  determinants,  the  fourth  with 
"  determimuites  midtiples"  the  fifth  with  Circulants,  the  sixth  with 
Altei'tuints,  the  seventh  with  Continuants^  and  the  eighth  with 
Functional  determinants.  Most  of  these  chapters  are  very  complete 
and  satisfactory,  indeed  in  no  foreign  text-book  is  the  treatment  of 
special  forms  more  methodical  and  exhaustive.  The  only  chapter 
to  which  objection  can  be  taken  is  the  fourth,  but  the  objectionable 
part  is  so  fundamental  that  no  mere  improvement  in  the  details 
would  do  much  good.  As  the  term  "  multiple  "'  determinant  is 
unknown  to  English-speaking  and  German  mathematicians,  the 
definition  with  which  the  chapter  opens  must  be  turned  to  for  in- 
formation. It  is  as  follows : — "  A  detenninant  ivhich  Jias  each  of 
the  elements  of  a  single  row  or  of  a  siiu/le  column  equal  to  unit  1/ is 
called  a  midtiple  determinant^  Whatever  doubt  may  exist  about 
the  convenience  of  the  new  name  thus  introduced,  there  can  be 
absolutely  none  about  the  incon\'enience  of  the  notation  ushered 
in  along  with  it.     The  determinants 
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As  an  abridgment  this  notation  is  clearly  not  of  the  slightest 
consequence ;  but  a  much  more  serious  objection  is  to  be  found  in 
the  fact  that  it  has  been  used  for  many  years  by  the  best  mathe- 
maticians in  a  totally  different  sense.  Still,  bad  as  this  may  be, 
it  is  as  nothing  compared  with  the  almost  incredible  blunder  of 
using  the  notation  in  the  new  sense  on  one  page  and  in  another 
sense  on  the  next.  For  example,  according  to  the  definition  we 
have 
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whereas  we  are  informed  on  p.  96  that 
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Even  this  is  not  all.     For  according  to  the  definition 


and 


b.     b 


are  identical,  and  the  latter  is  shown  on  page  96  to  be  equal  to 
zero.  Consequently  there  are  to  be  found  in  close  proximity  three 
mutually  incompatible  meanings  for 


Messrs.  Amoretti  and  Morales  are  not  altogether  to  blame  ;  they 
have  committed  the  indiscretion  of  trusting  too  faithfully  an  un- 
reliable European  guide.  We  put  it  to  them,  however,  to  recon- 
sider now  and  decide  whether  the  "  multiple  "  determinant  deserves- 
their  support.  To  us,  the  "  bag  and  b  iggage ''  policy  seems  the 
only  suitable  one  for  such  an  usurper. 

The  Applications  which  occupy  the  third  "  book  "  are  not  all  of 
equal  importance.  The  Algebraical  and  Greometrical  are  appro- 
priate and  well  chosen.  Of  those  which  are  said  to  concern  Tri- 
gonometry, the  first  half  is  of  very  doubtful  utility,  and  the  second 
half  consists  of  nothing  more  than  exercises  in  finding  the  final 
expansion  of  determinants  whose  elements  invc^ve  trigtmometrical 
functions. 

As  we  have  implied  above,  the  work  of  the  two  Argentine  civil 
engineers  is  on  the  whole  a  very  creditable  performance,  and  sure 
to  prove  valuable  to  the  mathematical  students  of  the  Republic. 
We  trust  that  the  demand  for  it  may  be  such  that  a  revised  and 
enlarged  edition  may  soon  be  called  for. 

The  text-book  of  Professor  Peck  belongs  to  a  diiferent  categorv. 
being  of  an  introductory  character,  and  extending  only  to  4S  p:iges.. 
it  is  simply  and  clearly  written,  giving  the  fimdamental  theorems 
with  numerous  easy  illustrative  examples.  The  term  "  co-factor  " 
is  incorrectly  deKned  ;  equations  that  are  consistent  are  said  to 
'■'consist";  and  there  are  other  easilv  remedied  slips  or  needless 
peculiarities.     To  beginners  the  iiiiinual  should  be  very  serviceable,. 

Thomas  Muuj. 
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Geolof/ical  and  Natu ral- Histoi'i/  Sarveif  of  Canada.  Annual  Report. 
New  Series.  \o\.  11.  (for  ]  886),  1 887.  8vo  ;  pages  1 120.  With 
13  plates  of  views  and  sections  and  8  maps  and  long  sections. 
Dawson  Brothers  :  Montreal. 

This  very  thick  volume  consists  of  numerous  Reports  and  Maps 
of  investigations  and  surveys  made  and  carried  on  under  the 
superintendence  of  Dr.  Alfred  K.  C.  Selwyn,  C.M.G.,  F.K.S.,  &c., 
Director  of  the  Canadian  Survey.  There  are  thirteen  ile])orts, 
lettered  and  paged  separately,  relating  to  various  portions  of  the 
Dominion  of  Canada,  from  Nova  Scotia  to  British  Columbia,  and 
northward  to  the  Arctic  Ocean. 

Report  "A"  (87  pages)  is  a  summary  of  the  operations  of  the 
Survey  for  the  year  1886,  including  work  done  at  tiie  Colonial 
Exhibition  in  London  ;  additions  to  the  Library  are  also  enume- 
rated. Report  "  B"  (129  pages,  with  a  map)  is  on  a  geological 
examination  of  the  northern  part  of  Vancouver  Island  and  the 
adjacent  coasts,  by  Dr.  G.  M.  Dawson.  Mr.  J.  F.  Whiteaves 
describes  the  fossils  ;  and  Prof.  J.  Macoun  catalogues  the  plants 
found  there.  The  Meteorology  is  also  noticed.  Report  "  D  "  (41 
pages,  with  a  long  section),  by  Mr.  R.  G.  McConnell,  treats  of  a 
portion  of  the  Rocky  Mountains,  chiefly  along  the  line  of  the 
Canadian  Pacific  Railway.  Mr.  J.  B.  Tyrrell  gives  Report  "  E  " 
(176  pages,  with  two  maps)  on  a  part  of  Northern  Alberta  in  the 
North-western  Territory,  and  the  western  portions  of  Assiniboia  and 
Saskatchewan.  Mr.  J.  F.  AVHiiteaves  describes  the  fossils  in  one 
appendix  ;  and  Mr.  D.  B.  Bowling  enumerates  the  Lepidoptera  in 
another  ;  Elevations  and  Indian  names  of  places  are  also  tabulated. 

Report  "F"  is  preliminarv  (24  pages),  by  Mr.  A.  P.  Low,  on 
the  country  between  Lake  AVinnipeg  and  Hudson  Bay.  Botanical 
and  Meteorological  observations  are  noted.  Dr.  R.  Bell  reports 
"  G  "  (30  pages)  on  portions  of  the  At-ta-wa-pish-kat  and  Albany 
Rivers  (Lonely  Lake  to  James's  Bay).  Report  "  J,'"  by  Dr.  R. 
"W.  Ellis  (70  pages,  with  a  map),  relates  to  a  portion  of  the  Eastern 
Townships  of  (Quebec,  especially  to  the  Counties  of  Compton, 
Stanstead,  Beauce,  Richmond,  and  AVolfe.  Report  "M"  (39 
pages,  with  two  maps)  is  on  the  Surface  Geology  of  Northern  New 
Brunswick  and  South-eastern  Quebec,  by  Mr.  R.  Chalmers.  Re- 
port "  N  "  (19  pages,  with  a  map),  by  Dr.  L.  W,  Bailey  and  Mr. 
\V.  Mclnnes,  treats  of  portions  of  the  Counties  of  A^ictoria, 
Northumberland,  and  Restigouche  in  New  Brunswick.  Messrs. 
H.  Fletcher  and  E.  R.  Faribault  in  Report  "  P"  (1(53  pages)  deal 
with  the  Geology  of  the  Counties  of  Guysborough,  Antigouish, 
Pictou,  Colchester,  and  Halifax  in  Nova  Scotia.  Report  ''  R  "  (62 
pages,  with  map)  consists  of  Dr.  G.  M.  Dauson's  systematized 
notes  accompanying  a  geological  map  of  the  Northern  Portion  of 
the  Dominion  of  Canada,  East  of  the  Rocky  Mountains.  These 
notes  are  supplementary  to  the   sketch   and  map  of  the  physical 
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geography  and  geology  of  tlie  Southern  part  of  Canada,  published 
in  1884. 

Report  "  S"  (SG  pages)  is  a  statistical  account,  by  Mr.  E.  Coste, 
of  the  production,  value,  exports,  and  imports  of  Minerals  in 
Canada  during  1886  and  previous  years.  Tiiese  mineral  statistics 
deal  with — antimony,  arsenic,  asbestus,  coal,  copper,  gold,  graphite, 
gypsum,  iron,  lithographic  stoTie,  manganese,  mica,  mineral  pig- 
ments, miscellaneous  metals  (lead,  zinc,  tin,  mercury),  petroleum 
and  naphtha,  phosphate  of  lime,  pyrites,  salt,  silver,  and  structural 
materials.  Report  "T"(4:2  pages),  bv  Mr.  G.  Ch.  Hoffmann, 
assisted  by  Messrs.  F.  D.  Adams  and  E.  B.  Kenrick,  consists  of 
chemical  contributions  to  the  Geology  of  Canada  from  the  Labora- 
tory of  the  Survey,  and  treats  of^ — -miscellaneous  native  minerals 
(magnetic  and  non-magnetic  platinum,  arsenic,  cinnabar,  apatite, 
cookeite,  urauinite,  coracite,  uraconite,  moiiazite,  and  smaltite), 
natural  waters,  iron,  copper,  and  mangauese  ores,  gold  and  silver 
assays,  and  miscellaneous  examinations  (shell-marl,  carbonaceous 
schist,  cement-stone,  and  a  saline  deposit). 

Topographical,  physical,  and  geological  features  are  of  course 
carefully  described  wherever  the  Reports  treat  of  these  conditions 
of  country  ;  natural-history  occurrences  are  often  noted  ;  and 
the  minerals  and  other  materials  of  economic  use  are  recorded 
where\er  met  with.  Prequent  and  cordial  acknowledgments  of 
help  and  information  received  from  assistants,  friends,  and  casual 
acquaintances  interested  in  Geology  and  its  branches  are  freely 
given  ;  as  well  as  references  to  previous  workers  and  to  books  or 
memoirs  on  the  subjects  under  notice. 

The  12  pages  of  Contents  and  the  29  pages  of  an  elaborate  Index 
add  greatly  to  the  value  of  this  handsome  and  satisfactory  book, 
which  will  prove  to  be  of  great  service,  not  only  to  the  Canadians, 
but  to  British  and  Foreign  geologists  generally. 


LIII.  Intelligence  and  Miscellaneous  Articles. 

ACTION  OF  ELECTRICITY  OX  THE  VESICLES  OF  CONDENSED 
WATER.      BY  J.  L.  SORET. 

T  X  a  dark  room  a  platinum  cup  containing  water  is  placed  on  a 
■*-  metal  support  which  is  connected  with  one  pole  of  a  Topler's 
machine.  Above  this  cup  a  metal  point  is  placed  which  is  con- 
nected with  the  other  pole.  A  Bunsen's  burner  boils  the  water  in 
the  cup,  which  is  powerfully  illuminated  by  the  projection  of  a 
large  pencil  of  the  electric  light.  As  long  as  the  Topler's  machine 
is  not  at  work  the  vapour  vesicles  ascend  in  the  ordinarv  manner, 
but  as  soon  as  the  machine  is  at  work  the  action  of  electricity  on 
the  vapour  is  manifested  in  the  most  striking  manner.  For  a  cer- 
tain distance  from  the  point  to  the  surface  of  the  water,  the  clouds 
collect  and  whirl  along  the  edge  of  the  cup ;  under  the  influence  of 
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the  electric  light  they  look  to  a  certain  extent  like  flames.  If 
the  point  is  brought  a  little  nearer  the  water  the  vapour  dis- 
appears completely,  although  the  water  commences  to  boil  briskly. 
— Archives  ties  Sciences  physiques  et  iMturelles,  April  1888. 


ON  SOME  PHENOMENA  OF  MIRAGE.       BY  J.  L.   SORET. 

In  ti'avelling  by  the  steamer  from  Geneva  to  Evian,  between 
tvventy-li\e  minutes  past  one  and  twenty  minutes  to  four,  on 
Juue  4,  a  very  hot  day,  on  which  the  temperature  of  the  air  must 
have  been  considerably  higher  than  that  of  the  lake,  M.  Soret 
observed  the  ordinary  variations  of  refraction  in  these  circum- 
stances {fata  mon/ana).  The  banks,  which  were  really  low,  appeared 
as  if  they  terminated  in  raised  beaciies  ;  but  the  phenomenon  varied 
greatly  every  minute.  M.  Soret  observed  also  for  a  few  minutes 
a  mirage,  described  by  M.  Ch.  Dufoor  (Bulletin  de  la  Soc.  Vaudoise  des 
iSc.  Nat.  1854,  vol.  iv.  p.  129),  between  Yvoire  and  Thonon :  look- 
ing at  a  sailing-boat  coming  near  this  latter  place,  the  higher  sails 
are  seen  very  w  hite  and  shining ;  the  lower  sails  appeared  out  of 
shape,  elongated  vertically,  dark,  and  looking  like  two  confused 
superposed  images. 

But  the  appearance  which  most  struck  ]M.  Soret  was  the  follow-- 
ing,  as  he  believes  it  has  not  yet  been  observed : — Between  Yvoire 
and  Thonon  was  seen,  on  the  side  of  the  gulf  of  Anthy,  an  ap- 
pearance as  of  white  vapours,  the  putfs  of  «hich  were  supei-posed, 
and  were  transported  to  the  south-\\  est  by  the  wind.  These  tongues 
of  vapour,  changing  every  instant,  stood  out  quite  bright  on  a  dark 
ground.  The  phenomenon  lasted  rather  a  long  time.  M.  iSoret 
thinks  it  due  to  the  variable  state  of  the  layers  of  air,  which  in 
certain  places  presented  conditions  favourable  for  the  production  of 
mirage,  and  ga\e  a  partial  and  dark  image  of  the  coast  between 
Y'voire  and  Anthy  ;  further,  when  the  disturbance  of  the  refraction 
was  less  pronounced  the  image  of  the  coast  was  not  produced,  and 
these  places  appearing  white  had  the  appearance  of  vapours. 
Speaking  generally,  the  phenomenon  should  be  manifested  when 
we  are  at  the  limit  at  which  mirage  is  produced,  and  at  the  same 
time  when  the  layers  of  air  are  not  stable. 

A  fact  of  some  importance  is  that,  at  certain  moments  and  for 
certain  favourable  positions,  a  lower  and  reversed  image  is  seen  of 
objects  situate  near  the  surface  of  the  water  as  during  the  ordinary 
mirage,  but  with  less  permanency. 

On  the  following  days  M.  Soret  often  observed  the  ordinary  mirage 
even  when,  at  any  rate  on  some  of  those  da\  s,  the  temperature  was 
but  little  higher  than  that  of  the  water.  Other  observers,  M.  Forel 
in  particular,  have  sometimes  observed  the  same  fact.  It  is  possibly 
connected  with  the  hygrometric  state  of  the  air. — Archives  des 
iScicncc.^  jih^si'iius  rt  natarclhs,  September  1SS8. 
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ON  THE  CHANGES  IN  THE  SPECIFIC  HEAT  OF  LIQUIDS  NEAK  THE 
CRITICAL  TEMPERATURE.      BY  P.  DE  HEEN. 

The  author  used  the  method  of  coolins;.  The  steel  cooling- 
vessel  is  half  filled  with  the  liquid  in  question,  and  in  order  to 
produce  a  uniform  temperature  in  the  whole  mass  it  rotates 
about  a  horizontal  axis.  After  being  heated  it  is  enclosed  in  a 
copper  envelope.  For  ether,  amylene,  and  bromide  of  ethyle,  there 
was  at  the  critical  temperature  a  sudden  diminution  in  the  specific 
heat. 

Temperature.         Specific  heat, 
f  185  0-547 
]  180  1-041 


Ether    

Amylene 

Bromide  of  ethvle. 


175  0-773 

170  1-500 

220  0-233 

215  0-852 


"With  aldehyde,  which,  however,  decomposed,  there  were  no  ana- 
logous pbenojiiena. 

The  author  infers  from  the  behaviour  of  the  former  substances 
that  as  the  critical  temperature  is  reached  the  gas-forming  mole- 
cules relinquish  their  closed  curves  and  describe  the  rectilinear 
paths  of  Clausius.— 5//Z/.  Ac.  Roy.  de  Belj.  [3]  xv.  pp.  522-528. 
Beihldtter  der  PJn/xik,  No.  9,  1888. 


ELECTROSCOPE  FOR  PQRPOSES  OF  DEMONSTRATION. 
BY  B.  KOLBE. 

This  electroscope,  which  has  been  specially  constructed  for  pur- 
poses of  demonstration,  is  visible  on  a  clear  ground  at  a  distance  of 
30  to  50  feet;  and  gives  large  deflections,  for,  when  charged,  the 
leaves  are  almost  horizontal.  They  consist  of  red  silk  paper,  and 
are  hung  in  stirrups  of  fine  silvered  copper  \Wre  at  the  side  of  the 
brass  rod,  tlie  upper  knob  of  which  has  a  diameter  of  2  centim.  The 
length  of  the  leaves  is  3-5  to  4  centim.,  and  the  breadth  about  0-4 
centim.  The  end  is  provided  with  a  semicircular  enlargement 
which  is  twisted  at  right  angles,  so  that  it  alu  ays  presents  a  surface 
to  the  observer. 

The  conducting  rod  is  insulated  by  a  stout  ebonite  stopper. 

It  is  important  to  choose  a  glass  which  conducts  well,  in  order  to 
get  rid  of  the  disturbing  influence  of  the  glass  sides.  Moreover  the 
glass  vessel  must  be  so  spacious  that  the  leaves,  even  when  charged, 
are  at  a  distance  of  0-5  to  1  centim.  from  the  glass.  If  the  glass 
is  not  a  good  conductor,  the  vessel  should  be  so  wide  that  the  leaves 
(when  horizontal)  are  at  a  distance  of  2  to  2-5  centim.  from  the 
glass. 

It  appears  hitherto  to  have  been  usual  to  take  a  good  insulating 
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glass  for  electroscopes,  by  which  these  apparatus,  especially  those 
with  gold  and  aluminium  leaves,  often  fail  in  dry  air ;  for  such 
glass  acis  like  a  condenser,  and  only  discharges  slowly.  It  is  true 
that  good  conducting  glass  is  didicult  to  meet  w  ith.  Among  184 
kinds  which  1  tried  1  only  found  10  which  I  could  use,  and  only 
three  of  these  were  good :  the  trouble  is,  however,  re«  arded  by  the 
never  failing  working  of  the  electroscope. 

If  the  paper  strips  are  cut  off  1  to  2  millim.  below  the  loop,  and 
fine  aluminium  strips  (4  millim.  in  breadth  and  3  to  4  centim.  in 
length,  with  rounded  ends)  are  tixed  on,  an  electroscope  of  extra- 
ordinary delicacy  is  obtained.  My  electroscope  of  this  construction, 
with  condensiug-])lates  of  6'5  centim.  diameter,  gave  a  detlectiou  of 
55°  when  the  plates  were  touched  with  the  poles  of  a  bichromate 
element,  while  an  ordinary  aluminium  electroscope  showed  only  15°. 

With  this  aluminium  electroscope  we  can  show  very  distinctly 
the  difference  between  the  arrangement  of  elements  in  series  and 
abreast.  In  the  former  case,  with  two  Bunsen's  elements,  the 
leaves  stand  almost  horizontal. — Zeitsehrift  fur  Phys.  und  C'hem. 
Unterricht,  vol.  iv.  p.  182.     Beihl'dtter  der  Physilc,  No.  7,  1888. 


ON  THE  VELOCITY  OF  SOUND  IN  LIQUIDS.      BY  T,  MARTINI. 

The  principal  results  of  the  investigation  are  as  follows  : — 

1.  Wertheim's  hypothesis  that  a  cylindrical  column  of  liquid 
vibrates  like  a  solid  cylinder  is  untenable  ;  the  smallness  of  Wert- 
heim's numbers  arises  rather  from  the  influence  of  the  sides  of  the 
tubes. 

2.  The  velocity  of  sound  in  water  increases  with  the  temperature 
within  the  ordinary  limits  of  temperature. 

3.  The  velocity  of  sound  in  other  liquids  increases  with  the 
temperature. 

4.  When  gases,  liquids,  or  solids  are  dissolved  in  water  the  velo- 
city of  sound  increases  ;  this  is  also  the  case  with  other  liquids,  such 
as  alcohol,  which  absorbs  water,  or  turpentine  in  which  resins  are 
dissolved. 

5.  The  velocity  of  sound  in  saline  solutions  increases  with  the 
quantity  of  salt  dissolved. 

6.  Solutions  of  different  salts  reduced  to  the  same  degree  of 
concenti'ation  have  different  velocities. 

7.  If  the  same  weight  of  different  salts  are  dissolved  in  the  same 
weight  of  water,  very  different  numbers  are  obtained  ;  these  are 
much  greater  with  salts  containing  water  than  with  anhydrous 
salts. 

8.  If  the  same  weights  of  anhydrous  and  of  a  hydrated  salt  are 
dissolved,  the  velocity  of  sound  in  the  former  is  greater  than  in  the 
\fitiev. —BeiUdtter  der  Physilc,  No.  8,  1888;  horn  Atti  del.  E.  1st. 
Venet.  (6)  6. 
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LIV.  Note  on  the  Conditions  of  Self-Excitation  in  a  Dynamo 
Machine.    By  SiLVANus  P.  Thompson,  D.Sc* 

WHEN  about  the  year  1867  it  began  to  be  recognized 
that  a  machine  constructed  on  the  principle  of  magneto- 
electric  induction  might  be  made  to  excite  the  magnetism  in 
its  own  field-magnets,  it  became  usual  to  explain  the  pheno- 
menon of  self-excitation  in  language  something  like  the 
following.  There  being  a  small  amount  of  residual  mag- 
netism in  the  core  of  the  stationary  electromagnet,  very  feeble 
currents  will  be  induced  in  the  secondary  or  armature-coils 
when  they  are  set  into  rotation  at  any  given  speed.  If  these 
feeble  induced  currents  are  now  sent  round  the  coil  of  the 
fixed  electromagnet  they  will  exalt  its  feeble  magnetism,  and 
its  inductive  action  will  be  stronger  ;  these  stronger  currents 
being  also  sent  round  the  magnet  will  raise  its  magnetism  still 
higher,  and  so  by  action  and  reaction  the  magnetism  and  the 
currents  grow  at  a  compound-interest  rate  until  the  limit  fixed 
by  the  magnetic  saturation  of  the  iron  core  of  the  field-magnet 
is  reached. 

Long  before  the  true  rationale  of  the  limit  of  self-excitation 
was  assignable,  it  was  known  that  this  method  of  considering 
the  subject  was  faulty.  Were  it  true,  it  would  follow  that, 
no  matter  what  the  speed  of  driving,  or  the  resistance  in  the 
electric  circuit,  the  magnetism  would  go  on  rising  until  the 
iron  had  attained  saturation.  The  facts,  on  the  contrary,  are 
(1)  that  in  self-exciting  machines  the  degree  of  excitation  of 
the  field-magnets  depends  most  emphatically  on  the  speed  and 

*  Communicated  by  the  Physical  Society :  read  May  12,  1888. 
Phil  May.  S.  5.  Vol.  26.  No.  163.  Dec.  1888.        2  K 
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on  the  resistances  of  the  electric  circuit;  (2)  that  for  machines 
which  have  their  exciting  coil  in  series  with  the  armature  and 
main  circuit,  there  is  a  certain  relation  between  speed  and 
resistance  such  that  they  do  not  excite  themselves  at  all  unless 
the  quotient  of  speed  by  resistance  attains  a  certain  minimum 
value  ;  (3)  that  in  machines  wliich  have  their  exciting  coil 
connected  as  a  shunt  to  the  main  circuit  there  is  again  a  cer- 
tain relation  between  the  speed  and  the  electric  resistances  of 
the  various  parts  of  the  circuit,  such  that  with  a  given  speed 
self-excitation  does  not  take  place  unless  the  resistance  of  the 
external  circuit  exceeds  a  certain  limiting  value. 

On  June  2G,  1886,  I  had  the  honour  of  bringing  before  the 
Physical  Society*  some  fornmla}  relating  to  the  performance 
of  dynamo-electric  machines,  in  wliich  this  matter  was  touched 
upon,  and  in  which,  on  the  assumjjtion  that  the  law  of  mag- 
netization might  be  adequately  represented  by  the  Lamont- 
Frolich  formula,  expressions  were  obtained  for  the  relations 
between  speed,  magnetization,  resistance,  and  current.  As  an 
imjiortant  conclusion  it  was  shown,  always  upon  the  above 
assumption,  that  at  a  given  speed  of  driving  and  with  a  given 
resistance  in  the  electric  circuit,  the  current,  of  any  given 
series-wound  machine,  was  always  less  by  a  certain  fixed 
quantity  than  that  current  which  would  have  been  produced 
(at  that  speed  and  with  the  given  resistance)  had  the  mag- 
netism been  actually  at  full  saturation.  This  ditference 
between  the  actual  current  and  the  current  that  there  would 
have  been  at  saturation  was  a  definite  number  of  amperes, 
and  was  shown  to  be  that  number  of  amperes  wliich  would 
have  been  sufficient  to  produce  exactly  half-saturation  in  the 
given  machine.  This  half-saturating  number  of  amperes  I 
had  previously  denominated  the  "  Diacritical  "  current.  This 
proposition  having  been  established,  it  became  obvious  that 
the  machine  would  not  excite  itself  if  the  speed  and  resistance 
were  such — the  speed  so  low  or  the  resistance  so  high — that 
the  current  which  would  have  been  produced  with  field- 
magnets  independently  saturated  was  less  than  the  diacritical 
current.  Or,  if  the  resistance  of  the  circuit  were  prescribed, 
there  would  obviously  be  a  least-speed  of  self-excitation. 

The  assumption  in  the  above  investigation  of  an  approxi- 
mate expression  for  the  law  of  magnetization  necessarily 
made  the  argument  less  satisfactory  than  would  be  the  case 
were  no  such  assumption  made.  In  the  argument  which  fol- 
lows no  assumptions  are  made  of  an  empirical  character  as  to 
the  law  of  magnetization,  absence  of  secondary  phenomena, 

*  See  Phil.  Mag.  September  188G. 
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such  as  electric  and  magnetic  leakage,  being  the  only  point 
assumed. 

It  is  known  that  the  electromotive  force  of  a  dynamo  may 
be  written 

E  =  nCN; (1) 

where  E  is  the  electromotive  force  (in  absolute  C.G.S.  units); 
n  the  number  of  revolutions  of  the  armature  per  second  ; 
C  the  number  of  conductors  counted  round  the  periphery  of 
the  armature,  and  closed  in  series  ;  N  the  whole  number  of 
magnetic  lines  (in  C.G.S.  units)  that  traverse  the  armature. 

So,  writing  SR  for  the  sum  of  the  electric  resistances  (in 
C.G.S.  units)  of  the  circuit  in  which  the  electromotive  force 
operates,  the  current  flowing  in  the  circuit  may  be  written  as 

,-=^  ...         (2) 

Again,  it  is  known  that  the  number  of  magnetic  lines  in  the 
armature  may  be  calculated  by  dividing  the  line-integral  of  the 
magnetizing  forces  by  the  sum  of  the  magnetic  resistances  of  the 
"  magnetic  circuit "  of  the  dynamo.  If  the  machine  is  joined 
up  with  its  exciting  coil  of  S  convolutions  in  series  with  the 
main  circuit,  the  line-integral  of  the  magnetizing  forces  will 
be  written  as  -IttS/.  Then,  writing  1p  as  the  sum  of  all  the 
magnetic  resistances  in  the  magnetic  circuity  we  shall  have 

N  =  ^' (3) 

From  (2)  we  get 

and,  from  (3), 

N       47rS ^^-^ 

Equating  (4)  and  (5),  we  have 

A7rSnC  =  lp.^U ((3) 

It  will  be  noticed  that  this  equation  contains  neither  N  nor  /, 
and  its  truth  is  indej)endent  of  the  relation  between  i  and  N. 
It  is  true  that  £/?,  which  is  a  factor  of  the  expression  on  the 
right-hand  side,  depends  on  X,  and,  in  general,  increases  when 
N  is  increased.  But  the  truth  of  the  <'quation  is  not  affected 
by  the  form  of  the  relation  between  Sp  and  N  ;  in  brief,  it  is 
true  independently  of  any  assumptions  as  to  the  form  of  the 
law  of  magnetization. 

On  examining  the  expression  on  the  left  hand  of  the  equa- 
2  K2 
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tion,  it  will  be  seen  that,  for  a  given  dynamo,  all  its  factors, 
except  the  speed  n,  are  invariable.  Hence  the  main  fact 
bronnht  out  l)y  this  equation  is  that  in  a  series  dynamo, 
driven  at  constant  speed,  the  product  of  the  magnetic  resist- 
ance into  the  electric  resistance  is  a  constant.  We  have  here 
the  key  to  the  behaviour  of  the  self-exciting  dynamo  ; — the 
explanation  why  it  is  that  the  machine,  though  exciting  itself 
up  "  at  a  compound-interest  rate,^^  stops  short  of  absolute  satu- 
ration in  the  degree  to  which  its  magnetization  is  raised.  As 
the  field-magnets  get  more  and  more  highly  magnetized,  the 
magnetic  resistance  increases.  Suppose  that  such  a  dynamo, 
running  at  a  constant  speed,  works  at  a  certain  degree  of 
magnetization  when  there  is  a  certain  resistance  in  the  elec- 
tric circuit.  Suppose  that  resistance  to  be  now  reduced  :  the 
current  increases  ;  as  a  result  there  is  higher  magnetization, 
higher  electromotive  force,  and  therefore  still  greater  current. 
To  what  point  will  these  things  go  on  increasing?  Equation 
(G)  gives  the  answer:  until  the  decrease  in  the  electric  re- 
sistance is  exactly  balanced  by  the  increase  in  the  magnetic 
resistance. 

Other  phenomena  of  the  action  of  the  dynamo  now  become 
more  intelligible.  As  is  well  known,  in  ascending  magneti- 
zatioiis  of  iron  there  is  a  certain  stage  at  which  the  magnetic 
permeability  increases,  instead  of  decreasing,  with  an  increase 
in  the  magnetization.  In  a  dynamo  at  this  stage  of  excitation, 
any  increase  in  the  electric  resistance,  causing  a  decrease  in 
the  current,  will  also  cause  an  increase  in  the  magnetic  resist- 
ance ;  hence  this  stage  of  excitation  is  one  of  instability.  The 
dynamo  is  either  excited  above  this  stage,  or  else  its  excitation 
falls  below  this  stage — virtually  to  zero. 

The  two  factors  of  the  product  Sp .  SB.  are  both  complex 
quantities,  containing  constant  as  well  as  variable  terms.  We 
may  write  tp  =  a  +  ^. 

Here  the  constant  part  a  relates  to  the  magnetic  resistance  of 
the  gap  between  the  armature-core  and  the  polar  surface  of 
the  field-magnets  ;  which  gap,  filled  partly  with  copper,  partly 
with  air,  and  partly  with  insulating  materials,  possesses,  so 
far  as  is  known,  a  constant  magnetic  resistance.  The  variable 
part  ^  of  the  magnetic  resistance  relates  to  the  iron  portions 
of  the  magnetic  circuit :  it  is  in  general  the  sum  of  a  number 
of  terms  such  as  //yu-A,  where  I  is  the  length,  A  the  sectional 
area,  and  jx  the  permeability,  for  the  time  being,  of  the  various 
portions — cores,  yoke,  &c. 
Similarly,  we  may  write 
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where  a  stands  for  the  constant  part  of  the  electric  resistances 
(armature  and  main-circuit  coils)  in  the  circuit,  and  x  for  the 
variable  part ;  that  is  to  say,  the  resistance  of  the  external 
circuit,  including  under  that  term  not  only  true  ohmic  resist- 
ances, but  also  the  etfects  of  counter  electromotive  forces 
opposed  in  the  path  of  the  current  of  the  machine. 

We  may  now  rewrite  equation  ((5)  in  the  following  form 
for  the  series-wound  machine  driven  at  a  constant  speed  : — 

(a -I- f )  (a -H  A')  =  constant (7) 

Now  at  starting,  when  as  yet  the  magnetization  of  the  iron 
is  almost  zero,  the  resistance  of  the  iron  part  of  the  magnetic 
circuit  is  small.  Its  value  is  not  indeed  quite  zero,  but  de- 
pends upon  the  prior  history  of  the  iron.  It  is  certainly  so 
small  as  to  be  negligible  compared  with  the  value  of  a. 
Hence  there  wdll  be  a  particular  maximum  value  of  .i',  which 
we  may  call  Xi,  corresponding  to  the  case  when  ^=0.  This 
maximum  value,  which  will  be  given  by  the  equation 

''^'■1=  — «j (8) 

will  be  the  critical  external  resistance  of  the  machine  at  the 
prescribed  speed.  If  any  greater  resistance  than  x^  be  inter- 
calated in  the  circuit  the  machine  will  refuse  to  excite  itself, 
even  though  there  is  a  small  initial  magnetization  present. 
So  far  as  there  is  a  weak  magnetization  present,  the  machine 
will  act  as  a  feeble  magneto-electric  machine. 

Suppose,  now,  that  x  is  so  far  decreased  that  the  total  elec- 
tric resistance  is  reduced  to  half  its  limiting  value,  that  is  to 
say,  let  x'=^\xi  —  \a:  then  the  current  and  the  magnetization 
will  both  run  up  until  the  magnetic  resistance  is  equal  to 
double  its  initial  value,  and  f  will  have  the  value  ^'  =  a.  The 
permeability  of  the  magnetic  circuit,  taken  as  a  whole  (iron, 
copper,  and  air),  Avill  have  been  halved.  This  state  of  things 
corresponds  to  the  "  diacritical  point "  in  the  excitation  first 
investigated  by  the  author  in  1884  ;  and,  if  the  Lamont- 
Frolich  formula  were  true,  this  point  would  correspond  to 
the  state  of  semi-saturation  of  the  magnetization. 

Again,  suppose  the  variable  part  of  the  electric  resistance 
to  be  reduced  to  zero  ;  in  other  words,  let  the  machine  be 
short-circuited.  Then  ^  will  run  up  to  the  maximum  value 
it  can  have  at  that  speed.     Calling  this  value  ^2j  ^^'^  have 

?2=  — « (y) 

It  is  further  clear  that  if  a  fixed  value  be  given  to  the 
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external  electric  resistance  x,  there  will  bo  a.  limit  in  speed 
lielow  M-liicli  the  machine  will  refuse  to  excite  itself,  the  least- 
speed  of  self-excitation  (called  by  some  authorities  the  "  dead 
turns,"  by  others  the  "critical  velocity")  being  given  by  the 
equation 

^^="4^CS ^^^^' 

This  throws  some  light  on  the  observed  fact  that  very  small 
machines  are  not  self-exciting  exce])t  at  very  high  speeds. 
The  fixed  part  a  of  the  magnetic  resistance  varies  in  similar 
machines  of  ditferent  size,  inversely  as  the  linear  dimensions  ; 
also  the  fixed  part  a  of  the  electric  resistance  varies  inversely 
as  the  linear  dimensions  of  the  machine.  Hence  the  least- 
S})eed  of  self-excitation  in  similar  machines  (on  short-circuit; 
varies  inversely  as  the  square  of  the  linear  dimensions.  In 
practice  it  is  possible,  in  larger  sizes  of  machine,  to  reduce 
both  «  and  a  to  amounts  relatively  smaller  ;  for  the  actual 
air-space  left  for  clearance  may  be  relatively  smaller  in  large 
machines,  and  a  relatively  greater  thickness  of  copper  on  the 
ai-mature-])eriphery  is  admissible.  When  the  machine  is  on 
short-circuit,  x  =  (),  and  the  last  equation  then  becomes 

aa  .     . 

^i=4^KJ8 ^^^^ 

This,  too,  is  important  as  showing  that  the  least-speed  of  self- 
excitation  of  a  machine  while  short-circuited  is  a  measure  of 
the  goodness  of  the  magnetic  circuit. 

For    a  shunt-wound    dyuiuno    the    fundamental    equation 
becomes 

(«  +  ^)(«  +  .^+^)=47rnCZ;       .      .      .      (12) 

where  a  is,  as  before,  the  resistance  of  the  armature-circuit 
within  the  machine,  s  the  resistance  of  the  exciting  shunt- 
circuit,  and  Z  the  number  of  convolutions  of  the  shunt-coil. 
Excitation  does  not  take  place  at  a  given  speed  n  unless  x 
has  as  its  miniimim  value 

«-as  g. 

''~  A'irnrL-ci[a  +  s) ^^"^^ 

^ed  of  self-excitr 
, (14) 


On  open  circuit,  when  .r  =  Gc  ,  the  least-speed  of  self-excitation 
is 

a(a-l-.s) 


the  machine  then  exciting  itself  through  its  own  circuit  as  a 
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series-machine.     If  short-circuited  it  will  require  an  infinite 
speed  to  become  self-excitinn;. 

There  is  ;i  still  more  general  way  of  establishinn-  the  rela- 
tion (6).  Every  dyiiamo  may  be  regarded  as  an  arrangement 
of  two  circuits,  a  primary  (or  field-magnet)  circuit  and  a 
secondary  (or  induced  or  armature)  circuit,  between  which 
there  is  a  coeflficient  of  mutual  induction  M,  which  is  caused 
to  vary  by  mechanically  altering  the  configuration  of  the 
system.  If  the  currents  in  the  two  circuits  be  called  respect- 
ively I'l  and  /o,  then  the  work  done  in  starting  or  stopping 
either  current  in  the  presence  of  the  other  is  equal  to  M/j/o. 
Now  in  each  revolution  of  the  armature  of  an  ordinary  dynamo 
the  current  in  each  of  the  sections  of  the  armature-coil  is 
twice  started  and  twice  stopped.  Hence  in  each  semi- 
revolution  the  work  to  be  mechanically  performed  in  driving 
is  equal  to  ]\I/i/2 ;  or  if,  as  in  the  series-dynamo,  the  current 
in  the  two  circuits  is  the  same,  the  work  to  be  done  is  MP. 
Now,  on  the  assumption  that  there  is  no  magnetic  leakage, 
the  value  of  M  is  equal  to  47rSiS2H-2p  ;  Avhere  Si  and  So  are 
the  respective  numbers  of  convolutions  of  the  primary  and 
secondary  coils  which  surround  the  tubes  of  magnetic  force 
in  the  magnetic  circuit.  For  our  purpose,  Sj,  in  ordinary 
armatures,  with  symmetrically-wound  coils  united  in  a  self- 
closed  circuit,  tapped  at  two  opposite  points  by  the  two  con- 
tact-brushes, and  with  commutation  occurring  at  points  where 
each  commuted  convolution  encloses  a  maximum  magnetic 
flux,  is  equal  to  ^C.  But  the  work  done  by  the  machine  in 
the  electric  circuit  during  a  semi-revolution  is  equal  to 
e""^SR-r-2n.  Equating  this  to  the  work  done  on  the  machine 
gives,  as  before, 

Sp.2R=47rnCS. 

City  and  Guilds  Technical  College, 
Finsbury,  June  1888. 


LV.  liemarhs  on  the  Weathering  of  Mocks,  and  certain  Elec- 
trical Phenomena,  suggested  hy  some  Statements  in  a  popular 
Novel.    By  Chaeles  Tomlinson,  i^.  7^. iS.  ^-c* 

THE  demand  for  works  of  fiction  has  been  increasing  of 
late  years  at  so  considerable  a  rate  that  the  chief  business 
of  a  large  circulating  library  consists  in  dealing  out  novels  to 
its  subscribers.  A  cursory  examination  of  the  contents  of  a 
railway  bookstall  shows  by  the  gaudy  covers  of  its  books  that 
cheap  reprints  of  popular  novels  form  the  staple  commodity. 

*  Communicated  by  the  Author. 
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The  monthly  magazines,  and  many  of  the  weekly  papers  also, 
(leal  largely  in  fiction,  the  former  having  two  and  even  three 
long  stories  going  on  in  fragments  from  month  to  month. 

This  rage  for  fiction  is  such  that  when  young  people  have 
finished  what  is  called  their  education,  and  can  select  their 
own  reading,  they  too  often  limit  their  mental  efforts  to  the 
perusal  of  the  popular  novel. 

The  effect  of  this  general  craving  for  excitement  is  as  inju- 
rious to  the  mind  of  the  individual  as  it  is  to  the  intellectual 
progress  of  the  age.  If  the  reading  were  limited  to  the  works 
of  the  great  masters  of  fiction,  and  the  reader  strove  to  study 
them  with  a  certain  critical  sense  of  their  value,  the  result 
might  be  wholesome  ;  but  a  morbid  appetite  for  the  sensational 
literature  of  the  day  can  only  be  mischievous. 

Some  modern  writers  of  fiction,  in  endeavouring  to  be 
realistic,  introduce  scientific  details  into  their  work.  If  these 
details  were  accurate  there  would  be  some  compensation  for 
the  injury  inflicted  in  another  direction  ;  but  they  are  in 
general  calculated  to  give  as  false  views  of  science,  as  the 
other  details  are  often  calculated  to  spoil  the  appetite  for 
more  wholesome  literature. 

A  writer  whose  works  are  just  now  exceedingly  popular  has 
the  following  astonishing  statement,  expressed  in  very  ques- 
tionable grammar: — 

"  We  perceived  a  mass  of  stone  was  slowly  rising  from  the 
floor,  and  vanishing  into  the  rock  above,  where  doubtless 
there  was  a  cavity  prepared  to  receive  it.''^  This  stone, 
weighing  thirty  tons,  is  supposed  to  have  been  lifted  by 
means  of  "  some  very  simple  lever,  which  was  moved  ever  so 
little  by  pressure  on  a  secret  spot." 

In  another  story  by  the  same  author,  four  persons  in  a 
canoe  in  the  bowels  of  the  earth  receive  their  supplies  of  air 
from  that  which  a  river  had  previously  absorbed  and  then 
liberated. 

But  it  may  be  said  that  the  stories  in  which  these  events 
are  recorded  are  of  the  Baron  Munchausen  species,  and  are  so 
far  in  keeping  with  its  method.  But  the  same  treatment  is 
observed  in  a  quasi-historical  novel  by  the  same  author,  which 
deals  with  our  contest  with  the  Boers,  and  the  cession  to  them 
of  the  Transvaal.  The  writer  is  said  to  have  visited  the 
country  which  he  professes  to  describe,  and  yet  we  have 
minute  details  of  "  mighty  columns  or  fingers  of  rock,  not 
solid  colunms,  but  columns  formed  by  huge  boulders  piled 
mason-fashion  one  upon  another.""^     One  of  these  is  described 

*  'Jess,'  by  H.  Rider  Haggard,  2iid  edit.,  1887,  p.  43. 
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as  being  "  some  ninety  or  more  feet  in  height,  formed  of 
seven  huge  boulders,  the  largest,  that  at  the  bottom,  about 
the  size  of  a  moderate  cottage,  and  the  smallest,  that  at  the 
top,  some  eight  or  ten  feet  in  diameter.  These  boulders  were 
rounded  like  a  crieket-ball — evidently  through  the  action  of 
water,  and  yet  the  hand  of  Nature  had  contrived  to  balance 
them,  each  one  smaller  than  that  beneath,  the  one  upon  the 
other,  and  to  keep  them  so.  But  this  was  not  always  the 
case.  For  instance,  a  very  similar  mass  that  had  risen  on  the 
near  side  of  the  perfect  pillar  had  fallen,  all  except  the  two 
bottom  stones,  and  the  boulders  that  went  to  form  it  lay  scat- 
tered about  like  monstrous  petrified  cannon-balls."  (Pages 
43  &  44.) 

It  is  amazing  to  find  that  a  Avriter  who  is  dealing  with  real 
historical  events  in  a  land  so  well  known  and  so  often  described 
as  the  Transvaal,  should  not  have  consulted  some  of  the  nu- 
merous authorities  on  the  subject  before  he  ventured  on  such 
a  description  as  the  above  ;  but  what  follows  is  still  more 
amazing.  He  is  describing  an  African  thunderstorm,  pretty 
much  in  the  style  of  Burchell,  Livingstone,  and  other  authors 
of  repute,  but  the  following  is  the  writer's  own: — 

"  Suddenly  one  of  the  piled-up  columns  swayed  to  and  fro 
like  a  poplar  in  a  breeze,  and  fell  headlong  with  a  crash  that 
almost  mastered  the  awful  crackling  [?]  of  the  thunder  over- 
head  Down  it  came,  beneath  the  strokes  of  the  fiery 

sword,  the  brave  old  pillar  that  had  lasted  out  so  many  cen- 
turies, sending  clouds  of  dust  and  fragments  high  up  into  the 
blinding  rain.'^ 

Now  it  is  perfectly  true  that  South  Africa  is  in  many 
respects  a  land  of  boulders,  and  is  almost  a  counterpart  of 
Labrador.  But  there  is  no  known  natural  process  capable  of 
pihng  up  these  columns  as  described  above  ;  nor  are  these 
boulders  waterworn,  as  the  writer  supposes.  Geologists  for- 
merly regarded  all  boulders  as  being  ice-borne,  seeing  that 
they  present  many  of  the  phenomena  of  the  ice-borne  boul- 
ders of  the  Glacial  period  ;  but  those  of  the  Transvaal  differ 
in  being  generally  rounded,  and  of  local  origin,  the  apparent 
sources  of  some  of  them  being  from  a  few  to  about  fifty  miles 
distant.  They  rest  on  striated  rocks,  the  crumbling  surface  of 
which  is  moulded  into  round-backed  hillocks.  Mr.  A.  Ramsay 
accounts  for  the  presence  and  appearance  of  these  boulders 
by  means  of  rock  slides,  and  the  action  of  sand  driven  over 
them  by  wind  and  pressure.  But  the  greater  number  of  the 
boulders  in  the  Transvaal  consist  of  fragments  broken  off  from 
the  nearly  horizontal  strata.  In  many  places  the  valleys  are 
floored  with  them,  the  blocks  resting  on  each  other  in  a  con- 
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fused  way;  and  tlic  slopes  of  many  of  the  hills  are  strewn 
with  them,  while  the  summits  are  formed  of  layers  broken  up 
into  separate  blocks  by  weathering.  Some  of  these  weathered 
blocks  resemble  ruined  masonry.  Mr.  Stow  says  that  in  the 
Kolberg  "  these  shales  have  been  denuded  into  a  remarkably 
shaped  shoulder,  jutting  out,  like  the  front  of  a  portico,  from 
the  mountain-side.  They  appear  to  have  been  h^ft  perfectly 
undistnrbcnl  upon  the  more  ancient  rocks  forming  the  prin- 
ci})al  part  of  the  mountain.  These  latter  rocks  rise  on  each 
side  into  kopjes  sixty  feet  high.  Signs  of  stratification  may 
bo  seen  very  distinctly  in  the  hill  to  the  left.  Here  two  of 
the  layers  have  weathered  until  their  surfaces  have  assumed 
a  rude  columnar  appearance.  The  parts  above  these,  and 
also  those  which  cap  the  other  kopjes,  are  composed  of  rather 
more  coarsely  crystalline  rocks.  They  also  show  lines  of 
stratification  ;  but,  instead  of  the  columnar  appearance  just 
mentioned,  they  cleave  into  immense  blocks,  piled  one  on 
the  other,  and  looking  in  many  places  like  Cyclopean  walls 
flanking  the  lops  of  the  hills."* 

It  a})pears  from  the  above  details  that  Mr^  Haggard,  seeing 
the  weathered  mason-like  blocks  of  the  hills,  supposed  them  to 
be  built  up  from  the  rounded  boulders  of  the  older  boulder- 
bed.  The  old  boulder-clay  is  1200  feet  thick;  the  boulders 
are  smooth,  but  are  not  rounded  "like  cricket-balls;^''  and  in 
weathering  or  failing-out  into  the  valleys  they  are  often  piled 
one  on  the  other  to  no  great  height,  and  they  are  kept  in 
place  by  mutual  lateral  support.  The  largest  are  rarely  more 
than  six  feet  across ;  in  short,  there  is  nothing  that  can  give 
any  sanction  to  the  statement  that  in  the  Transvaal  there  are 
columns  formed  of  ball-shaped  boulders  which  have  been 
rounded  by  the  action  of  water,  and  which  have  subsequently 
been  balanced  one  on  the  other.  The  statement  is  altogether 
misleading,  and  therefore  mischievous,  and  yet  this  writer 
persists  in  it  to  the  end  ;  for  at  page  330  we  read  : — "  The 
moon's  first  rays  lit  upon  one  of  the  extraordinary  pillars  of 
balanced  boulders." 

In  connexion  with  our  present  subject  may  be  mentioned 
a  remarkable  example  of  science  correcting  the  views  of  the 
antiquaries  of  the  last  century,  w'ho  expended  much  labour 
in  endeavouring  to  prove  that  the  rocking  stones  of  Cornwall 
are  Druidical  monuments,  whereas  the}'  are  simple  cases  of 
weathering.  Dr.  Paris  j  many  years  ago,  in  describing  the 
Logan  or  Logging-stone  near  the  Land's  End,  states  that  the 

*  "Notes  upon  Griqua  Land  West,"  Quart.  Journ.  Geol.  Soc.  xxx. 
p.  588  (1874). 
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granite  block,  wci  lulling  above  sixty  tons,  is  so  nicely  balancctl 
that  the  strength  ot"  one  man  is  sufficient  to  make  it  oscillate. 
He  explains  how  granite  disintegrates  by  Aveathering  into 
rhomboidal  and  tabular  masses,  which  by  the  further  opera- 
tion ot"  air  and  nioi.stm-e  gradually  lose  their  solid  angles  and 
approach  the  spheroidal  form.  The  ni)per  part  of  the  clitf 
being  more  exposetl  to  atmospheric  influences  than  the  parts 
beneath,  it  happens  that  these  rounded  masses  frequently  rest 
on  tabular  blocks  ;  and  as  the  lesser  axes  of  these  rude 
spheroids  are  perpendicular  to  the  horizon,  it  is  conceivable 
that  some  of  them  may  be  made  to  rock  on  their  point  of 
support. 

This  subject  was  further  investigated  by  Mr.  Justice  Grove, 
F.R.S.,  in  a  paper  which  I  heard  him  read  in  Section  C  of 
the  British  Association  at  its  meetinor  at  Norwich  in  1868. 
The  following  is  a  very  short  abstract  of  his  paper.  If  wo 
suppose  a  slab  of  stone  lying  on  another,  both  having  flat 
surfaces,  the  attrition  and  disintegration  produced  by  changes 
of  weather,  of  temperature,  &c.,  would  act  to  the  greatest 
extent  at  the  corners,  and  next  to  them  at  the  edges,  because 
these  parts  expose  respectively  the  greater  surfaces  compared 
with  the  bulk  of  the  stone.  This  would  tend  to  round  off  all 
the  angles  and  gradually  change  the  rhomb  more  or  less 
towards  an  oblate  spheroid.  If  we  assume  the  wearing  away 
between  the  stones  to  reach  a  point  which  is  not  in  the  line 
of  centres  of  gravity,  the  upper  stone  would  fall  on  one  side, 
leaving  the  unworn  point  most  exposed  to  be  acted  on  by  the 
water  lying  in  the  angle  of  the  crevice,  evaporation  being 
less  rapid  there  than  at  other  parts.  This  point  would  then 
be  worn  away,  and  the  stone  would  fall  back  a  little,  then 
fresh  action  upon  new  surfaces,  another  oscillation,  and  so  on. 
Thus,  by  insensible  progression,  it  becomes  not  improbable 
that  the  last  point  or  line  worn  away  would  be  the  point  or 
line  on  which,  from  its  being  on  the  line  of  centres  of  gravity, 
the  upper  stone  would  rock. 

In  support  of  this  view  the  following  experiment  was 
tried  : — Two  parallelepipeds  of  iron  were  placed  one  on  the 
other  in  dilute  acid,  which  acted  on  them  for  three  or  four 
days,  when  the  upper  one  was  found  to  be  a  perfect  analogue 
of  a  rocking  stone  so  delicately  balanced  on  two  points  that 
it  could  be  made  to  rock  by  blowing  on  it  with  the  mouth. 
It  was  observed  that  the  iron  rocked  only  in  one  direction. 
Such  is  the  case  with  the  great  Logan  Stone,  and,  probably, 
with  most  other  rocking  stones,  since  it  is  more  likely  that 
a  stable  eqnili))num  should  be  attained  on  two  points  than  on 
one.      If  the  surfaces  of  the  stones  be  in  such  close  contact 
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that  there  is  no  room  for  the  circulation  of  water,  &c.,  a 
formation  like  those  near  the  Cheese  Wrint;  will  be  ctFecteJ  ; 
or  if  a  number  of  slabs  be  superposed  and  the  lower  ones  be 
more  exposed  to  the  weather,  so  as  to  catch  the  dripping  and 
drifting  water  from  the  upper,  we  get  a  formation  like  the 
Cheese  Wring,  each  slab  being  worn  away  at  the  edges,  and 
the  lower  ones  much  more  than  the  upper,  so  that  if  it  does 
not  topple  over  it  may  in  time  end  in  a  Rocking  Stone  *. 


Another  of  Mr.  Haggard's  statements,  given  as  if  from 
actual  observation,  seems  to  be  nearly  as  erroneous  as  in  the 
former  cases.  He  describes  a  bare  strip  of  veldt  as  being  "  a 
very  dangerous  spot  in  a  thunderstorm,  but  a  great  safe- 
guard to  the  house  and  trees  around  it ;  for  the  iron-stone 
cropped  up  here,  and  from  the  house  one  might  generally  see 
flash  after  flash  strikino;  down  on  to  it  and  even  running  and 
zigzagging  about  its  surface.^^     (P^g^  104.) 

hi  connexion  with  this  statement  two  questions  arise. 
First,  is  it  really  iron-stone,  or  an  ore  of  iron  that  crops  up  at 
the  surface,  and  if  so,  secondly,  would  the  line  of  least  resist- 
ance be  from  the  cloud  to  this  particular  spot,  so  that  the 
lightning  might  generally  be  seen  zigzagging  over  its 
surface  ? 

As  to  the  first  question,  Mr.  Penning,  in  describing  the 
high-level  coalfields  which  cover  the  eastern  portion  of  the 
Transvaal,  saysf: — "The  shales  and  the  trap-rocks  of  course 
weather  very  differently,  the  shales  with  a  flat  curve  and 
rounded  outline,  the  igneous  rocks,  when  imbedded,  forming 
steep  krantzes,  or  precipices  ;  when  occurring  as  dykes,  with 
a  rough  stony  outcrop,  resembling  long  lines  of  waterworn 
boulders.  The  rounded  fo"rm  of  the  loose  stones  is  due  to 
concentric  decomposition  and  weathering  ;  this  feature  and 
their  brown,  frequently  glazed,  coating,  have  together  given 
rise  to  two  wide-spread  errors — that  they  are  iron-stones,  and 
that  they  are  waterworn.''^ 

In  the  second  place,  let  ns  consider  for  a  moment  the  con- 
ditions under  which  a  disruptive  discharge  takes  place  during 

*  British  Association  Report,  Norwich,  186S.  Trs.  of  Sections,  p.  Go. 
Camphor  is  sometimes  sokl  in  neatly  cut  parallelepipeds.  One  of  these 
exposed  to  the  air  of  my  room  during  several  mouths,  first  lost  its  solid 
angles,  then  its  edges  by  evaporation,  and  so  passed  into  a  well-shaped 
oblate  spheroid.  Two  or  more  of  these  parallelopipeds  piled  on  each 
other  and  exposed  to  the  air,  indoors  and  out,  and  also  to  various  tem- 
peratures and  to  solvents,  gave  some  interesting  results  illustrative  of 
weathering  ;  but  the  details  are  too  lengthy  for  a  note  in  this  place. 

t  Quart.  Journ.  Geol.  Soc.  xl.  p.  GG2  (1884). 
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a  thunderstorm.  The  electrified  cloud  overhead  throws  a 
corresponding,  or  even  a  larger  surface  of  the  earth  beneath 
into  an  opposite  electrical  state  by  its  inductive  action  on  the 
intervening  dielectric  air  ;  and  as  the  tension  of  the  particles 
of  the  latter  increases  by  the  continued  induction  of  the  cloud, 
the  highly  charged  system  at  length  breaks  down,  the  polar- 
ized particles  discharge  into  each  other,  and  there  is  a  flash  of 
lightning,  which  may  strike  the  earth  or  a  building  in  one  or 
more  places.  But  before  the  main  discharge  takes  place, 
minor  discharges,  which  act  as  feelers,  determine  the  line  of 
least  resistance  alono;  which  the  main  discharge  travels  with  a 
velocity  all  but  infinite  ;  so  that  it  forms  to  the  eye  a  rippled 
band  of  brilliant  light,  and  on  reaching  the  earth  disperses  so 
instantaneously  that  the  eye  cannot  follow  it.  That  the  light- 
ning should  "generally"  strike  upon  one  selected  spot  "visible 
from  the  house,"  and  then  be  "  seen  zio-zaCToing  over  its  sur- 
face,"  are  statements  that  must  be  placed  to  the  credit  of  the 
inventive  genius  of  the  novelist. 

It  has  lately  been  remarked  as  an  extraordinary  circum- 
stance that  the  same  church  should  have  been  struck  three 
times  during  thirty  or  forty  years.  In  all  the  authentic  cases 
of  lightning  striking  the  earth  that  have  come  under  my 
notice,  I  know  of  no  case  where  the  lightning  of  different 
storms  has  struck  the  same  spot;  butithe  lightning  of  the  same 
storm  may  strike  the  earth  at  or  about  the  same  spot  many 
times,  as  in  the  following  case,  namely  that  of  H.M.  Ship 
'  Fisgard '  (furnished  with  Harris's  conductors),  while  at 
anchor  in  the  Nisqually  river  in  the  Oregon  territory,  in 
September  1846.  From  several  intelligent  reports  made  by 
the  otficers  on  board,  it  apjiears  that  the  ship  was  struck 
by  a  bifurcated  discharge  of  lightning,  falling  simultaneously 
on  the  mainmast  and  on  one  of  the  lower  masts  with  a  very 
loud  explosion,  but  so  efficient  were  the  conductors  that  no 
injury  was  done.  The  report  was  as  if  a  broadside  had  been 
fired  from  each  side  of  the  ship.  It  was  remarked  that  several 
of  the  pine-trees  on  the  neighbouring  land  were  struck  and 
set  on  fire,  and  the  lightning  repeatedly  struck  the  ground  in 
all  directions.  Some  of  the  men  on  shore  stated  that  the  ship 
appeared  to  be  coated  with  fire,  and  the  whole  atmosphere  to 
be  in  a  general  blaze,  with  terrific  bursts  of  thunder. 

Authentic  descriptions  of  African  thunderstorms  are  some- 
what similar  in  character.  For  example,  that  interesting 
traveller,  Burchell,  gives  several  descriptions,  of  which  the 
following  is  one  : — "  The  lightning  began  to  flash,  and  the 
most  tremendous  peals  of  thunder  burst  over  our  heads.  In 
an  instant,  without  perhaps  more  than  one  minute's  notice,  a 
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black  floud  wliich  luul  formed  suddenly  emptied  its  contents 
U])on  us,  pouring-  down  like  a  torrent,  and  drencliing  every- 
tliino-  with  water.  The  parched  earth  became  in  the  short 
time  of  five  minutes  covered  with  ponds.  The  rain  ceased  as 
suddenly  as  it  came  on,  leaving  me  both  startled  and  sur- 
])rised  at  this  specimen  of  an  African  thunder  shower.  We 
l)assed  all  at  once  from  the  deluged  to  the  arid  and  dust}- 
ground,  the  distance  of  thirty  or  forty  yards  being  all  that 
intervened  between  these  extremes.  Mention  had  often  been 
made  to  me,  while  in  Cape  Town,  of  the  heavy  thunder 
showers  of  the  interior  ;  but  their  sudden  violence  much 
exceeded  all  that  I  had  imagined."  * 

Livingstone  also  describes  a  storm  which  overtook  his 
party  while  travelling  by  night  from  Linyanti  to  Sesheke. 
He  says  : — "  About  ten  o'clock  it  became  so  pitchy  dark  that 
both  horses  and  men  were  completely  blinded.  The  lightning 
spread  over  the  sky,  forming  eight  or  ten  branches  at  a  time, 
in  shape  exactly  like  those  of  a  tree.  This,  with  great 
volumes  of  sheet-lightning,  enabled  us  at  times  to  see  the 
whole  country.  The  intervals  between  the  flaslies  were  so 
decidedly  dark  as  to  convey  the  idea  of  stone  blindness.  The 
horses  trembled,  cried  out,  and  turned  round,  as  if  searching 
for  each  other,  and  every  new  flash  revealed  the  men  taking 
different  directions,  laughing,  and  stumbling  against  each 
other.  The  thunder  was  of  that  tremendously  loud  kind  only 
to  be  heard  in  tropical  countries,  and  which  my  friends  from 
India  have  assured  me  is  louder  in  Africa  than  any  they  have 
heard  elsewhere.  Then  came  a  i)elting  rain,  which  completed 
our  confusion.'"  f 

This  excellent  observer  also  describes  some  remarkable 
effects  of  atmospheric  electricity  on  the  borders  of  the  Kala- 
hari desert.  During  the  dry  seasons  which  succeed  the 
Avinter  and  precede  the  rains,  a  hot  wind  occasionally  blows 
over  the  desert  from  north  to  south.  It  seldom  blows  for 
more  than  three  days  at  a  time,  and  it  has  somewhat  the 
feeling  of  coming  from  an  oven.  "  This  wind  is  in  such  an 
electric  state  that  a  bunch  of  ostrich  feathers  held  a  few 
seconds  against  it  becomes  as  strongly  charged  as  if  attached 
to  a  powerful  electrical  machine,  and  clasps  the  advancing 
hand  with  a  sharp  crackling  sound.  When  this  hot  wind  is 
blowing,  and  even  at  other  times,  the  peculiarly  strong  elec- 
trical state  of  the  air  causes  the  movement  of  a  native  in 
his  kaross  to  produce  therein  a  stream  of  small  sparks.     The 

*  'Travels  in  the  Interior  of  Southern  Africa/  by  W.  J.  Burchell. 
2  vols.  4to.    (1S22-24.) 

t  Missionary  Travels  and  Researches  in  South  Africa ;  8vo,  1857. 
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first  tinio  I  noticed  this  a]ipearance  was  when  a  chief  was 
travelling;  with  nie  in  my  wai^on.  Seeinoj  part  of  the  fur  of 
his  mantle  which  was  exposed  to  slight  friction  by  the  move- 
ment of  the  wagon  assume  quite  a  luminous  appearance,  I 
rubbed  it  smartly  with  the  luunl,  and  found  it  readily  give 
out  bright  <[)arks,  accom})anied  with  distinct  cracks.  '  Don't 
you  see  this  ? '  said  I.  '  The  white  man  did  not  show  us 
this/  he  replied  ;  '  we  had  it  long  before  white  men  came 
into  the  country,  we  and  our  forefathers  of  old/  " 

But  it  is  more  to  our  present  purpose  to  deal  with  electrical 
phenomena  at  or  near  the  earth's  surface.  Hence  I  propose 
to  describe  some  remarkable  cases  of  brush  and  qloio  dis- 
charge, both  of  which,  according  to  Faraday,  consist  of  a 
charging  of  air,  ''  the  only  difference  being  that  the  glow  has 
a  continuous  appearance  from  the  constant  renewal  of  the 
same  action  in  the  same  place,  whereas  the  ramification  is 
due  to  a  momentary  independant  and  intermitting  action  of 
the  same  kind."*  In  other  words,  a  continuous  discharge  to 
the  air  gives  the  glow,  an  interrupted  one  produces  the  brush, 
and  in  a  more  exalted  condition  the  spark. 

The  Geneva  correspondent  of  the  '  Times,''  in  a  letter  to 
that  journal  dated  June  "20th,  1880,  and  which  appeared  on 
the  2-4th,  speaks  of  a  remarkable  electrical  phenomenon  wliich 
appeared  at  Clarens  on  the  afternoon  of  the  previous 
Thursday.  Heavy  masses  of  rain-cloud  hid  the  mountains 
which  separate  Friburg  from  Montreux,  but  their  summits 
were  lit  up  from  time  to  time  by  vivid  flashes  of  lightning. 
A  heavy  thunderstorm  seemed  to  be  raging  in  the  valleys  of 
the  Avants  and  the  Alliaz.  No  rain  was  falling  near  the 
Lake  of  Geneva,  and  the  storm  still  appeared  to  be  distant, 
when  a  tremendous  peal  of  thunder  shook  the  houses  of 
Clarens  and  Tavel.  At  the  same  instant  a  cherry-tree  near 
the  cemetery,  measuring  a  metre  in  circumference,  was  struck 
by  lightning  and  sliivered  into  matches.  Some  people  who 
were  working  in  a  vineyard  hard  by  saw  the  electricity  play 
about  a  little  girl  who  was  gathering  cherries,  and  was  already 
thirty  paces  from  the  tree.  She  is  described  as  literally 
wrapped  in  a  sheet  of  fire.  The  vine-dressers  fled  in  terror 
from  the  spot.  In  the  cemetery  six  persons,  separated  into 
three  groups,  none  of  them  within  250  paces  of  the  cherry- 
tree,  were  enveloped  in  a  luminous  cloud.  They  said  they 
felt  as  if  they  were  being  struck  in  the  face  with  hail-stones 
or  fine  gravel,  and  when  they  touched  each  other  sparks 
passed  from  their  fingers'  ends.     At  the  same  time  a  lumi- 

*  Experimental  Researches  iu  Electricity  (1543). 
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nous  column  was  seen  to  descend  in  the  direction  of  Chate- 
Lird,  and  it  is  stated  that  the  electricity  could  be  distinctly 
heard  as  it  ran  from  point  to  point  of  an  iron  railing  in  the 
cemetery.  None  of  the  persons  referred  to  were  hurt,  they 
only  com})lained  of  an  unpleasant  sensation  in  the  joints  as  if 
they  had  been  violently  twisted,  a  sensation  which  lasted  for 
a  few  hours. 

A  highly  electrified  condition  of  the  atmosphere  may  thus 
produce  either  the  glow-  or  the  brush-discharge.  Professor 
James  Forbes,  while  engaged  in  his  remarkable  study  of  the 
glaciers  of  Switzerland,  relates  that  on  one  occasion  near 
Mont  Cervin,  the  atmos})here  being  very  turbid  and  the 
ground  covered  with  half-melted  snow,  while  about  1500  feet 
below  the  Col  and  about  9000  feet  above  the  sea,  he  noticed 
a  curious  sound  which  seemed  to  proceed  from  the  alpenstock 
with  which  he  was  walking.  He  says: — "I  asked  the  guide 
next  me  whether  he  heard  it,  and  what  he  thought  it  was. 
The  members  of  that  fraternity  are  very  hard  pushed  indeed 
when  they  have  not  an  answer  for  any  emergency.  He 
therefore  replied,  with  great  coolness,  that  the  rustling  of  the 
stick  no  doubt  proceeded  from  a  worm  eating  the  wood  in  the 
interior !  This  answer  did  not  appear  to  me  satisfactory,  and 
I  therefore  reversed  the  stick  so  that  the  point  was  now  upper- 
most ;  the  worm  was  already  at  the  other  end  !  I  next  held 
my  hand  above  my  head,  and  my  fingers  yielded  a  fizzing 
sound.  There  could  be  but  one  explanation — we  were  so 
near  a  thunder-cloud  as  to  be  highly  electrified  by  induction. 
I  soon  perceived  that  all  the  angular  stones  were  hissing 
round  us  like  points  near  a  powerful  electrical  machine.  I 
told  my  companions  of  our  situation,  and  begged  the  guide 
to  lower  his  umbrella,  which  he  had  now  resumed  and  hoisted 
against  the  hail-shower,  and  whose  gay  brass  point  was  likely 
to  become  the  paratonnerre  of  the  party.  The  words  were 
scarcely  out  of  my  mouth  when  a  clap  of  thunder,  unaccom- 
panied by  lightning,  justified  my  precaution.'^  "^ 

In  a  paper  by  H.  de  Saussurej  it  is  remarked  that  the 
lighting  up  of  the  rocks  at  night  is  analogous  to  the  curious 
fact  of  electricity  moving  over  the  jirairies,  as  observed  by 
M.  Quiquerex  near  Constamon.  It  may  be  compared  to  a 
kind  of  lightning-discharge  in  miniature,  resulting  from  the 
electrified  cloud  brushing  over  the  earth  and  discharging 
itself  by  a  thousand  sparks  coursing  over  the  meadows.  Saus- 
sure  then  gives  an  account  of  his  own  observations  during 

*  '  Travels  through  the  Alps  of  Savoy,'  &c.  8vo,,  Edinb.  1843. 
t  Phil.  Mag.  4th  series,  xxxv.  p.  128  (1868). 
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thunderstorms  on  the  Nevada  do  Tokica,  in  Mexico,  and  on 
the  Piz  Surley,  in  Switzerland.  In  the  former  locality  he 
alludes  to  the  loud  rattlino-  or  crepitation  of  the  stones,  due  to 
electrical  discharges.  On  the  summit  of  Piz  8urley  he  notices 
certain  prickino;  and  burning  sensations,  and  sounds  like  that 
of  sinunerinir  M-ater  emitted  from  sticks  laid  against  the  rocks, 
and  the  vibrations  of  the  alpenstocks.  This  humming  of  the 
mountains  is  by  no  means  rare.  It  seems  to  indicate  a  flow 
of  electricity  from  the  ground  into  the  air. 

In  a  former  paper  I  noticed  *  that  M.  Arago  was  scc})tical 
as  to  the  existence  of  ball-lightning.  Faraday  was  equally  so. 
He  says  : — '*  That  the  phenomena  of  balls  of  fire  may  appear 
in  the  atmosphere  I  do  not  mean  to  deny  ;  but  that  they  have 
anything  to  do  with  the  discharge  of  ordinary  electricity,  or 
are  at  all  related  to  lightning  or  atmospheric  electricity,  is 
much  more  than  doubtful.'^  t  The  cases  given  in  my  former 
paper  seem  to  resolve  ball-lightning  into  an  exalted  case  of 
brush-discharge.  Thus,  Mr.  Gr.  Ambrose  Pogson,  British 
Vice-Consul  at  Hamburg,  states  in  a  letter  to  the  '  Times  '  of 
June  IGth,  1880,  that  a  series  of  thunder-storms  had  passed 
over  Hamburg,  and  that  during  the  11th  inst.  the  air  was 
densely  charged  with  electricity.  "  The  storm  broke  about 
10.15  p.m.,  lasting  until  11  p.m.,  during  which  time  at  very 
short  intervals  from  my  station,  about  1200  yards  distance 
from  the  copper-roofed  tower  of  the  church  known  as  8. 
Jacobi,  about  300  feet  high,  I  saw  this  phenomenon  [which 
he  had  previously  named  St.  Elmo's  Jire\  apparently  resting 
about  thirty  feet  from  the  summit  of  the  steeple.  The  colour 
was  a  reddish  purple  and  reminded  one  somewhat  of  burning 
potassium.  From  repeated  comparisons  with  other  objects 
during  the  lightning-flashes,  1  judged  these  fire-balls  (two 
were  several  times  visible)  to  be  from  4  feet  to  6  feet  in  dia- 
meter. The  longest  duration  that  I  timed  was  42  seconds." 
The  appearance  and  disappearance  of  these  globes  of  electri- 
city were  counted  some  twenty  times  :  the  colour  was  referred 
to  the  glare  of  the  copper  roof. 

The  following  also  seems  to  be  a  case  of  glow-discharge, 
described  by  Mr.  Jabez  Brown  in  a  letter  to  the  '  Times,' 
dated  Boscastle,  December  Ist^  1858.  He  says: — "  Last  night, 
at  fifteen  minutes  to  nine,  ascending  one  of  the  sharp  hills  of 
this  neighbourhood,  I  was  suddenly  surrounded  by  a  bright 
and  powerful  light,  which  passed  me  a  little  quicker  than  the 
ordinary  pace  of  a  man's  walking,  leaving  it  dark  as  before. 

*  See  p.  120  of  this  volume. 

t  *  Experimental  Researches '  (1641). 
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The  light  was  seen  by  the  sailors  in  the  harbour  coming  in 
from  the  sea  and  passing  up  the  valley  like  a  low  cloud/' 

A  very  good  observer,  M.  Trecul,  relates  the  following  cases  *. 
During  a  storm,  on  the  19th  of  August,  1880,  sparks  appeared 
to  proceed  from  some  lightning-conductors,  some  rising  singly 
and  (lisa])poaring  at  a  small  heiglit,  exj)anding  into  a  circular 
flash,  the  light  of  which  diminished  from  the  centre  to  the 
circumference.  In  one  case  two  luminous  columns  rose 
simultaneously  and  parallel,  and  at  a  certain  height  coalesced 
at  right  angles.  On  August  25th,  in  the  same  year,  during 
a  thunder-storm  and  in  full  daylight,  he  saw  a  very  brilliant 
body,  slightly  elongated  (say  from  30  to  40  centimetres  long 
by  25  cm.  broad)  and  with  conical  ends,  pass  from  one  })art 
of  a  dense  ck)ud  to  another.  He  states  that  he  has  often 
noticed  durino-  thunderstorms  a  band  of  feeble  lioht  moment- 
arily  illuminating  a  street,  and  reaching  right  across  or  only 
part  of  the  width. 

M.  Trecul  also  relates  the  following  curious  case  : — On  the 
18th  of  August,  1876,  while  writing  at  an  open  window, 
between  7  and  8  a.m.,  he  observed,  simultaneously  with  some 
loud  thunder,  small  luminous  columns  descend  obliquely  on 
his  paper,  about  two  metres  long  and  half  a  decimetre  broad 
at  the  widest  part  ;  obtuse  at  the  farther  end,  but  gradually 
thinning  towards  the  table.  They  had  mostly  a  reddish-yel- 
low tint  :  near  the  paper  the  tints  were  more  intense  and 
varied.  In  disappearing  they  left  the  paper  with  a  slight 
noise  like  that  produced  by  pouring  a  little  water  on  a  hot 
plate. 

Gases  of  this  sort  might  be  greatly  multiplied,  as  also  of 
lightning  quitting  the  conductor.  The  earliest  case  of  this 
kind  occurs  in  Franklin's  works  (vol.  i.  p.  340),  in  which  an 
eye-witness  relates  that "  he  saw  the  lightning  diffused  over  the 
pavement,  which  was  then  very  wet  with  rain,  to  the  distance 
of  two  or  three  yards  from  the  foot  of  the  conductor." 
Franklin  very  properly  remarks  on  this  statement,  that  "  it 
seems  to  indicate  that  the  earth  under  the  pavement  was  very 
dry,  and  that  the  rod  should  have  been  sunk  deeper  till  it 
came  to  moister  earth,  and  therefore  apter  to  receive  and  dis- 
sipate the  electric  fluid  "  (p.  358).  He  also  gives  a  curious 
case  in  which  the  lightning  left  the  conductor  on  the  outside 
of  a  wall  to  strike  the  more  capacious  barrel  of  a  gun  resting 
against  the  inside  of  the  wall. 

I  conclude  with  a  few  remarks  on  African  thunderstorms, 
in  addition  to  what  has  already  been  said  on  that  subject. 

*  Comptes  Hendus,  1880-81. 
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Thunderstorms  seem  to  be  much  more  prevalent  along  the 
east  of  Africa  than  in  other  parts,  and  electrical  phenomena 
are  most  striking  in  connexion  with  -svinds  that  have  traversed 
arid  santly  regions.  This  is  shown  in  the  Kalahari  desert. 
Mr.  Wilson  remarks'^  : — "  Towards  Basutoland,  from  Novem- 
ber to  April,  the  N.E.  wind  blows  from  the  shores  of  the  Mo- 
zambique and  the  delta  of  the  Zambesi  innnense  masses  of 
cloud  which  sweep  heavily  over  the  earth,  darkening  the  sky 
and  preceded  in  their  course  by  dreadful  peals  of  thunder. 
In  the  great  Namacpia-land,  as  well  as  in  the  desert,  rain  falls 
only  from  thunder-clouds.  These  rise  from  the  N.E.  There 
is  something  terribly  sublime  in  a  real  Kalahari  thunder-storm. 
There  are  the  usual  premonitory  appearances.  At  length  a 
cloud  of  dust  approaches,  a  storm  of  wind  rushes  over  the 
plains,  a  few  large  spattering  drops  are  heard,  and  then,  with 
an  almost  simultaneous  blinding  glare  of  lio-htning  and  deaf- 
ening  crash  of  thunder,  torrents  of  mingled  hail  and  rain 
descend.  In  a  few  minutes  the  country  is  flooded.  In  an 
hour  the  storm  has  passed.  Mofiat  states  that  in  this  district 
the  lightning  is  of  three  kinds  :  one  passing  from  cloud  to 
cloud  ;  another,  forked,  passing  through  the  cloud  and  striking 
the  earth  ;  the  third,  and  most  common,  is  stream-,  or  chain- 
lightning.  It  appears  to  rise  from  the  earth  in  figures  of 
various  shapes — crooked,  zigzag,  and  oblique  f,  and  sometimes 
like  a  waterspout  at  sea  ;  it  continues  several  seconds,  while 
the  observer  can  distinctly  see  it  dissolve  in  pieces  like  a 
broken  chain.  The  perpetual  roar  of  awful  thunder  on  these 
occasions  may  be  conceived,  since  some  20  or  more  flashes 
may  be  counted  in  a  minute.  The  lightning  may  also  be  seen 
passing  upwards  through  the  dense  mass  of  vapour,  and 
branching  like  the  limbs  of  a  naked  tree  on  the  blue  sky 
above." 

Mann  %  says  of  Natal,  that  the  thunderstorms  are  of  great 
intensity,  but  of  short  duration  ;  clouds  gather  over  the  hill- 
tops and  then  spread  rapidly  out  into  the  valleys.  The  storm, 
for  the  most  part,  breaks  first  in  the  hills  and  then  moves 
rapidly  off  towards  the  east.  The  lightning  is  often  extremely 
beautiful,  the  path  of  the  discharge  not  unfrequently  being 
seen  upon  the  background  of  the  clouds  as  a  broad  quivering 
ribbon.  Paraboloid  and  elliptical  discharges  amidst  the  clouds, 
with  descending  or  radiating  lines  setting  off"  from  them,  are 

*  Journal  of  the  Royal  Geographical  Society,  xxxv.,  18G5. 

t  The  form  is  doubtless  dependent  on  the  presence  of  conducting-par- 
ticles  in  the  air ;  but,  whatever  the  form,  it  can  only  be  momentarily 
or  intermittently  visible. 

X  Joum.  lioy.  Geogr.  Soc.  xxxvii.  pp.  G6,  67  (1867). 
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not  umisuiil.  Occasionally  very  interesting  streams  of  hori- 
zontal discharge  are  seen  running  through  the  cloud-caps  of 
the  Tid)]e  Mountains  just  parallel  with  and  ahove  their  flat 
to])s.  He  then  becomes  eloc^ucnt  on  the  varied  colours  of  the 
lightning,  and  proceeds  to  say  that  "  the  end  of  the  vast 
storm-cloud  is  brought  out  in  deep  relief  at  each  discharge  by 
glows  of  electric  light  bursting  forth  from  behind  its  edge, 
the  foldings  and  twi.stings  of  which  are  rendered  conspicuous 
by  lines  and  sheets  of  coloured  fire.  I  have  seen  displays  of 
this  character  taking  place  sinmltaneously  on  six  different 
points  of  the  horizon,  and  continuing  for  hours  at  a  stretch, 
and  I  have  counted  56  flashes  in  a  minute."  Sometimes  a 
number  of  cattle  huddled  together  are  killed  at  once.  "  The 
popular  notion  is  that  the  discharge  runs  through  the  beasts 
in  succession.  My  own  impression,  derived  from  the  appear- 
ance of  the  ground  where  such  accidents  have  taken  place,  is 
that  the  discharge  acts  at  one  blow  over  the  entire  area 
covered  by  the  cattle,  and  divides  itself  among  them.^' 

Highgate,  N. 


LVI.  On  Electromagnetic  Waves,  especially  in  relation  to  the 
Vorticily  of  the  Impressed  Forces ;  and  the  Forced  Vibra- 
tions of  Electromagnetic  Systems.     By  Oliver  Heaviside. 

[CoDcluded  from  p.  449.] 

63.  CYLINDRICAL  Surface  of  circular  curl  e  in  a  Dielec- 
tric.— Let  the  curl  of  the  impressed  electric  force  be 
wholly  situated  on  the  surface  of  a  cylinder  of  radius  a  in  a 
nonconducting  dielectric.  The  impressed  force  e  to  correspond 
may  then  be  most  conveniently  imagined  to  be  either  longi- 
tudinal, within  or  without  the  cylinder,  uniformly  distributed 
in  either  case  (though  oppositely  directed),  and  the  density  of 
curl  6  will  be  e;  or,  the  impressed  force  may  be  transferred  to 
the  surface  of  the  cylinder,  by  making  e  radial,  but  confined 
to  an  infinitely  thin  layer.  The  measui'c  of  the  surface-density 
of  curl  e  will  now  be 

/=  ^j  =  E(out)— E(in),     ....     (35G) 

where  e  is  the  total  impressed  force  (its  line-integral  through 
the  layer).  The  second  form  of  this  equation  shows  the  efiect 
produced  on  the  electric  force  E  of  the  flux,  outside  and  inside 
the  surface.  This  E  is,  as  it  happens,  also  the  force  of  the 
field  ;  but  in  the  other  case,  when  e  is  uniformly  distributed 
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within  the  C3'linder,  producing /=e,  we  have  the  same  discon- 
tinuity produced  hy/. 

H  boing  circuhir,  we  use  the  operator  (313).  Applying  it 
to  (o56)  "\ve  obtain 

from  which,  by  the  conjugate  property  (307),  and  the  operator 
(313),  we  derive 

E(in)  or  (out)  =  ,^  '  [Jor(Jla  — ?/Gri«)  Or  Ji„(Jo,-  — ?/Gror)  ]/,  (358) 
H(in)  or  (out)=  -^^[Jlr(Jla— Z/Gria)  Or  Jia(Jlr  — ?/Glr)  ]/,     (359) 

in  which  /  is  a  function  of  t,  and  it  may  be  also  of  z.  If  so, 
then  we  have  the  radial  component  F  of  electric  force  given 

by 

F(in)  or  (out)=  -  ~  [J,r(Jla-?/Ola)  Or  J,a(Jlr-?/Gr„)  ]  ^-~.  (360) 

From  these,  by  the  use  of  Fourier's  theorem,  we  can  build 
up  the  complete  solutions  for  any  distribution  of/  with  respect 
to  z ;  for  instance,  the  case  of  a  single  circular  line  of  curl  e. 

64.  Jia=0.  Vanishing  of  external  field. — Let  /  be  simply 
periodic  with  respect  to  t  and  z  ;  then  J,a  =  0,  or 

Ji]av/w7u2_^2j^0,     ....     (361) 

produces  evanescence  of  E  and  H  outside  the  cylinder.  The 
independence  of  this  property  of  y  really  requires  an  un- 
bounded external  medium,  or  else  boundary  resistance,  to  let 
the  initial  effects  escape  or  be  dissipated,  because  no  resistance 
appears  in  our  equations  except  in  ?/.  The  case  s  =  0  ovn  =  mv 
is  to  be  excepted  from  (361)  ;  it  is  treated  later. 

65.  y^=i.  Unbounded  medium. — When  n/v>m,  s  is  real,  and 
our  equations  give  at  once  the  fully  realized  solutions  in  the 
case  of  no  boundary,  by  taking  y  =  ^, 

H(in)  or  (out)  =  i7raCn[Jir(Jia  — iGja)  or  Jia(J]r  — iGlr)]/,  \ 

E(in)  or  (out)=  — i7ras[Jor(G]„  +  «J,„)  or  J,„(Gor  +  ?Jor)  ]/,        /-  (2^2) 

F(i„)  or  (out)  =  i7ra[Jlr(Gria  +  2Jla)  Or  Jia{(^\r  +  iJlr)]{df/dz),-^ 

in  which  i  means  p/n. 

The  instantaneous  outward  transfer  of  energy  per  unit 
length  of  cylinder  is  (by  Poynting's  formula) 

EH     ^ 
47r 
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and  the  mean  value  with  respect  to  the  time  comes  to 

—  (/oTramcosm^Jia)^,     ....  (363) 

if /o  is  the  maximum  value  of/.     This  may  of  course  be  again 
averaged  to  get  rid  of  the  cosine. 

66.  s  =  0.    Vanishing   of  external   E. — When    n-=mv,    we 
make  s  =  0,  and  then  (362)  reduce  to  the  singular  solution 

a^ 
H(in) = i  rcpf,         H(out) = i  -  cpf, 

E(in)=/,  E(out)  =  0, 


17        _         1      <(/"  T?  _         1    ^'^  ^If 


(364) 


Observe  that  the  internal  longitudinal  displacement  is  pro- 
duced entirely  by  the  impressed  force  {if\i  be  internal),  though 
there  is  radial  displacement  also  on  account  of  the  divergence 
of  e  (if  internal).  Outside  the  cylinder  the  displacement  is 
entirely  perpendicular  to  it. 

H  and  F  do  not  alternate  along  r.  This  is  also  true  when 
5^  is  negative,  or  n  lies  between  0  and  mv.  Then,  (f  being 
positive,  we  have 

E(out)  =  i«¥(^7/ia)[Jorlog7r  +  Lo.]/,     .     .     (305) 

as  the  rational  form  of  the  equation  of  the  external  E  when 
the  frequency  is  too  low  to  produce  fluctuations  along  r. 

The  system  (364)  may  be  obtained  directly  from  (358)  to 
(360)  on  the  assumption  that  sjy  is  zero  when  6*  is  zero.  But 
(364)  appears  to  require  an  unbounded  medium.  Even  in 
the  case  of  the  boundary  condition  E  =  0  at  T  =  a;,  which  har- 
monizes with  the  vanishing  of  E  externally  in  (364),  there 
will  be  the  undissipated  initial  effects  continuing. 

If,  on  the  other  hand,  Hx  =  0,  making  ?/  =  J„j./Goz,  we  shall 
not  only  have  the  undissipated  initial  effects,  but  a  different 
form  of  solution  for  the  forced  A'ibrations.  Thus,  using  this 
expression  for  y,  and  also  s  =  0,  in  (358)  to  (360),  we  obtain 

E(in)=(^l-  -gje;  E(out)=-|2^;  ) 

representing  the  forced  vibrations. 

67.  Effect  of  suddenly  starting  a  f  lament  of  e. — The  vibra- 
tory effects  due  to  a  vibrating  filament  we  find  by  taking  a 
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infinitely  small  in  (362),  that  is  J,„  =  i.?a.  To  find  the  wave 
produceil  by  suddenly  starting  such  a  filament,  transform 
equations  (358),  (359)  by  means  of  (311).     We  get 

Han)=-(-7/2)*2^(^J.)w^,   ^ 

H..,=  -(.,/2)^|-,(ij.„)w'.;. 

where  W  is  given  by  (309)  ;  the  accent  means  differentiation 
to  r,  and  the  suffix  a  means  the  value  at  r  =  a. 

In  these,  let  e^  =  ird-e,  which  we  may  call  the  strength  of  the 
filament,  and  let  a  be  infinitely  small.     We  then  obtain 

Now  if  eQ  is  a  function  of  t  only,  it  is  clear  that  there  is  no 
scalar  electric  potential  involved.  We  may  therefore  advan- 
tageously employ  (and  for  a  reason  to  be  presently  seen)  the 
vector-potential  A,  such  that 

E=-;jA,     orA=-p-'E;     and  /xH=-^.      (369) 

The  equation  of  A  is  obviously,  by  the  first  of  (369)  applied 
to  second  of  (368), 

K=\{pl2irv^fWeQ (370) 

Comparing  this  equation  with  that  of  H  in  (345)  (problem 
of  a  filament  of  curl  of  e) ,  we  see  that  /q  there  becomes  ^'o 
here,  and  /iH  there  becomes  A  here.  The  solution  of  (370) 
may  therefore  be  got  at  once  from  the  solution  of  (345),  viz. 
(349).     Thus 

A= ^5 -. (371) 

27rr(r2^2_^2)i' 

from  which,  by  (369), 

E  = ''— „     H= '-^ ^,  .    (372) 

the  complete  solution.     It  will  be  seen  that 

A  =  Et  +  rfi-E, (373) 
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whilst  the  curious  relation  (353)  in  the  problem  of  a  filament 
of  curl  e  is  now  replaced  by 

A=rfiZ/t, (374) 

where  Z  is  the  time-integral  of  the  magnetic  force  ;  so  that 

H=;>Z,     and  curl  Z  =  cE,  .     .     .     .     (375) 

Z  being  merely  the  vectorized  Z.  It  is  the  vector-potential 
of  the  magnetic  current. 

The  following  reciprocal  relation  is  easily  seen  by  comparing 
the  differential  equations  of  an  infinitely  fine  filament  €o  and 
a  finite  filament.  The  electric  current-density  at  the  axis  due 
to  a  longitudinal  cylinder  of  e  (uniform)  of  radius  a  is  nume- 
rically identical  with  the  total  current  through  the  circle  of 
radius  a  due  to  the  same  total  impressed  force  (that  is,  ira^e) 
concentrated  in  a  filament  at  the  axis,  at  corresponding 
moments. 

68.  Ha\dng  got  the  solutions  (372)  for  a  filament  e^,  it 
might  appear  that  we  could  employ  them  to  build  up  the 
solutions  in  the  case  of,  for  instance,  a  cylinder  of  longitu- 
dinal impressed  force  of  finite  radius  a.  But,  according  to 
(372),  E  would  be  positive  and  H  negative  everywhere  and 
at  every  moment,  in  the  case  of  the  cylinder,  because  the 
elementary  parts  are  all  positive  or  all  negative.  This  is 
clearly  a  wrong  result.  For  it  is  certain  that,  at  the  first 
moment  of  starting  the  longitudinal  impressed  force  of  inten- 
sity e  in  the  cylinder,  E  just  outside  it  is  negative  ;  thus 

E=  +^e,  in  or  out,  at  r  =  a,  ^  =  0  ; 

and  that  H  is  positive  ;  viz. 

H  =  el'2/ji,v  at  r  =  a,  ^  =  0. 

We  know  further  that,  as  E  starts  negatively  just  outside  the 
cylinder,  E  will  be  always  negative  at  the  front  of  the  outward 
wave,  and  H  positive  ;  thus 

—E=fivli  =  ^ex{a/r)^,     ....     (37(5) 

the  variation  in  intensity  inversely  as  the  square  root  of  the 
distance  from  the  axis  being  necessitated  in  order  to  keep  the 
energy  constant  at  the  wave-front.  The  same  formula  with 
+  E  instead  of  —  E  will  express  the  state  at  the  front  of  the 
wave  running  in  to  the  axis.  There  is  thus  a  momentary 
infinity  of  E  at  the  axis,  viz.  when  t^ajv. 

So  far  we  can  certainly  go.  Less  securely,  we  may  con- 
clude that  during  the  recoil,  E  will  be  settling  down  to  its 
steady  value  e  within  the  cylinder,  and  therefore  the  force  of 
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the  field  there  will  be  positive,  and,  by  continuity,  also  posi- 
tive outside  the  cylinder.  Similarly,  H  must  be  negative  at 
any  distance  within  which  E  is  decreasing.  We  conclude 
therefore  that  the  tilamont  solutions  (o72)  only  express  the 
settling  down  to  the  final  state,  and  are  not  comprehensive 
enough  to  be  employed  as  fundamental  solutions. 

69.  Sudden  starting  of  e  lonf/iti'dinal  in  a  Cijlinder. — In 
order  to  fully  clear  up  what  is  left  doubtful  in  the  last  para- 
graph, I  have  investigated  the  case  of  a  cylinder  of  e  compre- 
hensively. The  following  contains  the  leading  points.  We 
have  to  make  four  independent  investigations  :  viz.  to  find 
(1)  the  initial  inward  wave  ;  (2)  the  initial  outward  wave  ; 
(3)  the  inside  solution  after  the  recoil  ;  (4)  the  outside  solu- 
tion ditto.  We  may  indeed  express  the  whole  by  a  definite 
integral,  but  there  does  not  seem  to  be  much  use  in  doing  so, 
as  there  will  be  all  the  labour  of  finding  out  its  solutions,  and 
they  are  what  we  now  obtain  from  the  difi^erential  equations. 

Let  El  and  E2  be  the  E's  of  the  inward  and  outward  waves. 
Their  equations  are 

El  =-(a/2^)  W„'U^,     ....     (377) 

E2= -(a/2^)  WU>;     ....     (378) 

where  U  and  W  are  given,  by  (309),  the  accent  means  differ- 
entiation to  r,  and  the  suffix  indicates  the  value  at  r  =  a.  To 
prove  these,  it  is  sufficient  to  observe  that  U  and  W  involve 
e'''ande~^  respectively,  so  that  (377)  expresses  an  inward 
and  (378)  an  outward  wave  ;  and  further  that,  by  (310),  we 
have 

E,  —  E2  =  e  at  r  =  a,  always ;     .     .     .     (379) 

which  is  the  sole  boundary  condition  at  the  surface  of  curl  of  e. 
Expanding  (377),  we  get 

3.5      32. 5  . 7 


32. 5  .  7  . 9 


4/ 


+ 


]^,   .    (380) 


where  R-hS  is  given  by  (309).  Now  e  being  zero  before  and 
constant  after  <  =  0,  effect  the  integrations  indicated  by  the 
inverse  powers  oi p,  and  then  turn  i  to  /j,  where 


rty=-rt-{-r—a. 
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The  result  is 

IT       ^(<'\^[^^'x        ^-^     2  ,    P.3^.5.7     3^12.32.52.7.9    ^ 
Ei  =  i^(-j  [1+3.1-^.1^+  -|313~"      "TF"'^  ""■ 

,a     /.       3  3.5    .      P.  32. 5. 7      ^      \ 

"^;^^^"^  |2'^^~  |2^~^  "*■       |3|4  "^••7 

1232a2      /i       3^       3.5,        12.32.5.7^3         \  .     1     ,_ 

^  "^^^^^  \\2'^  l^'~  W\i^'  "^       ^15       -^  "•••;  +  •■•],  ^38 

the  structure  of  which  is  sufficiently  clear.     Here  Zi  =  vti/Sa. 
This  formula,  when  r^  <  a,  holds  between  r  =  a  and  r=a — vt. 
But  when  vt  >  a  though  <  2a,  it  holds  between  r=a  and  vt—a. 
Except  within  the  limits  named,  it  is  only  a  partial  solution. 

70.  As  regards  Eg,  it  may  be  obtained  from  (381)  by  the 
following  changes.  Change  Ej  to  —Eg  on  the  left,  and  on 
the  right  change  ~i  to  —z^,  where 

2^=.{vt  +  a— r)l%a. 

It  is  therefore  unnecessary  to  write  out  Eg.  This  Eg  for- 
mula will  hold  from  r^=a  to  r=r^  +  a,  when  vt<2a  ;  but  after 
that,  when  the  front  of  the  return  wave  has  passed  r  =  a,  it  will 
only  hold  between  r  =  vt  —  a  and  vt  +  a. 

71.  Next  to  find  E3,  the  E  in  the  cylinder  when  vt>a  and 
the  solution  is  made  up  of  two  oppositely  going  waves,  and 
E4  the  external  E  after  vt  =  2a,  when  it  is  made  up  of  two 
outward  going  waves.  I  have  utterly  failed  to  obtain  intelli- 
gible results  by  uniting  the  primary  waves  with  a  reflected 
wave.  But  there  is  another  method  which  is  easier,  and  free 
from  the  obscurity  which  attends  the  simultaneous  use  of  U 
and  W.     Thus,  the  equations  of  E3  and  E4  are 

^,=  -{'7r/2q)iaJor'Wa'e, (382) 

E,=  -(7r(772)H«'(^  J.a)w.^,     .     .     (383) 

by  (367)  ;  and  a  necessity  of  their  validity  is  the  presence  of 
two  waves  inside  the  cylinder,  because  of  the  use  of  Jq  and  J^ ; 
it  is  quite  inadmissible  to  use  Jq  when  only  one  wave  is  in 
question,  because  J6r=l  when  r  =  0,  and  being  a  differential 
operator  in  rising  powers  of  p,  the  meaning  of  (382)  is  that 
we  find  E3  at  r  by  differentiations  from  Eg  at  r  =  0  ;  thus 
(382)  only  begins  to  be  valid  when  vt  =  a. 

To  integrate  (382),  (383),  it  saves  a  little  trouble  to  calcu- 
late the  time-integrals  of  E3  and  E4,  say 

A,=  -lj-'E„    A,=  -p-'E,.     .     .     .     (384) 
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The  results  are 

-A3  =  Jor.-(i'-^— a^)^, (385) 


V 

2 


From  these  derive  E3  and  E4  by  time-difFerentiation,  and  H3, 
H4  by  space-ditierentiation,  according  to 

cmlA=/iB.,     orH=-i-^.  .     .     .     (387) 
fi  ar  ^       -^ 

We  see  that  the  value  of  E3  at  the  axis,  say  Eq,  is 

Eo  =  evt(vH'-a')-i; (388) 

and  bv  performing  the  operation  Jor  in  (385)  we  produce,  if 

w  =  (t.V-a'0*, 


.        er       7-71      vH\      3r^  /       1  ^  6i-t'      6vY\ 

.    45r«  / 1       15vH'  ,  35i'¥      21r¥\  ,       n      ,„y„. 
+  2^wG7-^7-  +  -^? ^)  +  ---J'    ^^^^> 

from  which  we  derive 

^      evtr.  ,   3a V      15a V,„  ,  ,  a  2.2 x 

These  formulas  commence  to  operate  when  vt  =  a  at  the 
axis  and  when  vt  =  a  +  r  at  any  point  r<«,  and  continue  in 
operation  for  ever  after. 

72.  Lastly,  perform  the  operation  (2/sa)Ji„  in  (386),  and 
we  obtain 

*~2v  U       8i      ii'        v;'  j      G4\w^'      '  M'         'u'    ) 

"*•  06:64i""n7  +  -^I^  "-17^  + -^J +•  • -P'^*'^^ 
from  which  we  derive 

E.=^'[l+?|!(2.^i2  +  3.^)  +  ^3(8.*^^  +  40.W  +  15.'') 

+  ^5^  (112yV  +  1176u¥r2  +  1470?rVr*  +  245/)  +  .  .  .  1(392) 
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These  begin  to  operate  at  r  =  a  when  vt  =  2a  ;  and  later,  the 
range  is  from  r  =  a  to  r=vt—a. 

This  completes  the  mathematical  work.  As  a  check  upon 
the  accuracy,  we  may  test  satisfaction  of  differential  equa- 
tions, and  of  the  initial  condition,  and  that  the  four  solutions 
join  together  with  the  proper  discontinuities. 

73.  The  following  is  a  general  description  of  the  manner 
of  establishing  the  steady  flux.  We  put  on  e  in  the  cylinder 
when  /  =  0.  The  first  effect  inside  is  Ei  =  |^e  at  the  surface 
and  Hi=Ej//At'.  This  primary  disturbance  runs  in  to  the 
axis  at  speed  v,  varying  at  its  front  inversely  as  the  square 
root  of  the  distance  from  the  axis,  thus  producing  a  momen- 
tary infinity  there.  At  this  moment  t  =  a/v,  Ej  is  also  very 
great  near  the  axis.  In  the  meantime  E^  has  been  increasing 
generally  all  over  the  cylinder,  so  that,  from  being  ^e  initially 
at  the  boundary,  it  has  risen  to  'Tie,  whilst  the  simultaneous 
value  at  r  =  ^a  is  about  'd5e. 

Now  consider  E3  within  the  cylinder,  it  being  the  natural 
continuation  of  E^.  The  large  values  of  E^  near  the  axis 
subside  with  immense  rapidity.  But  near  the  boundary 
El  still  goes  on  increasing.  The  result  is  that  when  vt  =  2a, 
and  the  front  of  the  return  wave  reaches  the  boundary,  E3 
has  fallen  from  oo  to  l'154e  at  the  axis  ;  at  r—^a  the  value 
is  l*183g  ;  at  r=^a  it  is  l'237e  ;  and  at  the  boundary  the 
value  has  risen  to  I'Tle,  which  is  made  up  thus,  l'21e+|e  ; 
the  first  of  these  being  the  value  just  before  the  front  of  the 
return  wave  arrives,  the  second  part  the  sudden  increase  due 
to  the  wave-front.  E3  is  now  a  minimum  at  the  axis  and 
rises  towards  the  wave-front,  the  greater  part  of  the  rise  being 
near  the  wave-front. 

Thirdly,  go  back  to  t  =  0  and  consider  the  outward  wave. 
First,  E2=  —  ^e  at  r=a.  This  runs  out  at  speed  v,  varying 
at  the  front  inversely  as  rK  As  it  does  so,  the  Eg  that 
succeeds  rises,  that  is,  is  less  negative.  Thus  when  vt  =  a, 
and  the  front  has  got  to  r  —  2a,  the  values  of  Eg  are  —'232e 
at  r  =  a  and  —'3bde  at  r  =  2a.  Still  later,  as  this  wave  forms 
fully,  its  hinder  part  becomes  positive.  Thus,  when  fully 
formed,  with  front  at  r-='da,  we  have  E3=  — '2886  at  r  =  3a  ; 
— '145^  at  r  =  2a  ;  and  •21e  at  r  =  a.  This  is  at  the  moment 
when  the  return  wave  reaches  the  boundary,  as  already 
described. 

The  subsequent  liistory  is  that  the  wave  Eg  moves  out  to 
infinity,  being  negative  at  its  front  and  positive  at  its  back, 
where  there  is  a  sudden  rise  due  to  the  return  wave  E4,  behind 
which  there  is  a  rapid  fall  in  E.^,  not  a  discontinuity,  but  the 
continuation  of  the  before-mentioned  rapid  fall  in  E3  near  its 


I 
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front.  The  subsidence  to  the  steady  state  in  the  cyHnder  and 
outside  is  very  rapid  when  the  trout  of  E^  has  moved  well  out. 
Thus,  when  vt  =  5a,  we  have  E3=l'02'2e  at  r  =  a,  and  of 
course,  just  outside,  we  have  Fj^  =  '0'2'2e  ;  and  when  r^=10a, 
we  have  E3  =  1-005?,  Ej  =  -005<',  at  r  =  a. 

As  regards  H,  starting  when  t  =  0  with  the  value  el2fMv  at 
?'=a  only,  at  the  front  of  the  inward  or  outward  wave  it  is 
E= +/irH  as  usual.  It  is  positive  in  the  cyhnder  at  first 
and  then  changes  to  negative.  Outside,  it  is  first  positive  for 
a  short  time  and  then  negative  for  ever  after. 

74.  We  can  now  see  fully  why  the  solution  for  a  filament 
<'o  of  e  can  not  be  employed  to  build  up  more  complex  solu- 
tions in  general,  whilst  that  for  a  filament  /o  of  curl  e  can  be 
so  employed.  For,  in  the  latter  case,  the  disturbances  come, 
ah  initio,  from  the  axis,  because  the  lines  of  curl  e  are  the 
sources  of  disturbance,  and  they  become  a  single  line  at  the 
axis.  But  in  the  former  case  it  is  not  the  body  of  the  fila- 
ment, but  its  surface  only,  that  is  the  real  source,  however 
small  the  filament  may  be,  producing  first  E  negative  (or 
against  e)  just  outside  the  filament,  and  immediately  after  E 
positive.  Now  when  the  diameter  of  the  filament  is  in- 
definitely reduced,  we  lose  sight  altogether  of  the  preliminary 
negative  electric  and  positive  magnetic  force,  because  their 
duration  becomes  infinitely  small,  and  our  solutions  (372) 
show  only  the  subsequent  state  of  positive  electric  and  nega- 
tive magnetic  force  during  the  settling  down  to  the  final 
state,  but  not  its  real  commencement,  viz.  at  the  front  of  the 
wave. 

75.  The  occurrence  of  momentary  infinite  values  of  E  or  of 
H,  in  problems  concerning  spherical  and  cylindrical  electro- 
magnetic waves,  is  physically  suggestive.  By  means  of  a 
proper  convergence  to  a  point  or  an  axis,  we  should  be  able 
to  disrupt  the  strongest  dielectric,  starting  with  a  weak  field, 
and  then  discharging  it.  Although  it  is  impossible  to  realize 
the  particular  arrangements  of  our  solutions,  yet  it  might  be 
practicable  to  obtain  similar  results  in  other  ways*. 

•  If  we  wish  the  solution  for  an  infinitely  long  cylinder  to  be  quite 
unaltered,  when  of  finite  length  /,  let  at  ::=0  and  2  =  infinitely  conducting 
barriers  be  placed.  Owing  to  the  displacement  terminating  upon  them 
perpendicularly,  and  the  magnetic  force  being  tangential,  no  alteration  is 
required.  Then,  on  taking  ofi"the  impressed  force,  we  obtain  the  result  of 
the  discharge  of  a  condenser  consisting  of  two  parallel  plates  of  no  resist- 
ance, charged  in  a  certain  portion  only ;  or,  by  integration,  charged  in  any 
manner. 

To  abolish  the  momentary  infinity  at  the  axis,  in  the  text,  substitute 
for  the  surfaoe  distribution  of  curl  rrf"  e  a  distribution  in  a  thin  layer. 
The  infinity  will    be   replaced   by  a    large   finite  value,  without  other 


498     Mr.  0.  Heaviside  on  Electromaanetic  Waves,  and  the 

It  may  bo  remarked  that  the  solution  worked  out  for  an 
infinitely  long  cylinder  of  longitudinal  e  is  also,  to  a  certain 
extent,  the  solution  for  a  cylinder  of  finite  length.  If,  for 
instance,  the  length  is  2Z,  and  the  radius  a,  disturbances  from 
the  extreme  terminal  lines  of  f  (or  curl  e)  only  reach  the 
centre  of  the  axis  after  the  time  (a^  +  F)^/^',  whilst  from  the 
ecjuatorial  line  of  f  the  time  taken  is  a/?',  which  may  be  only  a 
little  less,  or  very  greatly  less,  according  as  Ija  is  small  or 
large.  If  largo,  it  is  clear  that  the  solutions  for  E  and  H 
in  the  central  parts  of  the  cylinder  are  not  only  identical 
with  those  for  an  infinitely  long  cylinder  until  disturbances 
arrive  from  its  ends,  but  are  not  much  different  afterwards. 

76.  Cylindrical  surface  of  longitudinal  f,  a  function  of  6 
and  t. — When  there  is  no  variation  with  6,  the  only  Bessol 
functions  concerned  are  Jq  and  Jj.  The  extension  of  the  vibra- 
tory solutions  to  include  variation  of  the  impressed  force  or 
its  curl  as  cos  6,  cos  26,  &c.  is  so  easily  made  that  it  would  be 
inexcusable  to  overlook  it.  Two  leading  cases  will  be  very 
briefly  considered.  Let  the  curl  of  tho  impressed  force  be 
wholly  upon  tho  surface  of  a  cylinder  of  radius  a,  longitudi- 
nally directed,  and  be  a  function  of  t  and  6,  its  tensor  being 
/,  the  measure  of  the  surface-density.  H  is  also  longitudinal 
of  course,  whilst  E  has  two  components,  circular  E  and 
radial  F.     The  connexions  are 

dB.         ^     IdM         „  1 

Id    ^      ld¥  „ 

from  which  the  characteristic  of  H  is 

if  6'2=  —p^lv^  and  m'^=  —d'^/cW^.     Consequently 

H  =  (J,„^—?/G,„,.)  cos  m^x  function  of  <  .     .     (395) 
when  m^  is  constant,  and  the  E/H  operator  is 

E  1  J'mr-yG',, 


y.     .     .     (393) 


H  Cp  J,nr — 3/Gr 


mr 


(396) 


material  change.  Of  coui-se  the  theory  above  assumes  that  the  dielectric 
does  not  break  down.  If  it  does,  we  change  the  problem,  and  have  a 
conducting  (or  resisting)  path,  possibly  with  oscillations  of  great  fre- 
quency, if  the  resistance  be  not  too  great,  as  Prof.  Lodge  believes  to  be 
the  case  in  a  lightning  discharge. 
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if  J„,r  or  J„,  {sr)  is  the  vith  Bessel  function,  and  Gmr  its 
companion,  whilst  the  '  means  djdr. 
The  boundary  condition  is 

Ei  =  E2-/    at     r  =  a,    ....     (307) 

El  beinfT  the  inside,  E2  the  outside  vahie  of  the  force  of  the 
flux.     Therefore,  using  (396)  with  ?/  =  0  inside,  we  obtain 

H^  ma\*J  ma       y^ma)  /. 

=  ^Jma(Jma-yG.a)/,  ....        (398) 

where  x  is  a  constant,  being  7r/2  when  m  =  0,  according  to 
(307),  and  always  77/2  if  G„i  has  the  proper  numerical  factor 
to  fix  its  size. 

We  see  that  when 

f—fo  cos  md  cos  nt 

when  y'o  is  constant,  the  boundary  H,  and  with  it  the  whole 
external  field,  electric  and  magnetic,  vanishes  when 

Jma^O. 

If  m  =  0,  or  there  is  no  variation  with  6,  the  impressed  force 
may  be  circular,  outside  the  cylinder,  and  varying  as  r~^. 

If  m=l,  the  impressed  force  may  be  transverse,  within  the 
cyHnder,  and  of  uniform  intensity. 

77.  Conducting  tube,  e  circular,  a  function  of  0  and  t. — 
This  is  merely  chosen  as  the  easiest  extension  of  the  last  case. 
In  it  let  there  be  two  cylindrical  surfaces  of  f,  infinitely 
close  together.  They  will  cancel  one  another  if  equal  and 
opposite,  but  if  we  fill  up  the  space  between  them  with  a  tube 
of  c  mductauce  K  per  unit  area,  we  get  the  case  of  e  circular 
in  tne  tube,  e  varying  with  6  and  t,  and  produce  a  discon- 
tinuity in  H  (which  is  still  longitudinal,  of  course).  Let  Ea 
be  the  common  value  of  E  just  outside  and  inside  the  tube; 
e-\-¥ja  is  then  the  force  of  the  flux  in  the  substance  of  the 
tube,  and 

Hi-H2  =  47rK(e  +  E„)    ....     (399) 

the  discontinuity  equation,  leads,  by  the  use  of  (396)  and  the 
conjugate  propeity  of  Jm  and  G^m  as  standardized  in  the  last 
paragraph,  through 

(|;-^^-47rK)E«  =  47rKg 
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to  the  equation  of  E„,  viz. 

E«= ^ ^^^ ,      .     .     .     (400) 

-47rK  +^^^  [J'™a(J'.a-2/(^m«)]-' 

from   which  we  see  that  it  is  J',„a  =  0  that  now  makes  the 
externul  field  vanish. 

78.  This  concludes  my  treatment  of  tilectromagnetic  waves 
in  relation  to  their  sources,  so  far  as  a  systematic  arrangement 
iind  uniform  method  is  concerned.  Some  cases  of  a  more 
mixed  character  must  be  reserved.  It  is  scarcely  necessary 
to  remark  that  all  the  dielectric  solutions  may  be  turned 
into  others,  by  employino;  impressed  magnetic  instead  of 
electric  force.'  The  hypothetical  magnetic  conductor  is  re- 
quired to  obtain  full  analogues  of  problems  in  which  electric 
conductors  occur. 

August  10, 1888. 


LVII.  Note  hy  Sir  W.  Thomson  on  his  Article  on  Reflexion 
and  Refraction  of  Light  in  the  November  Number. 

YESTERDAY  evening,  in  Cambridge,  Mr.  Glazebrook 
pointed  out  to  me  that  the  assumption  of  equal  rigidities 
(§  14)  adopted  for  the  purpose  of  obtaining  agreement  with 
observation,  "  or  at  all  events  on  account  of  its  simplicity," 
is  necessary  for  stability,  on  the  peculiar  assumption  of  zero 
velocity  for  condensational-rarefactional  wave  which  1  intro- 
duce. This,  which  I  had  not  noticed  previously,  is  most 
satisfactory.  It  is  satisftictory  to  find  an  assumption,  which 
was  adopted  arbitrarily  for  the  sake  of  results,  thus  now  de- 
monstrated as  an  essential  of  the  theory.  The  proof  of  insta- 
bility unless  B  =  B'  is  obvious  if  we  consider,  for  example,  a 
globe  of  elastic  solid  of  quality  (A',  B')  embedded  in  an  infi- 
nite solid  of  quality  (A,  B).  Let  the  interfacial  spherical 
surface  be  caused  to  expand  infinitesimally  from  radius  a  to 
radius  a(l  +e),  and  be  held  so  by  force  applied  to  it,  with  the 
matter  all  in  equilibrium  outside  and  inside  ;  while  we  calcu- 
late the  force  required  to  hold  it  so.  Taking  coordinates  from 
the  centre  as  origin,  we  have,  for  the  component  displace- 
ments of  the  matter  within  the  interface, 

ii  —  x{l->re),     r  =  ?/(l  +  ^),     io  =  z{l+e); 

whence,  by  (7)  of  §  9,  we  find  for  the  force  per  unit  area  with 
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which  the  matter  within  pulls  the  interface, 

(A'-.|B').3e. 

And  for  the  component  displacements  of  the  matter  outside 
the  interface,  we  have 

a^a;  a^u  o^z 


r 


3  i       ''  — ^    „3  1       "^  — ^    ,.3    > 


whence,  by  (7)  of  §  9,  we  find  for  the  force  with  which  the 
matter  without  pushes  the  interface, 

4B.g. 

Hence  the  sum  of  inward  push  from  without  and  inward  pull 
from  within,  on  the  interface,  is 

3[A'+^(B-B')]e. 

Hence  for  stability,  or  at  least  lability,  it  is  necessary  that 
A'  +  ^(B  — B')  be  positive,  or  at  least  zero.  Hence  if  A'=0, 
we  must  have  B^B'.  And  if  A  =  0,  we  find,  similarly,  by 
considering  a  case  in  which  a  portion  of  (A,  B)  solid  is 
embedded  in  (A',  B')  solid,  that  B'^B  is  necessary  for 
stability  or  lability.  Hence  for  stability  or  lability,  if  A  =  0 
and  A'  =  0,  we  must  have  B  =  B'.  The  question  does  this 
suj^ce  for  stability,  or  at  least  lability,  is  not  answered  by  mere 
consideration  of  the  preceding  spherical  example  :  but  that  it 
does  suffice  follows  from  §  §  -4,  5  of  the  Article. 

Mr.  Glazebrook  also  yesterday  evening  showed  me  that  my 
hypothesis  of  zero  velocity  for  condensatioual-rarefactional 
wave  allows  the  Stokes-Rankin e-Eayleigh  hypothesis  of  aelo- 
tropic  effective  inertia  to  become  valid  for  the  explanation  of 
double  refraction  with  exactly  Fresnel's  wave-surface,  and 
with  velocity  of  propagation  depending  properly  on  the  direc- 
tion of  the  vibration  ;  but  with  the  direction  of  vil)ration 
perpendicular  to  the  ray-direction  :  instead  of  being  in  the 
tangent-plane  to  the  wave-surface  as  in  Fresnel's  theory,  and 
as  it  essentially  is  in  any  theory  which  supposes  the  ether  to 
be  an  incompressible  solid.  He  promises  a  paper  on  this  subject 
for  the  December  Number  of  the  Philosophical  Magazine. 

W.  T. 

Train,  Cambridge  to  Glasgow, 
November  1, 1888. 
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LVIII.   On  Figures  Produced  hy  Electric  Action  on  P holo- 
graphic Dry  Plates.     By  J.  Brown  ^. 

[Plates  VI.  &  VII.] 

WHILE  photographing  the  electric  discharge  from  an  in- 
duction-coil it  occurred  to  nie  to  try  what  effect  would 
be;  produced  on  the  plate  by  the  discharge  when  taking  place 
directly  on  the  sensitive  film  itself. 

A  rather  rapid  photogra])hic  dry  plate  was  laid  film 
UDwards  on  a  piece  of  sheet  metal  connected  to  one  terminal 
of  the  secondary,  Avhose  ordinary  discharging  ])oints  were  set 
about  3  centim.  apart  to  act  as  a  by-pass  to  the  spark  and 
prevent  it  striking  over  the  edge  of  the  plate.  The  end  of  a 
wire  from  the  other  terminal  rested  on  the  centre  of  the  film. 
A  single  discharge  from  the  coil  was  caused  by  moving  its 
mercury-break  by  hand,  and  the  plate  was  then  placed  in  the 
develo])er. 

When  the  terminal  wire  at  the  centre  of  the  plate  was 
negative,  and  particularly  if  no  discbarge  passed  over  the 
edoe  of  the  plate,  the  result  was  like  that  represented  at  A 
(Plate  VI.),  which  shows  the  typical  negative  form  consisting 
of  beautiful  sharply  defined  symmetrical  palm-like  fronds  on 
ir regular  stems  branching  out  from  the  centre  where  the 
wire  rested,  together  with  a  mass  of  less  distinct  irregular 
straeolino;  lines  also  branching  outwards,  but  not  reaching  so 
far  as  the  fronds. 

"When  the  wire  terminal  was  made  positive  and  a  discharge 
caused  under  otherwise  precisely  similar  conditions,  the  figure 
was  quite  different,  as  in  B,  and  consisted  on  the  plate  of  dark 
irreoular  branchings  sharply  defined  except  near  the  centre, 
where  apparently  the  luminosity  of  the  spark  has  caused  a 
nebulous  edge  to  the  branch.  These  branchings  arc  accom- 
panied by  light  irregular  straggling  radiations,  similar  to  those 
on  the  negative  plate,  but  having  a  rather  more  distinctly 
centrifugal  direction  and  extending  beyond  the  well-defined 
branches,  from  which  they  seem  to  be  to  some  extent  off-shoots. 
The  experiments  were  repeated  several  times  and  gave  similar 
characteristic  results.  If,  however,  the  metal  sheet  were 
omitted,  and  wires  from  both  positive  and  negative  terminals 
brouoht  down  on  a  plate  insulated  on  a  paraffin  block,  neither 
the  palm-fronds  on  the  negative,  nor  the  dark  markings  on  the 
positive  appeared,  but  only  the  lighter  irregular  branchings, 
and  these  were  in  much  greater  quantity  round  the  positive 

•  Comniumcotod  by  the  Author. 
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torminal  than  at  tlio  neoative  ;  but  with  the  poles  not  too  far 
apart  they  stretched  across  from  one  to  the  other  in  the  form 
of  confused  and  irregular  lines  of  flow. 

When  the  jilate  was  laid  as  before  on  a  metal  sheet  and 
wires  from  both  ]iositive  and  negative  terminals  brought  down 
on  the  film,  a  discharge  ])roduced  the  characteristic  figures 
under  their  respective  wires.  These  were  best  defined  only 
when  no  spark  discharge  crossed  between  the  wires  on  the 
plate  ;  and  there  was  in  this  case  no  branching  out  of  the 
positive  and  negative  markings  towards  each  other,  the  induc- 
tive circuit  sensibly  completing  itself  through  the  metal  sheet 
under  the  plate. 

When  the  ditference  of  potential  was  made  sufficient  to 
produce  spark-discharge  between  the  terminals  on  the  plate, 
the  resulting  marking  depended  in  several  respects  on  the 
presence  or  absence  of  a  metal  sheet  under  the  plate. 

With  no  metal  sheet,  and  the  plate  insulated  on  a  block  of 
paraffin,  the  discharge  took  a  fairly  direct  course  between  the 
terminals  C  (Plate  VII.),  with  only  slight  crookedness^  but 
sometimes  in  a  double  line.  On  this  plate  the  characteristic 
palm-fronds  of  the  negative  and  dark  branchings  of  the  posi- 
tive pole  are  wanting,  and  the  lighter  tracery  forms  a  rough 
indication  of  confused  lines  of  flow^  between  the  poles. 

With  a  sheet  of  foil  pasted  on  the  back  of  the  plate  (leaving 
a  margin  of  about  2  centim.  round  the  edge)  and  spark- 
discharge  between  the  terminals,  there  is  exceedingly  little,  if 
any,  distinct  tendency  of  the  positive  and  negative  markings 
towards  each  other.  The  track  of  the  main  spark  is  very 
crooked,  meandering  over  the  plate  in  a  quite  irregular  way, 
and  making  sometimes  sharp  distinct  angles  in  its  course. 
From  about  half  of  its  length  from  each  end,  but  principally 
from  the  terminals,  branch  ofi'  here  and  there  the  characteristic 
positive  or  negative  markings.  D,  E,  and  F  (Plate  VII.)  are 
examples,  the  latter  being  the  result  of  half  a  do/en  sparks 
passed  over  a  plate  in  succession  from  a  pair  of  terminals 
resting  on  it. 

When  a  strip  only  of  foil  was  fixed  on  the  back  of  the  plate 
so  that  its  length  crossed  the  line  joining  the  poles  at  an  angle 
of  about  45°,  as  at  G  (Plate  VII. ),  where  the  rectangle  shows 
the  position  of  the  foil,  and  about  twenty  sparks  were  passed, 
they  all  took  a  similar  S-shaped  course,  having  been  appa- 
rently attracted  out  of  the  direct  line  to  foUow  that  of  the  foil 
underneath  the  glass. 

The  meandering  form  and  general  appearance  of  these 
s])arks,  when  acted  on  inductively  by  the  foil  under  the  plates, 
remind  one  very  much  of  certain  kinds  of  lightning-flashes, 
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nnd  suo-gest  at  least  a  possibility  of  some  similarity  in  the 
causes  })i*oJiicing  each. 

The  question  now  arose  as  to  Avhethor  the  result  Avas  due 
to  a  photogra])hic  effect  of  the  luminosity  of  the  spark,  or  to 
some  more  direct  action  of  the  discharge  on  the  film — to  what 
might  be  called  an  "  electrographic  ''  action. 

As  evidence  for  the  latter  view  came  the  apparent  insuffi- 
ciency of  the  light,  actually  visible  A\hen  the  discharge  took 
place,  to  produce  the  effect.  Th(!  lighter  branchings  were  not 
to  me  visible  at  all  in  either  positive  or  negative,  and  only  an. 
indication  of  the  frond  formations  in  the  negative. 

There  are  also  in  the  positive  plate  B  (Plate  VI.)  several 
intervals  as  if  the  spark  had  not  been  in  immediate  contact 
with  the  film,  but  had  passed  over  it,  leaving  only  a  foggy 
mark  instead  of  a  sharply  defined  black  line.  The  break  or 
interval  would  scarcely  have  been  so  marked  if  the  whole 
effect  were  photographic  only. 

However,  to  further  investigate  this  question  the  discharge 
was  taken  with  the  two  terminals  on  the  back  or  uncoated 
side  of  the  plate.  The  figures  which  now  appeared  on  the 
film  were  quite  different  from  those  described  above.  In  each 
case  there  was  impressed  on  the  hack  of  the  film  (next  the 
glass)  the  cloudy  photographic  effect  of  the  branching  dis- 
charge on  the  back  of  the  plate. 

On  the  front  or  outer  side  of  the  film  under  the  positive 
terminal  the  figure  reminded  one  of  a  photograph  of  a  maiden- 
hair fern  out  of  focus.  That  under  the  negative  is  a  collection 
of  peculiar  tadpole-like  markings,  whose  general  arrangements 
correspond  in  size  and  shape  to  the  fronds  formed  by  the 
discharge  on  the  back  of  the  plate.  These  figures  would 
ap])ear  to  be  due  to  electricity  induced  in  the  film. 

To  try  further  the  effect  of  induction  on  the  film,  I  cut  my 
initials  in  tin-foil  after  the  manner  of  a  stencil  plate,  placed 
the  foil  on  the  film,  a  piece  of  gutta-percha  tissue  on  the  foil, 
and  pressed  all  together  in  an  ordinary  jihotographic  printing 
frame.  A  second  piece  of  foil  was  placed  on  the  back  of  the 
plate,  leaving  a  margin  all  round,  and  the  foils  were  joined 
to  opposite  poles  of  the  coil  with  its  terminals  giving  a  by- 
pass of  about  1  centim.,  so  as  not  to  have  any  spark  discharge 
over  the  plate.  The  result  with  the  poles  connected  in  either 
sense,  and  the  coil  working  for  about  a  minute  was,  with 
the  stencil  foil  either  positive  or  negative,  an  irregular  black- 
ening all  round  the  edge  of  the  foil,  including  the  edges  of  the 
cut-out  parts  as  if  a  discharge  had  passed  out  from  the  edges. 
In  some  places  the  characteristic  markings  of  positive  or  ne- 
gative, as  the  case  might  be,  were  visible.    There  was,  however, 
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a  ?Hnlit  visible  tliscliaro;e  fi'om  the  edge  of  the  foil  on  the  back 
of  the  plate,  ami  ])rol)ably  therefore  the  same  from  that  on 
the  tilm  to  which  the  eilge-markiiifr  may  be  due.  There  was 
also  on  the  plate  much  l)lotehy  marking,  apparently  corre- 
sponding to  the  wrinkling  of  the  foil  in  contact  with  the  film. 

With  a  piece  of  gutta-percha  tissue  between  the  stencil- 
plate  foil  and  the  film,  the  result  was  similar,  only  the  line 
round  the  edges  was  narrower  and  the  blotchino;  less  marked, 
hence  the  initials  came  out  more  distinctly.  When  four  thick- 
nesses of  gutta-percha  were  interposed,  there  appeared  only 
blotchy  markings  on  the  part  under  the  foil. 

These  results  would  go  to  show  that  actual  disruptive  dis- 
charge over  or  in  the  film  is  not  needed  to  produce  an  effect 
visible  on  development,  but  that  the  figures  are  produced 
partly  at  least  by  direct  electric  action  on  the  sensitive  film 
without  the  intervention  of  a  visibly  luminous  action,  or 
what  would  be  usually  understood  as  a  purely  photo-chemical 
cause.  Possibly  further  investigation  may  show  that  we  have 
liere  a  new  kind  of  experimental  evidence  on  the  relation  of 
electricity  to  light. 

I  may  add  that  it  is  necessary,  especially  in  the  experiments 
with  the  terminals  on  the  back  of  the  plate,  to  use  rather 
sensitive  plates  ;  "  GO  times  '^  plates  do  very  well,  while  slow 
plates  give  imperfect  figiu-es  in  all  cases  and  show  almost 
nothing  with  the  terminals  on  the  back. 

LIX.    The  Invisible  Solar  and  Lunar  Spectriun. 
By  S.  P.  Langley*. 

THE  following  investigation  has  been  made  from  studies 
at  the  Allegheny  Observatory  ;  but  it  is  proper  to  state 
that  the  provision  of  the  very  special  apparatus  used  is  due  to 
the  liberality  of  a  citizen  of  Pittsburgh,  who  has  desired  that 
his  name  should  not  be  mentioned. 

This  paper  is  an  abstract  of  a  forthcoming  memoir,  which 
will  eventuallv  appear  in  the  fourth  volume  of  the  publications 
of  the  United  States  National  Academy  of  Sciences,  to  which 
the  reader  is  referred  for  fuller  details. 

*  Communicated  by  the  Author,  to  whom  we  are  likewise  indebted  for 
the  cliches. 

As  the  writer  has  already  presented  to  the  National  Academy  a 
memoir  (read  October  17,  1884,  Memoirs  Nat.  Acad,  of  Sci.,  vol.  iii.) 
on  the  heat  of  the  moon,  in  wliich  lie  spoke  of  investigations  still  in 
progress  on  it,  it  should  be  said  that  these  are  not  yet  published,  and  that 
they  are  only  given  here  so  far  as  is  necessary  in  explanation  of  certain 
anomalies  in  the  infra-red  solar-heat  spectrum,  which  forms  the  principal 
subject  of  the  present  paper. 
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Ever  since  the  writer  first*  investigated  the  infra-red  of  the 
solar  spectrum  to  the  extent  of  about  three  microns,  he  has 
assumed,  from  all  analogy,  the  probable  existence  of  solar  heat 
of  still  greater  wave-lengths,  which,  however,  he  has  not  till 
lately  been  able  to  experimentally  demonstrate  ;  so  that  there 
has  been  a  doubt  whether  such  waves  were  emitted  by  the  sun 
after  absor])tion  by  its  own  atmosphere,  or  whether  they 
existed  previously  to  absorption  by  the  earth^s  atmosphei'e, 
and,  owing  to  the  action  of  the  latter,  never  reached  us. 
Below  the  point  'I*^'^^  to  which  the  maps  published  in  1882 
and  1883  extended,  it  was  stated,  however,  at  that  time  that 
there  had  apparently  been  detected  feeble,  or,  more  properly 
speaking,  dubious,  indications  of  solar  energy.  This  doubt 
arose  partly  from  this  extreme  feebleness  here  of  the  heat 
itself,  partly  from  lack  of  the  usual  experimental  means,  since 
the  glass  of  our  prisms  (which,  as  we  had  discovered,  trans- 
mitted the  greater  part  of  all  the  sun's  invisible  heat  then 
known)  absorbed  this,  while  no  maker  could  then  supply  its 
place  with  suitable  rock-salt ;  and,  most  of  all,  from  a  diffi- 
culty of  a  less  familiar  kind,  but  which  should  from  its  import- 
ance be  clearly  apprehended  by  the  reader.  This  is,  that  even 
if  we  could  recognize  that  some  feeble  invisible  heat  existed, 
there  Avere  then  no  means  of  determining  that  it  really  be- 
longed to  the  part  of  the  spectrum  where  it  was  found,  and 
was  not  intruded  invisible  heat  of  a  more  refrangible  kind, 
diffused  from  its  proper  place  in  the  upj)er  spectrum  by  the 
inevitable  action  of  the  spectroscopic  ap^iaratus. 

In  1884  and  1885,  while  investigating  the  invisible  spec- 
trum of  the  sunlit  side  of  the  moon,  we  first  found  evidence  of 
heat  in  this  region  from  any  extra-terrestrial  source — heat 
whose  enormous  wave-length  was  comparable  to  that  chiefly 
radiated  from  ice,  which  was  also  experimented  on.  This  was 
so  far  distinct  from  the  reflected  solar  heat  of  greater  refran- 
gibility,  which  occupied  its  own  part  of  the  spectrum,  that 
our  experiments  indicated  that  it  was  chiefly  not  reflected, 
but  radiated  from  a  surface  at  a  low  temperature.  But  the 
chief  anomaly  was  that,  while  we  had  thus  definitely  recog- 
nized this  kind  of  heat  in  the  extremely  feeble  heat-spectrum 
of  the  moon,  w^e  had  not  yet  done  so  in  the  far  stronger  solar 
one,  or,  as  I  observed  at  the  time,  that  "  we  here  seem  to  have 
heat  from  the  moon  of  lower  wave-length  than  from  the  sun."" 

I  do  not  state  (it  must  be  observed)  that  the  sun^s  heat  here 
is  less  than  the  moon''s,  but  that  what  there  is  is  harder  to 

*  Co77iptes  Rendiis  de  rinstitut  de  France,  September  11, 1882.  Amer. 
Jouru.  of  Science,  March  1883 ;  riiil.  Mag.  Marcli  1883. 
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recofjnize.  It  is  not  easy  to  give  an  adequate  idea  of  the 
difficulties  of  observation  which  lead  to  this  apparently  para- 
doxical result,  particularly  as  physicists  are  so  far  from  having 
yet  investigatetl  this  region  that  even  the  barriers  which  have 
closed  it  to  research  are  themselves  of  an  unfamiliar  kind.  I 
can  perhaps  best  illustrate  it  by  analogy.  Every  spectro- 
scopist  knows  bow  very  hard  it  is  to  view  the  lines  below  A; 
and  that  even  A  itself,  though  very  large,  is  not  an  easy  object 
to  see  without  special  precautions.  This  arises  not  so  much 
from  the  fact  that  the  very  deep  red  light  here,  like  that  of 
dull  glowing  iron,  feebly  attects  the  eye,  but,  in  a  still  greater 
degree,  because  yellow  and  orange  light  exists  in  relatively 
enormous  quantity  in  the  neighbouring  parts  of  the  visible 
spectrum,  and  that  irregularly  diffused  and  reflected  portions 
of  this  light  reappear  where  they  do  not  belong  and  over- 
power the  radiation  legitimately  there.  Still  we  can  put  a 
coloured  glass  before  the  slit  and  cut  off  the  intruding  light 
in  a  great  measure,  and  Ave  can  see  the  extraneous  light  which 
comes  in,  and  allow  in  some  degree  for  its  effects  ;  but  here, 
in  the  actual  case  of  the  unseen  heat  in  the  far  more  remote 
spectral  region  we  are  about  to  describe,  all  radiations,  both  the 
feeble  ones  we  would  study,  and  the  intruders  on  them  which 
we  would  avoid,  are  alike  invisible,  and  we  are,  of  course, 
unable  in  any  case  to  use  glass,  since  this  is  opaque  to  all  the 
rays  now  in  question.  If  any  one  familiar  with  the  visible 
spectrum  -will  imagine  himself  as  trying  to  discriminate  Avith 
his  er/es  shut  between  these  different  components  of  the  appa- 
rent radiation  just  below  Fraunhofer's  A,  and  endeavouring 
%vhile  bhndfold  to  say  how  much  of  it  legitimately  belongs 
there  and  how  much  does  not,  he  will  have  a  better  concep- 
tion of  the  difficulties  peculiar  to  our  actual  field  of  research, 
though  still  an  inadequate  one,  since  the  total  heat  radiation 
here  is  at  best  less  than  the  hundredth  part  of  that  in  the 
vicinity  of  the  A  line,  which  Ave  have  used  in  illustration. 

For  the  clearer  understanding  of  /his  I  must,  in  anticipa- 
tion of  Avhat  folloAvs,  remark  that  Avhile  in  the  solar  spectrum 
the  maximum  heat,  as  Ave  all  know,  aj^pears  not  very  far  from 
the  red,  so  that  the  heat  corresi)onding  in  a  general  sense  to 
the  short  waves  is  great,  and  to  still  longer  ones  small,  in  the 
lunar  invisible  spectrum  the  reA^erse  is  the  case  ;  for  here, 
speaking  generally,  the  solar  reflected  heat  found  in  the  upper 
part  of  the  lunar  spectrum  is  less  than  the  heat  aj)parently 
radiated  from  the  moon^s  own  soil,  which  is  of  great  Avave- 
len<£th,  and  Avhich  Ave  have  found  in  the  extreme  region  of  the 
spectrum  Ave  are  noAv  studying.  In  other  Avords,  the  typical 
solar-spectrum  heat  is  greatest  in  the  relatively  short  waAc- 
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lengths ;  tlio  typical  lunar-spectrum  heat  is  greatest  in  the 
lon<);  wave-lono-tbs.  The  explanation  of  the  curious  fact  that 
this  particular  quality  oi  heat  may  be  more  easily  recognized 
where  it  exists  in  a  less  degree  as  in  the  lunar  spectrum  than 
where  it  is  found  in  a  relatively  great  degree  as  in  the  solar, 
will  bo  still  clearer  if  we  consent  (in  continuance  of  the 
illustration)  to  further  compare  this  lunar  invisible  radiation 
of  great  wave-length  to  the  deep-red  light  from  a  piece  of 
scarcely  luminous  hot  iron.  This  peculiarly  deep  red  is  seen 
with  little  difficulty  in  the  iron  in  a  dark  room,  but  never  in 
daylight ;  yet  it  is  of  a  quality  which  we  know  from  theory 
must  exist  in  fiir  greater  degree  in  the  daylight  itself ;  nor 
do  we,  even  when  we  would  isolate  it  in  a  certain  part  of  the 
solar  spectrum,  see  it  there,  because  it  is  now  obscured  by  the 
inevitable  diffusion  or  reflexion  of  part  of  the  neighbouring 
brilliant  light  which  the  prism  ought  to  keep  wholly  away, 
but  (owing  to  inevitable  instrumental  defects)  does  not.  The 
dull  glowing  iron  carries  no  white  light  along  with  it,  and 
therefore  its  feeble  peculiarly  deep  red  is  easier  seen  than  the 
far  stronger  corresponding  red  in  the  solar  spectrum. 

By  the  aid  of  this  analogy  in  the  case  of  light,  and  passing 
now  to  the  actual  case  of  wholly  invisible  radiation,  I  hope  it 
may  be  clear  how  the  feebler  heat  in  the  lunar  extreme  infra- 
red spectrum  was  at  first  recognized  more  easily  than  the 
stronger  corresponding  heat  in  that  of  the  sun. 

It  may  be  asked  why  (if  we  cannot  cut  ofi"  the  diffused  heat 
in  the  solar  infra-red  spectrum  by  the  use  of  an  absorbing 
glass)  we  cannot  put  a  })rism  in  front  of  the  slit  after  the  plan 
of  Helmholtz.  This  is  practically  impossible  here  (owing  to 
instrumental  conditions  which  Ave  need  not  now  explain), 
unless  we  find  some  way  of  keeping  the  axis  of  the  spectro- 
bolometer  either  motionless  or  always  parallel  to  itself,  in 
spite  of  the  varying  direction  of  the  rays  from  such  a  prism, 
and  of  automatically  limiting  the  kind  of  radiation  to  be  ob- 
served in  any  part  of  the  spectrum,  to  that  legitimately 
belonging  there.  The  following  arrangement  was,  after 
various  trials,  adopted  wdth  success.  Its  immediate  purpose 
is  to  overcome  the  difficulty  which  we  have  just  explained  at 
such  length — that  is,  to  sift  out  the  extraneous  heat  which 
remains  after  the  onlinary  action  of  the  prism  ;  but  it  can  of 
course  be  used  for  light  also. 

Description  of  Sifting  Train  (see  fig.  1). 

Let  N  8  be  a  massive  beam,  resting  on  two  piers,  and 
immovably  fixed  in  the  meridian.  Let  A  R  be  a  second 
beam,  movable  on  a  turn-table,  placed  centrally  beneath  N  S. 
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Ttuiiporarily  inountoJ  on  A  R,  and  moving  about  with  it,  is  tbo 
large  spectro-bolonietor  described  in  a  previous  memoir.  The 
centre  of  its  graduated  circle  ((J)  lies  under  the  point  P.  Its 
two  long  arms  are  not  free  to  move  as  usual,  but  are  con- 
strained by  mechanical  attachments  (not  here  shown)  to 
occupy  the  positions  Pp,  PD. 

Two  large  00°  prisms  of  the  same  material  (pure  rock-salt 
from  the  same  mine),  their  faces  worked  with  the  greatest 
accuracy,  are  placed  with  their  equal  refracting  angles  in 
opposite  directions,  one  (P)  at  the  obtuse,  the  other  {p)  at  the 
acute  angle  of  the  parallelogram  {Fp  D  c) ,  the  vertices  of  all 
whose  angles  in  the  mechanical  construction  are  pivoted  and 
connected  by  inflexible  arms,  so  that  (both  [)risms  being  kept 
automatically  in  minimum  deviation  by  the  attachments,  M  in) 
the  angle  of  minimum  deviation  {cpV)  for  the  first  prism  is 
necessarily  equal  to  the  angle  of  minimum  deviation  (R  P  D, 
or  its  equal  P  Dc). 

Thus,  if  the  pencil  of  solar  lunar  heat  (reflected  from  a 
large  siderostat  on  the  north,  not  shown  here)  passes  from  N 
towards  S,  on  moving  the  beam  A  R,  pivoted  at  j?  (p  being 
the  projection  in  our  drawing  of  a  vertical  line  passing 
through  the  centre  of  the  turn-table  and  the  median  line  of 
N  S  and  A  R)  into  various  positions  (N  S  remaining  fixed), 
the  rays,  which  are  refracted  by  the  prism  j3  in  the  direction 
J)  P,  will  emerge  from  P  in  the  direction  P  D  and  fiill  upon 
the  bolometer  B.  A  condensing-lens  (/)  forms  the  solar 
image  on  the  slit  (si)  of  the  first  spectroscope,  whose  train 
(consisting  of  collimator,  /j,  prism,  p,  and  image-forming 
lens,  /g)  forms  a  spectrum  on  the  slit  (S2)  of  the  second  spec- 
troscope. Here  a  narrow  pencil  from  the  first  spectrum, 
comprising  onl^  the  particular  wave-lengths  which  fall  within 
the  width  of  s^,  is  admitted,  and,  by  the  second  train  L^  P  Lj, 
formed  into  a  horizontal  spectrum  at  and  on  either  side  of  B. 
When  we  move  A  R  this  spectrum  moves  in  turn  past  the 
vertical  linear  thread  of  the  bolometer  B,  which  lies  in  the 
focal  plane  of  this  spectrum,  and  is  immersed  in  its  successive 
absorption-lines  as  these  defile  past  it.  The  function  of  the 
first  spectroscopic  train  (/,  li,  p,  Zg)  is  solely  to  sift  out  the 
extraneous  radiations,  and  to  present  at  the  second  slit  (52) 
only  those  which  legitimately  belong  to  that  part  of  the  S])ec- 
trum  we  wish  to  study.  These  2>iii-e  rays  pass  into  the  second 
slit  and  are  analysed  by  the  second  train  in  the  usual  way,  by 
the  aid  of  the  linear  bolometer  at  B,  and  of  the  circle  (C) 
reading  to  ten  seconds  of  arc. 

The  objection  to  this  apparatus  is  its  complexity,  which, 
however,  wo  have  been  unable  to  advantageously  diminish. 
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We  may,  however,  satisfy  ourselves  by  visual  observation  of 
the  Frauuhofer-lines  seen  through  the  whole  compound  system 
(entirely  of  salt)  both  of  the  optical  perfection  of  the  surfaces 
of  our  entire  double  train,  and  of  the  accuracy  of  its  purely 
automatic  action. 

Besults  of  Ohservation. 

With  this  and  the  ai)paratus  already  described  in  previous 
memoirs  we  have  searched  the  extreme  infra-red  solar  spec- 
trum, at  first  without  definite  success,  later  with  results  which 
will  be  better  understood  by  the  accompanying  drawings. 
Fig.  ih  shows  the  newly  investigated  invisible  solar-heat 
spectrum  on  the  normal  scale  up  to  an  (estimated)  wave- 
length of  18*^.  Fig.  '6a  is  an  enlarged  view  of  that  portion  of  it 
extending  to  5*^,  and  fig.  36  a  pliotographic  interpretation  of 
the  last,  obtained  automatically  by  a  special  device;  so  as  to 
present  somewhat  the  appearance  which  this  heat-region 
might  be  expected  to  show  to  an  eye  which  could  see  it. 

Inordinately  long  as  our  new  chart  (fig.  '2h)  may  seem,  we 
see  that  the  scale  is,  nevertheless,  contracted  to  the  last  degree, 
so  that  the  entire  visible  spectrum  is  compressed  into  hardly 
an  inch,  seen  on  the  left  or  violet  end.  Next  we  have  the 
already  described  solar  infra-red,  already  shown  to  exist  to 
2'*"8,  and  which  includes  its  great  absorption-bauds  4>,  %  £}, 
already  investigated  with  glass  prisms. 

The  principal  lunar  heat  lies  chiefiy  beyond  the  great  wave- 
length of  O'Ul  millim.  (IC^j,  and  ere  we  reach  it  we  pass  over 
a  region  between  5*^  and  ll*^  (many  times  the  length  of  the 
entire  visible  spectrum) ,  where  the  solar  heat  seems  to  have 
been,  to  our  present  means  of  recognition,  entirely  absorbed, 
probably  chiefly  by  our  own  atmosphere. 

It  will  be  convenient,  however,  after  noting  the  extent  of 
the  whole  region  shown  in  fig.  2a,  to  commence  our  descrip- 
tion with  the  detailed  portion  shown  in  figs,  oa  and  36,  to 
which  the  reader  is  referred  in  illustration  of  what  imme- 
diately follows. 

The  lowest  bands  already  described,  as  seen  in  the  spectrum 
of  a  flint-glass  prism,  are  the  small  ones  tuj  and  too  near  2*^. 
Below  this  point  all  is  believed  to  be  here  given  for  the  first 
time.  The  bands  in  this  new  region  are  undoubtedly  due 
chiefly,  if  not  wholly,  to  telluric  absorption  ;  and  they  are 
notably  variable,  depending  on  the  season  of  the  year,  and 
still  more  on  the  hour  of  the  day.  As  the  sun  sinks,  its  ravs, 
passing  through  increasing  air-masses,  suffer  absorptions 
which  singularly  cliange  tlie  appearance  of  the  bands,  as  is 
shown  in  tigs.  4  and  5,  which,  however,  are  drawn  upon  the 
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prismatic,  not  tlio  normal,  scale.     They  arc  identifiable  with 
the  portion  extending  from  X  to  Y  on  the  latter. 

Observations  made  during  the  winter  indicate  tbat  the  band 
at  2'''64  (figs.  3  a,  3  6)  is,  with  a  high  sun,  largely  filled  up, 
especially  on  the  less  refrangible  side.  At  noon  a  subordinate 
maximum  has  been  found  Avithin  the  low  sun  limits  of  this 
band  at  2'^' 94,  and  a  second  one  at  2'^-80  frequently  accom- 
panies it,  ])roducing  subordinate  minima  at  2'^"89  and  3'^'02. 
As  the  absorption  increases,  with  a  sinking  sun,  these  sub- 
ordinate maxima  disappear  to  a  very  great  extent,  that  at  2'^"80 
being  the  first  to  vanish  as  well  as  the  quickest  to  grow,  so 
that  at  noon,  on  a  cold  day,  it  not  only  surpasses  the  maximum 
at  2'^-y4,  but  even  begins'^to  ai)])roach  that  at  3'^-20,  wbile, 
when  the  sun's  altitude  is  less  than  10°,  the  nearly  uniform 
part  of  the  band  extends  from  2'^-45  to  o'^'lS  without  a  break. 
Minor  cold  bands  at  3''-o7  and  3'^'69  are  suspected.  The  evi- 
dence for  their  existence  may  be  seen  by  inspecting  the  high 
sun  and  low  sun  curves  given  in  fig.  4.  From  4'*'0  to  4'^*5 
we  have  another  region  of  almost  complete  absorption,  followed 
by  a  maximum  at  4'^' 6,  beyond  which  lies  the  longest  break 
of  all,  stretching  from  5''  to  IP'. 

The  solar  heat  throughout  the  region  from  5'^  to  ll''  is 
])robably  far  greater  than  it  here  appears,  and  if  the  parts 
struck  out  by  our  atmosphere  were  restored  it  would  probably 
be  found  that  a  not  wholly  inconsiderable  portion  of  the  sun's 
heat  lies  in  this  region  ;  for  it  must  be  borne  in  mind  that 
even  the  maxima  are  doubtless  in  some  degree  affected  l)y  a 
linear  absorption,  so  that,  because  a  part  of  the  spectrum 
appears  to  be  almost  entirely  transmitted,  we  cannot  infer  that 
it  necessarily  is  so,  or  that  it  has  not,  after  passing  tbrough 
the  upper  strata  of  the  air,  already  parted  with  a  considerable 
portion  of  its  energy. 

While  the  position  of  a  line  or  band  caused  by  light  from 
the  centre  of  the  sun  is,  in  the  upper  spectrum,  unchangeable, 
in  this  extreme  low  spectrum  (if  we  could  photograph  it,  like 
the  upjier,  on  cold  and  on  hot  days,  with  high  sun  and  with 
low)  the  absorption  would  be  seen  to  increase  not  symme- 
trically wath  the  centre  of  the  band,  but  more  on  one  side 
than  the  other,  so  as  to  considerably  modify  the  position  of 
greatest  absorption.  This  seems  to  be  the  explanation  of  a 
curious  fact  which  could  not  have  been  anticii)ated  in  advance 
of  observation  ;  that  is,  that  the  centres  of  several  of  these 
bands  and  lines  ar%  under  some  conditions  found  to  be  shifted 
to  a  recognizable  *extent,  and  hence  their  wave-lengths  are, 
within  certain  limits,  variable. 

It  seems  as  though  the  absorption,  which  we  see  exercised 
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in  most  of  the  visible  spectrum  by  fine  lines,  which  begin 
ali'eady  to  show  aggregation  into  a  broader  absorption-band 
on  the  borders  of  the  infra-red  {e.  g.  the  well-known  "  A  "  of 
Fraunhofer),  is,  as  we  pass  further  down  into  the  invisible 
})art,  represented  by  wider  and  wider  bands,  like  <1>,  ^,  XI 
(composed  themselves  })ro1)ably  of  linos).  The  heat  between 
these  local  regions  of  almost  total  absorption  continues, as  I  have 
repeatedly  before  stated,  to  be  (contrary  to  the  old  belief) 
apparently  transmitted  with  even  greater  facility  than  that  in 
the  visible  spectrum.  These  bands  have  grown  larger  and 
closer  and  closer  together  as  we  have  come  down  from  the 
visible  spectrum  below  the  point  where  the  old  map  ended, 
and  not  far  below  5'^  they  seem  to  })ractically  coalesce  into  one 
almost  unlimited  cold  baud.  We  do  not,  let  it  be  observed, 
assert  that  the  absorption  is  absolutely  total  even  here,  and,  in 
fact,  there  is  always  a  feeble  heat  to  be  observed  throughout 
this  extent.  This,  however,  the  use  of  the  sifting  train  shows 
to  be  largely,  at  any  rare,  factitious,  but  we  admit  the  possi- 
bility that  subsequent  research  may  prove  that  it  is  not  all  so. 
Let  us  now  recur  to  fig.  2  h,  where  w^e  shall  find  below 
10'"  the  same  dependence  of  the  effects  upon  the  season  and 
the  hour,  as  in  the  part  above  b^. 

At  10'^*2  observations  made  during  the  autumn  showed 
scarcely  the  feeblest  suspicions  of  heat,  and  the  same  has  held 
good  in  the  very  mild  weather  of  the  past  winter  (of  1887) ; 
but  on  a  few  days,  when  the  temperature  had  fallen  below  the 
freezing-point,  a  notable  maximum  was  found  at  this  point, 
followed  by  a  minimum  at  IC*?.  The  height  of  this  maximum 
relatively  to  the  principal  one  in  this  region  at  about  13*"  ap- 
})ears  to  be  correlated  with  the  composition  of  the  air  as  affected 
by  the  temperature.  On  the  coldest  day  (temperature  at  noon 
—  6°-7  C.)  the  deflection  at  midday  for  X,=  lU''-2  was  nearly 
one-half  that  at  lo*^  ;  but  on  other  days,  when  the  temperature 
was  near  0°  C,  the  deflection  at  10*'-2  did  not  exceed  one- 
fourth  that  at  13'',  while  at  temperatures  above  -h  10°  C.  it 
was  not  noticeable. 

It  is  in  the  region  near  13*^  to  14*^^  or  over  twenty  times  the 
length  of  the  visilDle  spectrum  below  it,  that  we  have  found  the 
maximum  of  the  lunar  heat-spectrum ;  and  it  is  here  that  we  first 
obtained  indications  of  solar  radiation  corresponding  in  its  great 
wave-length  to  this  special  lunar  radiation,  but  of  amounts 
nonestimable  by  the  means  till  now  employed.  I  have  already 
spoken  of  its  almost  unrecognizably  small  amount,  and  a  per- 
ha])S  more  vivid  apprehension  of  its  extreme  minuteness  will  be 
gained  from  the  statement  that  oii  this  graphical  construction, 
on  the  scale  of  ordinates  used  in  delineating  the  curve  from 
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0  to  ')**,  no  lioat  appears  below  5*^  anywhere,  not  CA'on  at  the 
niaxinunn  near  lo**  and  14'*  ;  because,  though  heat  exists  to 
the  bolometer,  the  highest  ordinate  which  would  represent  it 
on  our  drawing  is  not  so  great  as  the  thickness  of  the  thin 
black  line,  which  denotes  the  axis  of  abscissas.  I  have  accord- 
ingly here  been  obliged  to  exhibit  it  separately  by  a  dotted 
curve  whose  ordinates  are  one  hundred  times  those  in  the 
remainder  of  the  spectrum.  The  points  of  minima  in  it  are 
identifiable  with  absor})tion-bands,  which  we  have  directly 
observed  and  which  we  have  independently  found  to  exist  in 
our  own  atmosphere  by  studying  the  radiations  from  a  copper 
surface,  one  metre  square,  at  the  temperature  of  boiling  water 
placed  in  the  open  air  at  a  distance  of  one  hundred  metres 
from  the  bolometer.  (The  description  of  this  will  be  found  in 
a  supj)lementarv  research  to  l)e  given  elsewhere.)  The  prin- 
cipal lunar  heat,  then,  is  found  here,  at  a  point  of  the  spectrum 
corresponding  to  the  maximum  radiations  from  melting  ice, 
but  its  maximum  amount  is  probably  less  than  1  per  cent,  of 
the  corresponding  solar  heat  which  we  have  just  found  to  be 
itself  so  small.  That  we  can  detect  the  lunar  heat  at  all  under 
these  circumstances  is  due  to  the  fact  that  we  are  here  able  to 
employ  for  it  very  short-focused  mirrors  and  lenses,  which 
condense  it  into  a  very  short  and  relatively  hot  spectrum 
(there  being  no  fear  of  their  diffusing  extraneous  heat,  since 
none  worth  mention  exists).  In  the  case  of  the  sun  we  must 
employ  a  wholly  different  optical  train,  forming  a  far  longer 
spectrum.  It  would  be  easily  understood  that  these  means, 
which  enable  us  to  determine  the  position  of  the  solar  and 
lunar  heat-maxima  here,  are  not  favourable  to  a  determination 
of  the  relative  amounts  of  heat  received  from  the  sun  and 
moon  under  such  different  conditions.  We  can  only  say  that 
these  ratios  are  themselves  utterly  changed  from  what  they 
are  in  the  visible  spectrum,  where  we  all  know  that  the  solar 
light  is  something  like  five  hundred  thousand  times  moonlight. 
It  is  probable  that  the  solar  heat  received  in  tlds  part  of  the 
spectrum  is  less  thantlve  hundred  times  the  lunar;  but  the  actual 
ratio  is  only  very  roughly  determinable  by  our  present  means. 

By  comparison  with  the  '"  heat  ^^-spectra  given  in  a  previous 
memoir,  we  may  also  note  the  fact  that  some  of  the  wave- 
lengths given  from  ice  are  identifiable  in  the  solar  spectrum, 
nor  (in  view  of  the  now  established  facts  that  the  ratios  of 
the  heat  at  different  parts  of  the  spectra  of  two  unequally  hot 
bodies  are  functions  of  the  wave-length)  need  it  surprise  us 
that  we  have  also  found  that  this  part  of  the  spectrum  of  the 
sun  is  not  incomparably  hotter  than  the  corresponding  part 
of  the  ice-spectrum. 
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It  may  bo  asked  if  wc  can,  after  all,  feel  sure  of  tlie  character 
of  such  minute  amounts  of  heat  in  the  presence  of  the  already 
described  reflected  and  diflfused  heat  from  the  upper  spectrum, 
cousiderinn-  the  possibility  that  somethino-  may  go  wrong  in 
the  elaborate  arrangement  of  the  sifting-train,  and  leave  us 
(as  everything  we  study  now  is  invisible)  Mithout  ocular 
warning  of  the  fact.  I  may  reply  that  we  have  lately  found 
an  admirable  check  upon  the  efficiency  of  our  optical  devices 
in  the  behaviour  of  that  familiar  substance  lampblack,  which 
all  physicists  use  either  on  thermometers,  thermopiles,  or 
bolometers.  All  of  us  know  probably  that  it  is  not  absolutely 
non-selective,  as  it  used  to  bo  thought,  and  that  it  has  a  ten- 
dency to  transmit  the  infra-red  with  greater  freedom  than  the 
visible  S})ectrum  ;  but  the  statement  I  am  about  to  make  may 
excite  surprise.  It  is  that  when  a  very  perfectly  polished 
rock-salt  plate  is  covered  by  a  sheet  of  lampblack  of  such 
thickness  as  to  transmit  less  than  one  per  cent,  of  ordinary 
white  light,  it  transmits  about  ninety  per  cent,  of  the  radiations 
bfilonging  to  those  extreme  wave-lengths.  In  other  words,  it 
has  become  a  transparent  body  to  rays  of  this  wave-length, 
while  it  exercises  an  intermediate  degree  of  absorption  on 
intermediate  rays^  so  that  by  the  amount  of  their  absorption 
by  lampblack  we  have  a  test  by  which  these  latter  may  be 
independently  identified. 

We  have  given  this  study  not  only  to  map  new  lines  and 
bands  in  the  region  between  o*^  and  5'^,  but  also  to  verify 
the  existence  of  an  all  but  infinitesimal  amount  of  heat  at 
much  greater  Avave-lengths.  We  have  applied  great  pains  to 
this  latter,  not  so  much  on  account  of  its  own  importance  as 
on  account  of  the  important  conclusions  to  be  drawn  from  it 
later  ;  for  if  it  is  true  that  in  this  extreme  spectral  region, 
corresponding  to  temperatures  much  below  the  boiling-point 
and  even  below  that  of  melting  ice^  the  amount  of  the  solar 
heat  is  trivial,  it  is  also  true  that  the  fact  of  its  existing  at  all 
is  of  very  significant  interest  to  the  meteorologist  ;  for  it  is 
obviously  here,  at  temperatures  below  100°  C,  that  the  rays 
which  make  up  the  nocturnal  as  well  as  diurnal  radiations 
from  the  soil  of  our  own  planet  are  to  be  found.  We  observe 
that  if  such  rays  can  enter  the  air  from  the  sun,  they  can  go 
out  even  from  an  icy  soil  (and  still  more  from  an  ordinary 
one),  to  whose  radiations  it  hence  appears  the  atmosphere  is 
more  or  less  permeable.  Heat,  then,  apparently  escapes  in 
some  very  minute  degree  even  from  the  surface  of  the  Arctic 
regions,  not  only  by  convection  but  by  direct  radiation 
through  the  atmosphere  towards  space.  Meteorological  ques- 
tions of  great  interest,  to  which  we   shall   return  in   a  later 
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niomoir,  can  best  ho  answered  from  a  study  of  tliis  r(>oion  ;  and 
even  it"  tlie  j»rol)lom  of  the  lunar  teni|ierature  did  not  interest 
us  as  students  of  celestial  physios,  -we  should  still  find  others 
dependino"  on  it  of  very  practical  import. 

As  to  the  decree  of  accuracy  obtainable  in  fixing  its  position, 
we  may  remind  the  reader  that  the  old  fornmUo  of  Cauchy 
and  others  being  useless,  as  we  have  shown,  we  have  already 
undertaken  a  research  *  to  enable  us  to  determine  such  wave- 
lengths in  this  region.  We  have  determined  all  the  wave- 
lengths by  the  interpolating  eurve  made  from  the  oljservations 
of  this  year,  which  has  been  exhibited  to  the  Academy  at  its 
A])ril  meeting.  In  this  memoir  will  be  found  all  the  expla- 
nations we  can  offer  relating  to  the  degree  of  trustworthiness 
of  the  values  assigned  to  the  present  extreme  wave-lengths. 
If  they  are,  as  we  believe,  to  be  trusted  within  the  limits  there 
given,  we  have  measured  indications  of  lunar  heat  (and  pos- 
sibly of  solar)  greater  than  are  shown  on  this  drawing,  and 
whose  wave-lengths  exceed  one  fiftieth  of  a  millimetre.  It  is 
not  likely  that  the  more  refrangible  of  that  extremely  feeble 
heat,  which  we  here  particularly  describe,  is  much  less  than 

I  think  we  may  now  feel  justified  in  saying  that  we  probably 
know  some  of  the  main  facts  about  the  solar  spectrum,  so  far 
as  terrestrial  absorption  is  concerned.  Broadly  speaking,  they 
are  these  : — 

Hardly  one  fourth  of  the  solar  energy,  as  we  get  it,  is  visible, 
at  least  without  special  precautions.  Of  the  remaining  three 
fourths,  by  far  the  larger  portion  of  the  heat  actually  received 
lies  in  the  region  above  '2'^'S,  which  has  already  been  dehneated, 
but  if  it  were  not  for  terrestrial  absorption,  the  heat  in  the 
region  below  it  might  not  improbably  be  relatively  greater. 

The  effects  of  terrestrial  absorption  appear  in  the  visible 
spectrum  chiefly  by  means  of  the  Fraunhofcr  lines,  so  that 
our  first  impression  on  looking  at  it  is  that  these  lines  only 
occasionally  interrupt  the  play  of  light  and  colour  by  which 
the  solar  energy  makes  itself  known  through  the  sense  of 
vision.  As  we  go  do\A  n  into  those  lower  parts  of  the  infra-red 
region,  we  find  (directly  contrary  to  the  old  belief)  that, 
broadly  speaking,  the  heat  apparently  grows  more  and  more 
transmissible  by  our  atmosphere,  and  this  because  the  heat 
beticeen  the  lines  grows  more  and  more  transmissible,  while  the 
lines  themselves,  though  growing  into  broader  bands  of  almost 
total  absorption,  have  not  yet  extinguished   the  hot  regions 

*  "On  hitherto  unrecognized  A\'ave-lengths,"  Phil.  Mag,  August 
1866. 
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between  them,  so  that,  even  taking  regions  of  transmission 
and  absorption  together,  on  the  whole  here,  i.  e.  above  3**, 
more  of  dark  heat  in  proportion  is,  perhaps,  transmitted  than 
of  light  heat. 

We  may  roughly  illustrate*  this  portion  of  the  sun's  spec- 
trum after  absorption  by  saying  that,  if  it  were  visible,  it 
would  present  almost  the  ap])oarance  of  diffuse  luminous 
bands  on  a  dark  field,  somewhat  like  those  seen  in  the  spectra 
of  stars  of  the  fourth  type.  As  we  have  observed  that  absorp- 
tion seems  to  increase  in  the  same  direction  in  the  sun's  own 
atmosphere  as  in  ours,  it  would  be  interesting  to  know  if  any 
thing  analogous  exists  in  the  absolute  solar  spectrum,  i.  e. 
before  absorption  in  the  sun's  atmosphere,  but  this  we  are  not 
as  yet  able  to  determine. 

Since,  in  the  part  of  the  spectrum  described  here  for  the 
first  time,  the  same  process  of  aggregation  into  ever  wider 
and  wider  regions  of  absorption  is  continued  till  these  interme- 
diate regions  of  transmission  disajtpear,  the  whole,  to  repeat 
an  expression  I  have  used  in  a  earlier  memoir,  seems  to  become 
one  continuous  cold  band,  in  which,  however,  we  have  found 
a  little  heat  struggling  through  in  the  part  beyond  ll*^. 
Briefly,  then,  we  may  say,  that  to  an  eye  which  could  see  the 
whole  spectrum,  visible  and  invisible,  the  luminous  part  being, 
as  we  know,  interrupted  by  occasional  dark  lines,  the  lower 
part  to  5*^  would  a])pear  to  consist  of  alternate  bright  and 
dark  bands,  and  the  ])art  below  5*^  be  nearly  dark,  but  with 
feeble  "  bright  "  bands  at  intervals. 

In  conclusion,  we  may  say  that  these  new  researches  extend 
the  known  solar  spectrum  from  three  to  much  over  eighteen 
microns,  shown  on  our  plate,  and  while  confirming  the  previ- 
ously announced  fact  that  the  solar  heat  which  reaches  us 
here  is  negligible  in  amount,  show  from  the  fact  of  the  exis- 
tence of  any  at  all,  that  the  anomaly  of  our  being  able  to 
perceive  lunar  heat  where  we  could  not  formerly  detect  solar, 
can  be  explained  consistently  with  the  possible  existence  in 
the  latter  of  every  wave-length  before  absorption. 

These  investigations  into  a  problem  of  Solar  Physics  have 
also  incidentally  led  us  to  the  prospective  means  of  solution 
of  an  important  one  in  Meteorology,  for  they  have  opened  to 
observation  the  hitherto  unknown  region  of  the  spectrum  in 
which  the  nocturnal  and  diurnal  radiations,  not  only  from  the 
moon  toward  the  earth,  but  from  the  soil  of  the  earth  toward 
space,  are  to  be  found  and  may  be  hereafter  studied  in  detail. 

*  Fipfure  3. 
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LX.  On  the  Application  of  Sir  "William  Tliomson's  Theory 
of  a  Contractile  ^'Ether  to  Double  Refraction,  Dispersion, 
Metallic  Reflexion,  and  other  Optical  Problems.  By  R.  T. 
Glazebrook,  31.A.,  F.R.S.* 

IX  any  isotropic  elastic  solid  there  are,  in  general,  two 
velocities  of  wave-propagation — one  for  normal  waves, 
given  by  ^A/p  in  Green's  notation  ;  the  other,  given  by 
s/B  p,  for  transverse  waves  ;  and  when  any  system  of  waves 
falls  on  the  bounding  surface  of  two  such  media  both  these 
disturbances  are  set  up.  Since  light-waves  are  entirely 
transverse,  and  do  not  give  rise  to  normal  waves  possessing, 
at  any  rate,  more  than  a  very  small  fraction  of  the  energy  of 
the  incident  waves,  it  follows,  as  was  shown  by  Green,  that 
the  ratio  A  B  is,  for  the  sether,  either  extremely  large  or  ex- 
tremely small.  If  the  surfaces  of  the  solid  at  a  finite  distance 
from  the  origin  be  free,  it  is  necessary,  in  order  that  the  equi- 
librium position  may  be  one  of  minimum  potential  energy, 
that  A  — ^B  should  be  positive,  and  hence  Green  supposed 
that  A  was  \ery  large  and  the  sether  incompressible.  This 
view  has  generally  been  accepted  by  English  writers  on 
optical  subjects. 

In  his  paper  ''  On  the  Reflexion  and  Refraction  of  Light,'' 
in  the  last  number  of  this  Magazine,  Sir  William  Thomson, 
however,  has  shown  that,  "^provided  ice  suppose  the  medium  to 
extend  all  through  boundless  space  or  give  it  a  fixed  containing 
vessel  as  its  boundary,''''  the  conditions  for  stability  in  the  sether 
are  satisfied  if  we  suppose  that  neither  A  nor  B  is  negative. 
Under  these  circumstances  it  is  not  necessary  that  A  should 
be  greater  than  |B,  it  is  sufficient  that  A  should  be  zero  or 
positive.  Such  a  medium,  according  to  Sir  William  Thomson, 
is  afforded  us  by  homogeneous  airless  foam  held  from  collapse 
by  adhesion  to  a  bounding  vessel  which  may  be  infinitely 
distant  all  round,  and  for  this  medium  A  is  zero,  i.  e.  the 
medium  is  incapable  of  transmitting  normal  waves.  On  this 
hypothesis  as  to  the  nature  of  the  aather  it  is  possible  to 
suppose  that  the  absence  of  the  normal  wave  is  because  A  is 
zero,  not  because  it  is  infinite.  Sir  William  Thomson  has,  in 
in  his  paper  just  referred  to,  treated  the  problem  of  reflexion 
and  refraction  on  this  supposition  ;  the  object  of  the  present 
communication  is  to  consider  double  refraction  and  other  allied 
problems. 

In  my  Report  on  Optical  Theories,  presented  to  the  British 
Association  at  Aberdeen  (B.  A.  Report,  1885,  p.  179),  when 
discussing  the  equations  which  are  given  by  certain  theories 

*  Communicated  by  the  Author. 
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of  double  refraction,  I  say  : — ''  The  (iiiestion  arises,  Are  these 
equations  incom{)atible  with  Fresnel's  wave-surface  ?  Lord 
Rayleigh  has  of  course  proved  that  they  are  if  the  equation 

du       dv       dw  _  ^ 

dx       dy       dz         ' 
expresses  an  absolutely  necessary  condition;^'  /.  e.  if  the  fether 
is  incompressible,  ?y,  v,  %v  being  the  displacements;  "  but  it  is 
not  difficult  to  show  that  if,  instead  of  the  above  equation,  we 
put 

1  dxi       \  dv       1  dio  _ 
a?  dx       P  dy       c^  dz 

{a,  h,  c  being  tlie  principal  wave- velocities),  then  the  wave- 
surface  will  be  Fresnel's,  the  direction  of  vibration  will  be 
normal  to  the  ray,  and  will  be  in  a  plane  containing  the  ray, 
the  wave-normal,  and  an  axis  of  the  section  of  the  ellipsoid 
a?x^  +  Py^  +  c^z^  =1  by  the  wave-front,  while  the  velocity  of 
propagation  will  be  inversely  proportional  to  the  length  of 
this  axis/' 

At  the  date  at  which  this  extract  was  written  I  believed 
that  the  sether  must  necessarily  be  incompressible,  and  there- 
fore that  the  suggestion  there  made  was  impossible.  The 
recent  paper  of  Sir  William  Thomson^s  has  shown  that  the 
condition  of  incompressibility  is  not  necessary,  and  I  propose, 
therefore,  to  develop  the  theory  given  in  outline  in  the 
Report. 

Before  so  doing  I  wash  to  refer  to  three  points  in  Sir 
William  Thomson^s  paper.  He  shows  there  that,  under  the 
conditions  already  stated,  viz.  no  motion  at  infinity,  the 
expression 

^(fdio      dc\^       /du       dicV^        /dv       du\^  } 

+^{(a;  +  e)  +  (s  +  ,tJ  +  [t.  +  d^)i 

p  r  dv  dw       dw  du       du  dv  1  "l 

(  dy  dz        dz  dx       dx  dy  )  y ^  ^ 

wdiich  is  Green's  value  for  the  work  required  to  strain  the 
solid,  transforms  into 

and  then,  for  the  optical  problem,  A  is  put  equal  to  zero. 
Now  the  term  with  13  for  a  coefficient  in  this  expression  is 


+ 
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exactly  the  expression  assumed  by  MacCulla<Tli  in  bis  tbeory 
of  H'tlexion,  and  wbiob  v^tokes  bas  sbown  (B.  A,  Report,  18t)2, 
p.  278)  to  be  impossible  as  an  expression  for  the  ener<;y  of  a 
strained  solid,  for  it  leads  to  tbe  etjuations  Tjy=  — T^j.,  etc., 
instead  of  Tj^  =  Tyj,  where  Try  means  the  stress  parallel  to 
y  on  a  plane  normal  to  x  ;  how,  then,  can  it  represent  the 
energy  of  the  strained  medium  ? 

The  explanation  of  this  point  is  simple.  The  second  ex- 
pression for  ^V  only  gives  the  energy  of  the  lohole  solid  under 
certain  surface-conditions.  Each  element  of  the  integral  is 
not  an  expression  for  the  energy  of  the  corresponding  element 
of  the  solid  ;  to  find  this  we  have  to  take  into  account  the 
surface-integrals  introduced  by  the  transformation.  These 
surface-integrals  it  is  true  vanish  when  the  whole  medium  is 
considered;  but  in  calculating  the  stresses  on  each  element 
they  are  of  importance,  and  when  they  are  taken  into  account 
the  true  values  are  found  for  T^^  &c.  We  cannot  get  these 
values  from  the  transformed  expression  directly,  for  that  is 
only  true  under  certain  conditions. 

A  second  point  is  the  following  : — The  integral 


is  transformed  into 


ito 


+  certain  surface-integrals. 

These  surface-integrals  vanish  if  u,  v,  w  are  all  zero  at  the 
surface.  They  also  vanish  xchenever  u,  v,  lo  are  functions  of 
the  same  function  of  x,  y,  z  and  t.  Thus,  as  I  pointed  out  in 
a  paper  on  the  Reflexion  and  Refraction  of  Light  (Proc. 
Camb.  Phil.  Soc.  vol.  iii.  1880),  if  W  denote  the  true  ex- 
pression for  the  work  W,  the  transformed  expression  \V  = 
W-}-M,  where  M  is  a  quantity  which  may  be  negative,  but 
which  vanishes  if  u,  v,  w  are  functions  of  the  same  function 
of  the  variables. 

There  remains  the  third  point.  Let  us  suppose  that,  in 
transforming,  as  is  done  by  6ir  William  Thomson,  the  inte- 
gral for  W  we  pass  across  a  surface  at  a  finite  distance  from 
the  origin,  in  crossing  which  the  rigidity  changes  from  B  to 
B'.  Unless  either  there  is  no  motion  over  this  surface, 
which  is  impossible,  or  certain  relations  hold  in  addition  to 
the  ordinary  surface-conditions  among  the  stresses,  implyincr 
of  course  the  existence  of  surface-tractions  &c.  other  than 
those  which  arise  from  the  strains,  the  surface-integral  oc- 
curring in  the  transformation  does  not  vanish,  and  the  surface 
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contributes  something  to  the  energy.  It  follows,  hence,  that 
we  must  have  the  condition  B  =  B'  satisfied,  and  optical 
differences  must  arise  from  differences  in  the  optical  density 
of  the  gether  on  either  side  of  the  surface.  In  the  paper  this 
relation  is  assumed  to  sim])lify  the  fornnila3,  the  foregoing 
considerations  show  that  it  is  necessary.  This  ])oiut,  however, 
is  dealt  with  by  Sir  William  Tlioinson  himself  in  a  note  in 
this  number  of  the  Philosoi)hica]  Magazine. 

To  turn  now  to  the  problem  of  Double  Refraction.  Since, 
according  to  our  theory,  the  rigidity  of  the  ajther  is  the  same 
in  all  media,  it  is  clear  that  we  cannot  explain  double  refrac- 
tion by  variation  of  rigidity  in  different  directions  in  a  crystal, 
and  we  are  driven  to  consider  the  hypothesis  advanced  by 
Rankine,  Stokes,  and  Rayleigh,  and  which  has  been  shown 
by  the  latter  two  to  lead,  if  the  aether 'be  incompressible,  to  a 
wave-surface  other  than  that  of  Fresnel. 

According  to  this  hypothesis  the  density  of  the  aether  is  to 
be  treated  as  a  function  of  the  direction  of  displacement. 
The  kinetic  energy  will  be  a  quadratic  function  of  the  dis- 
placements, and  for  one  set  of  axes  may  be  written 

We  suppose  that  these  axes  coincide  with  the  axes  of  the 
crystal.  The  potential  energy  has,  according  to  our  suppo- 
sition, its  usual  form,  and  tfie  constants  A,  13  are  the  same 
as  those  for  an  isotropic  medium.  Thus,  following  Lord 
Rayleigh's  paper  (Phil.  Mag.  June  1871),  we  have  as  the 
equations  of  motion  *  : — 


(Pw  ,  .         -r,N  ^S     ,    T3„., 


(3) 


,  ^      du       dv    ,    dio  /!» 

where  ^=:r  +zr+  :r'' (^) 

ax       dy       dz 
Hence,  differentiating  with  regard  to  x,  y,  z,  and  adding, 

d'    (      du  dv  ,        dw\       .      ,^  ,rx 

<lH'''a  +  ^^+^-^J)=^^■^■    •  •  •  (5) 

*  A  theory  leading  to  equations  practically  the  same  as  these  has  been 
given  by  Sarrau,  Liouville  Journal,  ser.  ii.  tomes  xii.  and  xiii.  (see 
Glazebrook,  "  Report  on  Optical  Theories,"  B.  A.  Report,  1885,  p.  174), 
and  by  Boussinesq,  Liouville  Journal,  ser.  ii.  tome  xiii.  (Glazebrook, 
"Report  on  Optical  Theories,"  p.  213),  and  in  these  the  same  conclusions 
as  to  the  direction  of  vibration  are  arrived  at. 
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het  Ix  +  mi/ +  nz —Y t  give  the  position  of  the  wave-tVout 
at  any  instimt.  Let  \,  fi,  v,  be  the  direction-cosines  of  the  dis- 
phiceuient,  and   let  0   bo   the  amount  of  the  displacement. 

and  hence 

xp.-^  =  (A-B)  ^^^(x^^  +^-^  +.  ^)+^^v-e,    (G) 

etc.      .       .      •      . 

Now  let 

0=0^e'('^+"'y+"''-vO; (7) 

then 

S=et(Z\-f7?i/i  +  «v) (8) 

Substituting  in  the  equations  we  find 

Xp^V-  =  (A  -  B)l{l\  +  mfj,  +  nv)  +  BX 


Now  put 
Then 


and 


fipyV'  =  ( A  —  B)  m(l\  +  mfi  +  nv)  +  B/i 
V|0,V- =  (A— B)  ?i(/X  +  7nyu,  +  nj/)  +  Bv 
V*{/3x^  +  Pyf^H'  +  P^'^*' }  =  A  (/X  +  nifjb  +  nv) . 

a2=B,>.,  62  =  B/>^,  c2  =  B/p,. 

BX^^  - 1)  =  ( A  -  B)  /(/X  +  ?»/i  +  nv) 
B/.r^'-l)  =  (A-B)m(/X  +  7n/i  +  w)   !>-, 
Bv['|^-l')=:(A-B)7i(/X  +  7/?/i+ni/) 
l\ 


(9) 
(10) 


(11) 


Multiply  the  first  of  equations  (11)  by  I,  divide  by  (V^— a^), 
and  so  on,  and  add  the  three.     Then  we  find 

B(^f-?) 
=  (K--&){l\  +  mi.  +  nv)(jl-^,  +  ^^  +  y^)..      (13) 

Hence,  and  from  (12), 

P  m?  V?  A       1 


+ 


+ 


\^-a^    '  \2-b-'    ■  V^-c^  ~A-B  V^' 


(U) 


This  is  the  general  form  of  the  equation  of  Avave-slowness, 
without  any  assumption  as  to  the  relative  magnitudes  of  A 
and  B.     If  the  tfither  be  incompressible   (Rankine,  Stokes, 
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Rayloigli),  x\  is  infinite,  and  the  rioht-liand  side  is  1/V^.  If, 
on  tiie  other  liand,  A  vanishes  (Thomson),  the  right-hand  side 
is  zero,  and  tlie  equation  becomes 

which  is  Fresnel's  surface. 

To  trace  the  form  of  the  surface  in  general,  lot  ns  find  its 
section  by  the  prinei[)al  planes.  Suppose  a,  b,  c  to  be  in  order 
of  magnitudes,  and  let  A/(A  — B)  =  —k.  Consider  the  section 
by  the  plane  of  z.v.     Then  m  =  (),  and  we  have 

(V2-P)[Y'\P(V'-c')  +  n\Y-'-a')}+k(V'-c')(Y'-a')]  =0. 

Thus  the  section  consists  of  a  circle  given  by  Y  =  b,  and 
the  quartic  curve 

Y4(l  +  /,)_V2|(/V  +  nV)+/,-(«2_^c-)}+Z:aV  =  0.     .    (17) 

The  two  important  cases  are  given  by  ^=  —  1  (Rankine,  Stokes, 
Ivayloigh) ;  and  k  very  small,  probably  zero  (Thomson). 
For  the  latter  case,  on  solving  the  quadratic  and  neglecting  /c^ 
and  higher  powers,  the  two  roots  are 

Y,'  =  ahi'  +  cH'+^^'''7'P'^y  ;     .     .     .     (18) 
and 

Thus  the  section  of  the  surfiice  of  wave-slowness  by  this  plane 
will  be,  for  the  nearly  transverse  waves,  the  circle  given  by 

p=^>^ (20) 

and  a  curve  differing  from  an  ellipse  by  extremely  small 
quantities  depending  on  k{(v'  —  c^y,  and  given  by 

and  for  the  condensational  wave,  the  inverse  of  an  ellipse, 
given  by 

l  +  k_      hah-" 

r^    ~ah/-\-6'P ^     ' 

Moreover  for  the  velocity  of  the  condensational  wave  along 

the  axis  of  x  we  find  the  value  \  /  — 1-  a.     If  we  substitute 

V    1  +  k 

the  values  of  a  and  k,  this  reduces  to 

VA/S- 
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The  tlireo  principal  normal  velocities  then  are  : — 

\/Ajp^,    s/A/py,    -n/A/p^; 
while  for  the  nearly  transverse  waves  they  are: — 

v/B7^,    VBjiy,    x^Wz- 

The  sole  condition,  therefore,  for  the  disappearance  of  the 
norm;d  wave  is  that  A  should  be  extremely  small  compared 
witli  B.     This  is  the  same  as  for  an  isotropic  medium. 

Taking,  now,  the  extreme  case  in  which  A  vanishes  in 
comparison  with  B,  let  us  determine  the  relations  between  the 
direction  of  vibration  A,,  //,,  v,  and  that  of  propagation  /,  in,  u. 

If  we  put  A  =  0  in  (5),  we  get 

du  i?r  dw  .^o\ 

or 

5^  +  ^  +  "r=0 (24) 

Now  if  /,  m,  n  are  the  direction-cosines  of  a  normal  to  the 
ellipsoid, 

aV  +  Z/y  +  c2^2^1,     ....     (25) 

then  the  direction-cosines  of  the  line,  joining  the  centre  of  the 
ellipsoid  to  the  point  of  contact  of  the  tangent-plane 

lj-  +  m!j  +  nz=l (2(3) 

are  proportional  to 

Ija^,     mjl?,     njc^. 

Hence  X,  fj,,  v,  or  the  direction  of  vibration,  lies  in  a  plane 
normal  to  that  radius  vector  of  the  ellipsoid  (25)  which  is 
drawn  to  the  point  of  contact  of  {'2G). 
Again,  from  (i))  we  have 

V2-a2=^^(a  +  m/i  +  nv)''^^,      .     .     (27) 

and  two  similar  equations.      Whence 


b-'-a'  = 


:28) 


A  — B  .,_  x/«^^       lr)n\ 

^-(/\  +  ,./.  +  n.)(^--— j, 

and  from  these, 

'^(h^-c')  +  —i(?-a^)+—(a^-h'-)=0.      .      (29) 
Thus,  for  all  values  of  A  and  B,  the  line  \  fj,,  v  lies  on  the 
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cone  triven  by  (29),  and  this  with  equation  (24)  determines 
its  position  completely. 

Again,  let  x,  y,  z  be  the  coordinates  of  the  point  in  which 
the  wave-front  touches  the  wave-surface.  Then  we  have*,  if 
x-'  +  tf  +  z''-  =  r\ 

lx-\-my  -\-  nz=-Y , 

mZ  ^_  /^X 


x=lY 


T'-a^ 


r'^  —  1'2 

z  =  nY 


(30) 
(31) 


Y2_, 

Also  from  (9)  or  (27)  ,  we  find 


A      _      /i      _     _ 

^L     ~    lF7n    ~     ^^    -«say. 


V 

Q 

c  n 


(32) 


Thus 
Hence 


V2_a2         V2-62         V2-c2 


Thus 


=K\xY-lr^ 


(33) 


(,.2_V2)(Xa:  +  /^y  +  vr)  =  /c]V(.t-Vy  +  c-)-r-(/.i-  +  7»y  +  »c)[=0, 
\.?;  +  /x,?/-f-vc  =  0 (oi) 

Now  ^,  ?/,  2;  give  the   direction  of  the  ray  corresponding  to 
the  wave-normal  I,  m,  n,  and  the  direction  of  vibration  X,  fi,  v. 
Thus  the  direction  of  vibration  is  normal  to  the  ray. 
Again,  multiply  (11)  by  X/a^  &c.  and  add.     Then 

A — B  ,,^  .      N  //X   .  m/jb   .  nv\ 


B 


(IX  +  ?»/x  +  nv)  (^  +  t;?  +  ^  J 


(35) 


*  Aldis,  *  Tract  on  Double  Refraction,'  page  12. 
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Take  the  case  in  -vvhieh  A  =  0,  and  let 

\'  =  \la\     fi'  =  fM/lr,     v'  =  v/c\ 

Then  (35),  (24),  and  {29)  become 

V2  =  a-V2  +  />y2  +  cV'^ (36) 

l\'  +  7nfi'  +  ni/  =  0, (37) 

P^(^>-O+p(c^-a^)+^(a^-i^)  =  0.      .      (38) 

Thus,  draw  a  plane  normal  to  the  direction  of  vibration  to 
touch  the  ellipsoid.  The  quantities  V,  fj,',  v'  will  be  the  direc- 
tion-cosines of  the  radius  vector  to  the  point  of  contact,  and 
this  radius  vector,  by  (37),  lies  in  the  wave-front. 

Moreover,  the  velocity  of  propagation  is  given  by  the  length 
of  the  radius  vector  in  the  direction  V, /i',  v' ;  and  this  radius 
vector  is  an  axis  of  the  section  of  the  ellipsoid  by  the  wave- 
front.  This  is,  of  course,  Fresnel's  construction  for  the 
velocity.  If  Fresnel's  construction  were  completely  fulfilled, 
V,  fi' ,  V  would  give  the  direction  of  vibration.  As  it  is,  that 
direction  is  given  by  a^\',  V^fi' ,  <?V ;  and  these  are  the 
direction-cosines  of  the  perpendicular  on  the  tangent-plane  to 
the  ellipsoid  at  the  point  where  it  is  met  by  V,  /x',  V . 

Moreover,  this  perpendicular  clearly  lies  in  the  plane  which 
contains  the  wave-normal,  and  the  axis  of  the  section  of  the 
ellipsoid  by  the  wave-front ;  and  since,  according  to  Fresnel, 
the  axis  is  the  projection  of  the  ray  on  the  wave-front,  the  ray 
lies  in  this  same  plane. 

Thus,  in  fig.  1,  let  0  N  represent  the  wave  normal  and  0  R 

Fiff.  1. 


the  ray.  Take  a  section  of  the  ellipse  a''^^^-f-Ay-|-c^*^=l  })y 
the  plane  NOR.  Let  OP  be  a  radius  of  that  section  ])er- 
pendicular  to  0  N ;  0  P  is  in  the  wave-front,  and  is  the  axis 
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of"  the  section  of"  the  ellipsoid  by  the  wave-front.  According 
to  Fresnel,  0  P  is  the  direction  of  vibration  in  the  ray  0  R. 
According  to  the  theory  of  the  present  paper  this  is  not  the 
case. 

Let  P  Y  be  the  tangent  at  P  to  the  ellipse  P  N  E,  and  0  Y 
perpendicular  on  P  Y.  P  Y  is  the  trace  on  the  plane  P  N  R 
of  the  tang(uit-plane  to  the  ellipsoid  ;  and  this  plane  is  per- 
pendicular to  the  plane  P  N  R,  so  that  0  X  is  the  normal  to 
tlu^  tangent-plane  at  P.  According  to  our  theory,  0  Y  is  the 
direction  of  vibration,  and  moreover  0  Y  is  perpendicular 
to  OR. 

Now  experiment*  shows  us  that  Fresnel's  construction  for 
the  velocity  is  very  closely  indeed  ap]>roached  to ;  and  hence 
A  must  be,  if  not  actually  zero,  very  small  indeed.  We 
have,  however,  no  exact  experimental  evidence  on  the  direc- 
tion of  vibration  in  a  crystal ;  and  it  would  be  extremely 
difficult  to  devise  an  experiment  which  would  decide  between 
Fresnel's  result  and  that  of  the  theory  now  suggested.  So 
far,  then,  as  experimental  evidence  is  concerned  we  may  claim 
that  the  theory  here  given  is  in  very  close  accordance  with 
our  present  results.  It  has  moreover  the  extreme  advantage 
of  basing  the  laws  of  double  refraction  on  variations  of  the 
property  of  the  aether,  on  which  ordinary  reflexion  and  refrac- 
tion almost  certainly  depend. 

Refraction  occurs  because  the  optical  density  of  the  sether 
is  different  in  different  media  ;  double  refraction,  because  in 
a  crystal  the  optical  density  is  different  in  different  directions. 

It  remains  now  to  consider  what  is  meant  by  the  optical 
density  of  the  asther,  and  how  it  can  vary  in  difierent  media, 
or  in  different  directions  in  the  same  medium.  The  })he- 
nomena  of  aberration  and  the  other  optical  effects  produced 
by  the  motion  of  transparent  bodies  are  more  easily  explicable 
if  we  suppose  the  actual  density  of  the  aether  as  well  as  its 
rigidity  to  be  the  same  in  all  bodies.  Let  us  make  this 
assumption  for  the  present.  Now  the  motion  of  the  aether 
within  a  transparent  body  is  not  free  ;  in  addition  to  the 
forces  arising  from  its  own  rigidity  there  must  be  others 
arising  from  the  action  of  the  transparent  matter  ;  and  though 
we  are  ignorant  of  the  nature  of  this  action  we  can  show, 
remembering  that  light-waves  travel  through  the  medium 
with  a  velocity  which  is  independent  of  the  amplitude,  that 
the  forces  resolve  themselves  into  two  sets.  One  of  these 
makes  its  appearance  in  such  a  way  as  to  be  equivalent  to  an 
increase   in    the   density  of  the  ;iether,  while  the   other   is 

*  Stokes,  Proc.  Roy.  Soc. ;  B.  A.  Report,  1802.     Glazebrook,  Phil. 
Trans.  1870,  part  i. ;  1879,  part  ii,     Hastings,  Silliinan's  Journal. 
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equivalent  to  an  increase  in  its  ri<ii(lity.  Thus,  su|)|)Ose  we 
have  a  magnetized  steel  s])rini2;  vibrating;,  by  placing  it  in 
water  we  increase  the  eti'eetive  inertia  of  the  spring,  but  by 
placing  it  in  a  magnetic  field  we  may  stiffen  the  spring.  To 
express  the  same  in  analytical  terms  the  solution  of  our 
differential  equation  is  to  be,  supposing  we  have  a  wave  tra- 
velling parallel  to  the  axis  of  c, 

II  =  k  sin  n  (c — Y^). 
And  this  is  a  solution  of 

p  being  the  density  of  the  rether  in  free  space,  B  its  rigidity, 
and  a,  b,  a',  V ,  &c.  constants.  These  terms  or  some  of  them  may 
give  the  action  of  the  matter  on  the  oether,  those  in  a,  h,  c 
&c.  enter  the  equations  as  an  effective  increase  of  density, 
those  in  a',  h' ,  &c.  as  an  increase  of  rigidity. 

To  state  the   same  fact  in  another  way,  the  equations  of 
motion  of  the  aether  may  be  written 

p^'=(A-B)g+BV^^*  +  X,     .     .     .     (39) 

where  X  represents  the  action  of  the  matter  on  the  rether. 
X  is  to  have  such  a  form  as  will  allow  the  piopagation  of 
waves  without  the  absorption  of  energy  and  \\ith  a  velocity 
independent  of  the  amplitude.  It  must  also  give  us  the 
ordinary  laws  of  reflexion  and  refraction,  and  we  must  be  able 
to  explain  by  simple  hj^otheses  the  laws  of  double  refraction, 
dispersion,  anomalous  dispersion,  and  metallic  reflexion. 
Of  late  years  a  number  of  attempts  have  been  made  to  find 
an  expression  for  this  quantity  X.  An  account  of  them  is 
given  in  my  Report  on  Optical  Theories  (B.  A.  lleport  1885). 
The  most  complete  in  some  respects  is  that  of  Voigt,  who, 
starting  with  the  question  as  to  what  is  the  most  general 
form  consistent  with  the  conditions  imposed  by  the  problem, 
comes  to  the  conclusion  that  for  an  isotropic  medium  we 
may  put 

X=-r— ^^^^+a-A^^^+a'^^^-n(.-U;,   (40) 

where  U  is  the  displacement  of  the  matter  particles  in  the 
same  element  of  volume  as  the  aether,  which  has  u,  v,  w  for 
its  component  displacements.  In  a  crystal  other  terms 
come  in  and  the  coefficients  of  these  may  be  functions  of  the 
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direction.  The  formiilse  obtained  by  taking  only  the  term 
— n(«  — U)  have  been  discussed  at  length  by  Von  Helmholtz* 
and  Sir  W.  Thomson  f. 

Sir  W.  Thomson  has  shown  that  while  the  theory  will 
account  for  dispersion  it  fails  when  we  come  to  double  refrac- 
tion, for  it  makes  that  depend  on  the  period  if. 

The  first  term  —I'-r^  {u  —  \])  leads  to  equations  for  an  iso- 
tropic medium  which  are  practically  identical  with  those 
employed  by  Ketteler.     In  fact  he  first  suggested  its  use§  . 

He  dismisses  it  shortly  afterwards  for  reasons  which  do 
not  seem  to  me  to  have  great  weight.  The  point  is  discussed 
in  the  Report  on  Optical  Theories,  p.  2211.  The  theory  leads 
to  an  account  of  dispersion  which  certainly  agrees  closely 
with  experiment,  and  it  will,  as  we  shall  see,  explain  double 
refraction  satisfactorily,  if  we  may  assume  Sir  W.  Thomson's 
theory  of  a  contractile  aether.  For  if  we  write  p'  for  r  in 
Ketteler's  expression  and  p^  for  the  density  in  free  space,  the 
equations  of  motion  become 

Po^  =  (A-B)|+Bv^«-,'|(„-U).  .     .     (41) 

Now  in  a  transparent  medium  in  which  there  is  no  absorp- 
tion, the  value  of  U  will  be  indefinitely  small  compared  with 
that  of  u,  and  omitting  it  from  the  equation  we  get 

(Po  +  PO^^^=(A-B)^^+Bv^r. (42) 

This  is  the  equation  which  we  have  been  dealing  with  all  along. 
In  a  crystal  the  resistance  off'ered   to  the  motion  of  the 
sether  will  depend  on  the  direction,  and  p'  will  have  different 
values  for  the  three  axes.     We  then  get 

P.^.  =  (A-B)|  +  BV^.^.     .     .     .    (43) 

&c., 
and  these  are  the  equations  for  a  crystal. 

The  assumption,  therefore,  that  the  mutual  reaction  depends 
on  the  relative  accelerations  of  matter  and  aether  gives  us 
formulae  which   explain   double  refraction.     To  explain  dis- 

*  Helmholtz,  Pogg.  Ann.  t.  cliv.  p.  582. 

+  Thomson,  Baltimore  Lectures. 

X  According  to  an  account  given  recently  in  '  Nature  '  of  the  work  of 
Prof.  Lindeniann  on  this  subject,  'Nature,'  August  23,  1888,  he  has 
surnmunti'd  this  dilhculty. 

§  "  Optische  Controversen,"  Wied.  A7in.  t.  xviii.  p.  £07,  "  Eine  Tritte 
Aunahme." 
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persion  we  adopt  the  view  due  originally  to  Sellincier*  and 
developed  lately  by  Sir  W.  Thomson  in  the  Baltimore 
lectures.  According  to  this  view  it  arises  from  the  absorp- 
tion of  some  of  the  light  energy  by  the  molecules  of  the 
body,  owin^  to  the  fact  that  the  period  of  the  light-waves 
nearly  syncnronizes  with  that  of  the  natural  vibrations  of  the 
molecules.  The  term  in  U  in  our  equation  becomes  appreci- 
able. Of  course  in  this  case  we  need  another  equation  to 
determine  the  motion  of  the  matter  molecules.  The  forces 
retarding  this  matter  motion  will  arise  partly  from  the  reaction 
of  the  tvther  and  partly  from  that  of  the  matter  itself.  As  to 
the  expression  for  the  latter  we  do  not  know  what  it  is,  but 
in  order  that  the  linear  wave  may  be  propagated  it  must  de- 
pend on  U  and  its  differential  coefficients.  Let  us  suppose, 
taking  the  case  of  a  plane  wave  travelling  parallel  to  the  axis  of 
z,  that  the  force  is  represented,  as  is  assumed  by  Helmholtz,  by 

If  diflFerential  coefficients  of  U  with  respect  to  z  do  come  in, 
we  can  allow  for  them  by  supposing  a^  and  7^  to  be  complex- 
operators.  Such  a  supposition  will  alter  the  form  of  the 
expression  for  fi^. 

Now  let  us  consider  the  aether  and  matter  in  a  certain 
element  of  volume  dv.  Let  p^  be  the  density  of  the  sether, 
and  let  us  further  suppose,  for  the  present,  that  a  portion  only 
of  the  matter  molecules  in  the  element  are  disturbed  ;  we  shall 
have  to  deal  wnth  the  average  displacements  of  these  matter 
molecules  ;  let  them  be  U,  V,  W,  parallel  to  the  axis ;  and 
let  pidv  denote  the  mass  of  matter  within  the  element  which 
is  set  in  motion.  If  the  whole  of  the  matter  in  the  element 
moves,  pi  will  be  the  density  of  the  matter  ;  in  general  we 
may  suppose  it  to  be  less  than  the  matter  density  and  to 
depend  on  the  number  of  matter  molecules  set  in  motion  by 
the  light-waves. 

Hence  the  equations  become. 


dhi  ^    ,    (/2  /g  ^ 


p»*»  +  ''';^f»-u)=(A-B);^+Bv 


■a 


>     .     .     (44) 


^U       ,  d\       ..^  ,..      ^dJJ 

P'lT^  -P  11^^''-^^  =  -''^-'^  -dt         ) 

Thus  putting  pQ  +  p'  =  p,  pi  +  p'  =  p2,  so  that  p  is  the  effective 
density  of  sether  when  loaded  by  the  matter,  p^  the  effective 
density  of  matter  when  loaded  by  sether,  we  have  : — 

*  Sellmeier,Pogg.  Ann.  t.  cxlv.  pp.  399,  520 ;  t.  cxlvii,  pp.  386,  525. 
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dt^ 


dx 

"'         =  —  a^  U  —  7^  - 


>- 


(45) 


p^w-p  dt^'=-''^-'^-dr 

Tho  solution  of  equations  practically  the  same  as  these  has 
been  given  by  Ketteler^.  It  will  be  useful  to  have  it  here  for 
the  sake  of  completeness,  and  also  because  the  notation  is 
diticrent. 

Let  the  solutions  be  given  by 

Then,  on  substituting,  we  have 


') 


(46) 


'o  I  ^^  (p  -  y2)  -  B(^^  -  f^")  I  =  U^n-p' 


Uo  {  ^2/02  —  a^  +  7^  "4  = ''o^  V  • 
Thus 


C47) 


.-. I  n^(p-  ?-,)+ BF I  (.v.— ^)  +  ^^^  =-r ^  m 

(51) 


1   _L^^p__2(n%-e^ 


Th 


us 


2k 


y^p'^n^ 


^V      [|nV2-«'}'  +  7''i']B 


V2 


_^=   P 


p'^n^(n'^p2—oi^) 


Let 
Then 


B       [(n2^2-«')'  +  «V]B 


2A; 


ry^p'^n^ 


nV~[p2(«^-v^)  +  7''i^]B 


_/^'-  P 


p"^  p„n^  {n^  —  v^) 


V2       ri2       J3        [-p2'(n^-i'*)^  +  7'^i^]B 


(52) 
(53) 

(54) 

(55) 
(56) 


*  Ketteler,  Theoretischc  Optik,  §  42,  and  various  papers  alrady  re- 
ferred to. 

t  The  symbols  k,  n,  X,  /i,  v,  have  no  longer  the  same  signification  as 
above,  pp.  524  seq. 
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Also  we  find 


Uo  TlV 


ij 


where 


Wo  /32('i'-»'*)-{-7*t« 


=  He-'",        .  (,57) 


W: 


n'^p'^ 


*m2   I 


and  ^  ,  ^ W 

Now  we  notice  tliat  k  is  a  quantity  which  depends  on  7^  and 
is  small  therefore  when  y-  is  small.  In  a  transparent  body 
k  must  be  practically  zero,  and  hence  we  infer  that  for  a 
transparent  body  7-  is  extremely  small.  The  only  reason  for 
retaining  the  term  at  all  lies  in  the  fact  that  if  we  put  7"  =  0, 
then  for  the  value  n^  =  v'  we  have  the  ratio  Uo/?<o  infinite. 

Taking,  then,  a  case  in  which  7^  is  zero,  and  remembering 
that  our  solution  fails  for  the  critical  value  v^  of  n^,  we  have 
in  general  Uo/?<o  small,  and 

110  2 

Now  let  Vo  be  the  velocity  in  vacuo  of  fight  of  the  frequency 

n  ;  \  its  wave-length. 

Then  27rVo 


Put 


27rVfl 
v^  -^ — 


and  substitute  in  (59) 

Also,  if  /u, = Vq/ V = the  refractive  index.     Since  Vo'^  =  B/po, 

/.^=^  +  -^^^^ (61) 

The  quantity  p/po  is  the  square  of  the  refractive  index  for 
waves  of  infinite  length  ;  put  it  fx^,  and  write  C  for  p''^/pQp2. 
Then 

r\  2 
<^'=  >^^  +  ^^^.  ■     ■■■■■■     (62) 

This  is  Ketteler's  dispersion  formula,  which  he  has  proved 
agrees  well  with  the  results  of  experiment  over  a  long  range 
of  values  of  X*. 

By  supposing,  as  is  done  by  Sir  W.  Thomson  in  the  Balti- 
*  Ketteler,  Wied.  Ann.  xii.  pp.  3G3,  481,  xv.  p.  336,  and  elsewhere. 
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more  Lectures,  that  there  are  a  number  of  possible  periods  of 
motion  for  the  matter  particles  corresponding  to  a  series  of 
values  for  v^  or  X,^,  we  get  a  series  of  terms  in  the  expression 
for  /u,*,  which  becomes 

^'=/'i+x^.n?-v+     •    •    ■    («^) 

Ketteler  has  shown  that  for  Iceland  spar,  taking  Mascart's 
measurements  of  refractive  index,  the  above  formula  with 
three  terms  agrees  very  closely  with  experiment  from 

X=-76013toX=-31775. 
The  greatest  difference  is  '0001  in  the  value  of  the  refractive 
index. 

This  last  formula  may  be  transformed  to  a  more  useful 
form  if  we  suppose  Xj  is  large  compared  with  \,  so  that  we 
may  neglect  (X/X,)^  and  higher  powers.    We  get  then 


C  . .       DX 


=/^l-C-^X2  + 
r)"x  2 

Again,  according  to  Ketteler  *  this  formula  will  give  the 
dispersion  in  quartz  with  considerable  accuracy  from  X=2'14 
to  X  =  "18,  or  through  about  12  octaves  ;  while  it  agrees  very 
fairly  with  Langley's  f  observations  for  flint  glass  from 
X=  2-356  to  X= -3440. 
For  flint  glass  the  values  for  the  constants  given  by 
Ketteler  are 

P=   -009076     D  = -60714 

a2  =  2-44137       X2  = -029029 

According  to  the  dispersion  formula  given  above,  the  value 
of /ti^  is  infinite  for  X  =  Xi  or  X^Xg.  For  these  values  the 
light  will  be  absorbed  in  the  medium.  Moreover,  for  values 
of  X  somewhat  greater  than  X^,  /x^  becomes  a  real  negative 
quantity,  and  the  light  ceases  to  be  transmitted.  Now  the 
characteristic  property  of  substances  which  show  metallic 
refraction  is,  according  to  Jamin  and  Quincke  },  that  /m^  is  a 
real  negative  quantity. 

Thus  the  theory  will  explain  ordinary  metallic  reflexion  by 

*  Ketteler,  Wied.  Ann.  xxx.  p.  312. 

t  Langley,  "  Professional  Papers  of  the  Si^al  Service,"  No.  xv.  A 
Report  of  tlie  Mount  Whitney  Expedition,  p.  226. 

X  See  Hon.  J.  W.  Strutt  [Lord  RayleighJ,  "  Reflexion  of  Light  from 
Intensely  Opaque  Matter."     I'hil.  Mag.  1872. 
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the  supposition  that  \i  is  less  than  the  wave-length  of  any 
part  of  the  visible  spectrum.  Now  X^  is  the  wave-lentrth 
corresponding  to  the  free  periods  of  the  matter  vibrations. 
Thus  the  free  periods  for  the  matter  vibrations  are  less  than 
those  for  any  visible  light.  The  application  of  the  theory  to  thin 
metallic  films,  and  to  the  small  jirisms  investigated  by  Kundt, 
requires  further  consideration,  and  must  be  left  for  the  present. 

If  this  explanation  bo  true,  then  a  substance  which  is  opaque 
to  light  might  be  transparent  to  waves  of  greater  length,  all 
that  is  required  is  that  the  length  of  such  waves  should  be 
greater  than  the  critical  length  X.^.  Professor  J.  J.  Thomson 
has  recently  found  this  to  be  the  case  for  ebonite,  which  trans- 
mits easily  the  long  waves  of  electric  disturbance  in  experi- 
ments such  as  those  of  Hertz.  Thus  somewhere  between 
these  electric  vibrations  and  those  of  light,  ebonite  has  a  band 
of  strong  absorption,  and,  moreover,  there  are  no  free  periods 
possible  for  the  free-matter  \dbrations  in  ebonite,  which  are 
less  than  the  periods  of  the  other  vibrations. 

Thus,  to  explain  the  effect  of  a  metallic  medium  there  is  no 
need  to  invoke  the  aid  of  the  terms  in  7^  in  the  equations  of 
motion.  Part  of  the  effect  may,  it  is  true,  be  due  to  the  exist- 
ence of  such  terms  ;  it  is  sufficient,  however,  that  \i  should  be 
somewhat  greater  than  \,  then  fx,^  will,  for  some  values  of  \,  be 
less  than  unity,  and  for  others  a  real  negative  quantity.  The 
appendix  to  Sir  W.  Thomson's  Baltimore  Lectures  contains  a 
discussion  of  this  point,  and  the  formulae  there  given  become 
those  of  the  theory  now  considered  if  we  write  for  Ci  &c.  in 
Thomson's  equation  —  47r^Ci/T^.  (See  'Report  on  Double 
Refraction,'  p.  245  et  seq.) 

The  theory  will,  without  serious  modification,  give  us  the 
formula  originally  due  to  Fresnel  and  now  fully  verified  by  the 
experiments  of  Fizeau  and  Michelson,  connecting  the  velocity 
of  light  in  a  moving  medium  with  the  velocity  of  the  medium. 

For  suppose  that  the  aether  is  at  rest,  and  that  a  transparent 
body  is  moving  through  it  with  velocities  L,  M,  N,  parallel  to 
the  axes.  Then  in  estimating  the  relative  accelerations  of  the 
£Bther  and  the  matter  at  a  point  fixed   in  the  body,  we  must 

remember  that  the  value  of   y.   will  be 

at 

at         ax         d]j         dz 
So  that  taking  the  case  of  motion  in  the  direction  of  propa- 
gation, the  term  p' jx  becomes  p'  i-r  +N^  J  u  ;  and  this,  if 

we  neglect  N^  as  small  compared  with  the  other  quantities, 
gives  us  as  the  equation  of  motion, 
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Hence  if  u  =  uq  sin  -—(z—Nt), 

A, 

pV2-2Np'V-B  =  0. 

Henco  ,,  , 

y^  ^p'±\/Wp'-'+W  ^  B-f  Np^ 

P  ^       P      ' 

.-.  v=Vo+^^', m 

r 

to  the  same  approximation,  if  V^  is  the  velocity  when  the 
medium  is  at  rest. 

^gain>  ,/2_  P    _    Po  +  p' 

^0  Po 

po 
and  p'_/*^-l 

•'•     ^  =  Vo  +  ^N.        .     .     .     (67) 

And  this  is  FresneFs  formula,  which  has  been  obtained  by 
Boussinesq  in  a  similar  manner. 

The  consideration  of  phenomena  connected  with  the  rotation 
of  the  plane  of  polarization  must  be  deferred  to  a  future  article. 

It  remains  now  to  refer  to  one  point  of  great  importance 
which  the  theory  as  it  stands  will  not  explain. 

Experiment  shows  us  that  in  the  case  of  the  reflexion  of 
light  from  transparent  media  FresneFs  tangent-formula  does 
not  hold.  Some  light  is  reflected  near  the  polarizing  angle. 
According  to  the  theory  the  tangent-law  is  true  at  least  when 
A  vanishes. 

Now  it  is  clearly  true  that  there  must  be  a  thin  layer  of  the 
aether  near  the  separating  surface  of  two  media,  air  and  glass 
say,  across  which  the  optical  density  of  the  Eether  changes 
from  that  of  air  to  that  of  glass.  If  this  layer  be  infinitely 
thin  compared  with  the  wave-length,  then  the  transition  is 
practically  sudden  ;  but  if  the  layer  has  a  thickness  com- 
parable with  the  wave-length,  then  effects  such  as  are  actually 
observed  would  occur.  And  L.  Lorenz  *  has  shown  that  the 
efl'ects  of  elliptic  polarization  observed  by  Jamin  would  agree 
numerically  with  the  results  of  a  theory  of  gradual  transition, 
if  the  thickness  of  the  variable  film  lies  between  ^q  and  j^q 
of  a  wave-length. 

*  Pogg.  Ann.  t.  cxiv.  p.  238 ;  Glazebrook,  Report  on  Optics,  p.  188. 
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To  this  explanation  the  objection  *  has  been  made  that  the 
phenomena  resemble  those  shown  by  thin  fihns,  and  that  the 
reflected  light  ought  to  be  coloured.  We  may  reply  to  this 
that  the  film  is  comparable  with  the  thickness  of  the  black 
film  in  Newton's  rings,  so  that  the  colour  shown,  if  any, 
would  be  that  of  the  blue  of  the  first  order,  and  would  probably 
— the  light  being  very  fiiiut — hardly  be  noticed  as  colour  by 
an  observer  who  was  not  specially  directing  his  attention  to 
that  point.  I  hope,  however,  shortly  to  investigate  this 
question  by  direct  experiment.  Such  observations  of  a 
preliminary  character  as  I  have  made  have  shown  a  bluish 
tint  in  the  reflected  light.  Moreover,  if  this  light  appear 
blue,  so,  too,  ought  the  light  which  is  reflected  in  con- 
siderable quantity  from  the  black  spot  in  a  soap-film.  In 
fact,  if  we  take  Keinold  and  Riicker's  value  for  the  thickness 
of  the  black  spot  in  a  soap-film,  the  quantity  of  light  reflected 
from  it  is  much  greater  than  that  observed  by  Jamin  near  the 
polarizing-angle.  For,  taking  the  case  of  normal  incidence, 
we  have  for  the  intensity  of  the  reflected  light  in  terms  of  the 
incident  the  value  .,   „  ,    .,t^„ 


1= 


X2 


i^-m) 


fl—1  1 

If  we  put  ^  =  f,  j;:+i^7' 

Then,  approxnnately,  1=  -^  ^  j^^'JY'' 
Now,  according  to  Reinold  and  Riicker, 

D=  -  \; 

50    ' 

3  X  2oOO 
Thus  over  one  thousandth  part  of  the  incident  light  ought 
theoretically  to  be  reflected,  and  the  colour  of  this  ought  to  be 
mixed  in  the  inverse  ratio  of  the  square  of  the  wave-lengths. 
I  am  not  aware  that  any  careful  photometric  observations  on 
this  light  have  been  made  ;  at  any  rate  it  is,  I  think,  nowhere 
stated  that  it  shows  colour. 

Now  as  to  the  Jamin  effect  f,  we  have 
I  =  Mnan2(0-<^') 

*  Hon.  J.  W.  Strutt  [Lord  Rayleigh], "  On  the  Reflexion  of  Light  from 
Transparent  Matter,"  Phil.  Mag.  187L 

t  Jamin,  Annales  de  Chimie  et  de  Physique,  3  s^r.  t.  xxix.  Cours  de  Phy-' 
sique,  ill.  p.  525. 
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at  the  polurizing-ungle,  and,  in  Jamin^s  notation, 

M  =  e  sin  ^. 
According  to  his  observations  for  flint  glass, 

e  =  '0l7,      </)  =  59°-44. 
Whence  I =-000069. 

If  we  take  Quincke's  *  observations,  we  find,  from  his  table 
for  reflexion  at  the  surface  of  flint  glass,  the  A^alue  I  =  '000096. 
Thus  the  value  of  I  for  glass  is  less  than  "OOOl,  or  one  tenth 
the  amount  of  light  that  is  reflected  from  the  black  film  of  a 
soap-bubble.  Hence  the  light  reflected  from  the  bubble  being 
brighter  ought  to  show  more  colour  than  the  li";ht  reflected 
from  glass  near  the  polarizing-angle. 

Two  explanations  may  be  given  of  the  fact  that  colour  has 
not  been  noticed — except,  possibly,  in  the  rough  observation 
of  my  own  already  referred  to — in  either  case.  The  one  is 
that,  owing  to  its  faintness,  it  has  escaped  the  notice  of 
observers  who  were  not  specially  looking  for  it ;  the  other 
lies  in  the  fact  that  there  seems  some  reason  to  suppose  that 
our  eyes  are  sensitive  to  light  before  they  appreciate  distinc- 
tions of  colour.  Either  of  these  would,  1  think,  be  sufficient 
to  account  for  the  facts,  and  would  allow  us  to  believe  that 
the  explanation  of  the  Jamin-effect  given  by  Lorenz  is  the 
true  one,  though  possibly  further  experiments,  which  I  hope 
shortly  to  undertake,  may  be  necessary  to  prove  this.  This 
elliptic  polarization  depends  greatly,  it  is  true,  as  Wernicke  f 
has  shown  lately,  on  the  nature  of  the  surface  and  of  the  means 
taken  to  polish  it ;  but  he  comes  to  the  conclusion  "  that  it  is 
a  general  property  of  bodies  modified  by  the  presence  of  a 
surface-film,  but  not  entirely  explained  by  that.'^ 

This  surface-film  of  Wernicke's  is,  however,  quite  different 
from  the  surface-layer  of  aether  of  variable  density  considered 
by  Lorenz.  Wernicke's  film  is  caused  by  the  presence  of 
foreign  matter;  the  layer  of  varying  density  is  necessary  to  the 
transition  from  air  to  glass,  and  it  is  only  a  question  of  how 
thick  this  layer  is  in  comparison  with  the  wave-length. 

We  conclude,  then,  that  the  theory  here  put  forward 
accounts  satisfactorily  for  reflexion  and  refraction  both  by 
transparent  bodies  and  by  metals,  also  for  double  refraction 
and  dispersion,  including  the  anomalous  dispersion  of  such 
substances  as  cyanin,  fuchsin,  or  the  other  anilin  dyes, 
while  it  leads,  in  addition,  to  the  correct  expression  for  the 
velocity  of  light  in  a  moving  medium.  As  already  stated,  I 
hope  to  treat,  in  another  paper,  the  consideration  of  the  pro- 
perties of  quartz,  the  rotation  produced  by  sugar,  and  the 
rotation  in  a  magnetic  field. 

*  "  Optische  Experimental  Untersuchun^en,"  Pogg.  Ann.  Band  127, 
128,  &c.  t  Wied.  Ann.  xxx.  p.  408. 
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COMPRESSIBILITY  OF  THE  GASES  OXYGEN,  HYDROGEN,  NITROGEN, 
AND  AIR  UP  TO  3000  ATMOSPHERES.      BY  M.  E.  H,  AMAGAT. 

T  HAVE  followed  the  method  which  I  have  already  used  for  study- 
-*•  ing  liquids  withiu  the  same  limits  of  pressure,  but  the  difficulty  is 
here  far  greater  ;  it  arises  more  especially  from  the  smallness  of  the 
volume  which  a  gas  occupies  when  it  is  somewhat  powerfully  com- 
pressed. After  numerous  trials,  I  have  arrived  at  perfectly  regidar 
and  concordant  results  by  using  for  gauging  the  platinum-wire 
tubes  the  method  of  reading  by  electrical  contacts,  which  then 
served  to  estimate  in  the  same  tubes  the  volumes  successively 
occupied  by  the  compressed  gas. 

1  thus  obtained  for  the  same  gas  with  different  tubes  graphical 
traces  which  are  almost  absolutely  coincident. 

The  results  which  I  give  fui'ther  on,  and  which  are  merely 
apparent  results,  diflfer  materially  (numerically)  from  those  at 
which  Xatterer  arrived.  The  differences,  which  are  somewhat 
irregularly  distributed  amount  to  several  hundredths  of  atmo- 
spheres in  the  part  common  to  our  researches ;  for  the  same  reduc- 
tion in  the  volume  of  gas  I  find  in  general  pressures  far  higher 
than  those  given  by  batterer :  this  difference  can  be  easily 
accounted  for  if  we  discuss  the  probable  and  even  inevitable  errors 
inherent  in  the  method  pursued  by  this  physicist.  The  following 
results  refer  solely  to  high  pressures ;  pressures  below  1000  atmo- 
spheres will  be  investigated  by  an  apparatus  which  enables  me  to 
raise  the  temperature  far  higher  than  I  have  been  able  with  very 
high  pressures,  where  I  could  only  work  between  0°  and  50^. 

The  following  table  gives  for  the  pressures  specified  in  the  first 
column  the  volumes  occupied  at  15°,  by  unit  masses  of  gas,  at  the 
same  temperature  and  under  the  same  pressure,  76  centim. 


Atmospheres. 

Air. 

Nitrogen. 

Oxygen. 

Hydrogen. 

750 
1000 
1500 
2000 
2500 
3000 

0002200 
0001974 
0001709 
0001566 
0001469 
0001401 

0002262 
0-002032 
0-001763 
0001613 
0-001515 
0001446 

0001735 
0-001492 
0001373 
0-001294 
0001235 

0-001688 
0001344 
0001161 
0-001047 
0-000964 

It  is  interesting  to  compare  the  compressibilities  of  stronn^ly 
compressed  gases  among  each  other  and  with  liquids.  In  order  to 
facilitate  this  comparison  I  have  calculated  from  500  atm.  to  800 
atm.  their  coefficient  of  compressibility  as  usually  defined  with 
liquids.     The  following  is  the  table  of  results  obtained  : — 
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Limits  of  pressures, 
in  atmospheres. 

Air. 

Nitrogen. 

Oxygen. 

Hydrogen. 

Between  750  and  1000 
1000  „  1500 
1500  „  2000 
20(X)  „  2500 
2500     „     3000 

0-000411 
0000268 
0000167 
0-000123 
0-000093 

0-0()0407 
0  000265 
0000170 
0000122 
0-000091 

0-000258 
0-000160 
0-000115 
0000091 

0000408 
0-0O0272 
0  000197 
0000158 

It  will  thus  be  seen  that  at  very  high  pressures  oxygen,  nitrogen, 
and  air  have  almost  the  same  coinj)ressil)ility ;  it  is  of  the  same  order 
of  magnitude  as  that  of  liquids  ;  at  3000  atm.,  it  is  virtually  equal 
to  that  of  alcohol  under  the  normal  pressure. 

The  compressibility  of  hydrogen  is  far  greater,  almost  double  ; 
at  3000  atm.,  it  is  almost  equal  to  that  of  ether  towards  the  normal 
pressure. 

It  is  easy  to  foresee  that  these  compressibilities,  like  those  of 
liquids,  should  increase  with  the  temperature  ;  that  is  shown  by  the 
following  table  with  respect  to  hydrogen. 


Limits  of  pressures 
in  atmospheres. 

Coefficients. 

AtO°. 

At  15°-4. 

At  47°-3. 

Between  1000  and  1500 
1500     „    2000 
2000     „     2500 
2500     „     3000 

0000 
0000263 
0000196 
0-000156 

0-000408 
0000272 
0000197 
0000158 

0-000416 
0-000280 
0000208 
0-000158 

The  apparent  densities  are  easily  deduced  from  the  former 
table  ;  assuming  provisionally  the  number  generally  adopted  for  the 
compressibility  of  glass,  the  following  results  are  obtained  at 
3000  atm. 

Densities  at  3000  atm.  compared  with  water. 

AiJparent.  Real. 

Oxygen     1-0972         1-1054 

Air    0-8752        0-8817 

Nitrogen 0-8231         0-8293 

Hydrogen     0-0880         0-0887 

The  curves  obtained,  as  I  have  already  done,  by  putting  the  pres- 
sures on  the  axis  of  the  abscissne,  and  the  products  pv  on  that  of  the 
ordiuates,  are  nearly  straight  lines,  but  presenting  all  a  slight  con- 
cavity turned  towards  the  axis  of  the  abscissae ;  I  shall  return  to 
this  important  point  in  reference  to  limiting  volumes,  when  I  have 
determined  the  alteration  in  volume  of  the  envelopes. — Compte 
rendus,  Sept.  17,  1888.  

OBSERVATIONS  ON  BREWSTER's  NEUTRAL  POINT. 
BY  MM.  J.  L.  SORET  AND  C.  SORET. 

The  neutral  point  of  atmospheric  polarization  which  is  below 
the  sun,  and  which  was  discovered  by  Brewster,  has  been  rarely 
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seen  and  determined,  to  judge  at  any  rate  from  the  publications  on 
this  subject.  We  have  had  occasion  to  observe  it  on  the  summit 
of  the  llighi  (height  1800  metres)  on  the  mornings  of  September  23 
and  24,  the  height  of  the  sun  over  the  liorizon  being  from  20^  to  35^. 

On  the  23rd,  from  8  to  9.40  a.>[.,  in  remarkably  fine  weather,  it 
was  easy  to  observe,  by  means  of  a  ISavart's  polariscope,  that  in 
the  immediate  neighbourhood  of  the  sun,  above  as  well  as  below, 
the  polarization  of  light  was  negati\  e  ;  that  is  to  say,  that  the  plane 
of  polarization  was  perpendicular  to  the  sun's  azimuth.  Below 
the  sun  the  fringes  of  the  polariscope  gradually  diminished  in 
intensity,  and  disappeared  at  about  14°  of  angular  distance  ;  a  little 
lower,  inverse  fringes  were  seen,  the  visibility  of  which  increased 
to  the  horizon.  In  order  not  to  be  dazzled  we  interposed  an  opaque 
screen  in  front  of  the  sun,  or  we  placed  ourselves  in  the  shade  of 
the  iron  column  of  the  balcony. 

Next  day  the  sky  was  less  clear ;  we  have,  however,  been  able 
to  repeat  our  observations. 

The  angular  distance  of  the  neutral  point  is  difficult  to  measure 
owing  to  the  feebleness  of  the  polarization.  We  have  taken  it  by 
determining  by  a  sextant  the  height  of  the  sun  above  the  apparent 
horizon,  formed  by  distant  mountains  ;  then  measuring  the  distance 
of  the  neutral  point  from  the  horizon  by  a  special  apparatus  suffi- 
ciently accurate  to  give  angles  to  within  10' ;  the  middle  of  the 
neutral  space  was  sighted,  which  occupied  about  4°. 

The  24th  September,  by  the  aid  of  this  latter  apparatus,  we  have 
also  determined  simultaneously  the  distance  of  the  neutral  point 
above  the  sun  (Babinet's  neutral  point). 

The  following  are  the  numbers  which  we  have  obtained  : — 


1888. 

Berne  Time. 

Distance  of  the  neutral  point 
from  the  Sun. 

Brewster. 

Babinet. 

September  23 
',!          24 

h      m 
8      5 
8    17 
8    25 

8  32 

9  40 
8      5 
8    12 
8    15 
8    25 

15  to  16° 
17°  10 
17°  20' 

16  20'  * 
15°  (about) 
16 

13° 

16°  40' 
15°  48' 

15° 
16° 

15  to  16° 
15  to  16° 

These  measurements  for  the  distance  of  Brewster's  neutral  point 
from  the  sun  give  very  high  numbers  compared  with  those  which 
Brewster  himself  t  and  M.  F,  Busch  %  found.  Is  this  a  consequence 
of  the  altitude  at  which  the  observations  are  made  ?  It  would  be 
premature  to  assert  this. — Comptes  rendus,  October  15,  1888. 

*  Measured  directly  with  the  sextant. 

t  Transactions  of  the  Royal  Society  of  Edinburgh,  vol.  xxiii.,  18G1. 

X  Meteorological  Zeitschrift  for  1886. 
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